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Examples from nature



Natural and biological structures

Many of the beautiful pictures are from a lecture by Ron Chen, City U. Hong Kong
Pinning Control of Graphs



Distribution of galaxies in the universe





The internet

ecosystem Professional Barcelona rail network

J.J. Finnigan, Complex science for a complex world

y
Collaboration network



Airline Route Systems





Motions of biological groups

Fish
school

Birds
flock

Locusts
swarm

FirefliesFireflies
synchronize



Herd and Panic Behavior During Emergency Building Egress

Helbring, Farkas, Vicsek, Nature 2000





Communication Graph
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oN
1

i ji
j

d a


 Out-neighbors of node iCol sum= out-degree i



Diameter= length of longest path between two nodes
N

Strongly connected if for all nodes i and j there is a path from i to j.

Volume = sum of in-degrees
1

N

i
i

Vol d

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Tree every node has in degree=1
Leader or 
root node

1

Tree- every node has in-degree=1

Followers

2

3

4

Spanning tree

5
6

p g
Spanning node
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Exists a spanning tree iff there is a node having a path to all other nodes

Graph strongly connected implies exists a spanning tree

Quasi-strongly connected if for all nodes i and j
there exists a node k with a path to i and a path to j

k

there exists a node k with a path to i and a path to j
i j

Exists a spanning tree iff quasi-strongly connected



Dynamic Graph
Each node has an associated state i ix u ji i

Standard local voting protocol ( )
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( )u Dx Ax D A x Lx        L=D-A = graph Laplacian matrix

x Lx  Closed-loop dynamicsx Lx

If x is an n-vector then ( )nx L I x  

Closed loop dynamics



Closed-loop system with local voting protocol

 
1 1

( ) (0) (0) (0)i i

N N
t tLt T T
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x t e x w e v x w x e v  
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x Lx 

Modal decomposition

Closed-loop dynamics depends on eigenstructure of L

1 1j j

vi = right e-vectors
wi = left e-vectors
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so 1 0  and 1 1v  is the right e-vector



[ ] n n
ijE e R  Thm. Gerschgorin Circle Criterion. All eigenvalues of matrix 

are located within the following union of n discs

1

:
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z C z e e


 
   
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are located within the following union of n discs

Normalized Laplacian 1 1 1( )D L D D A I D A      has diagonal entries =1

All e-vals are in the circle

0 1 2

e a s a e e c c e

2 N1

L has row sum = 0 implies there is an eigenvalue at s=0

1 20 N     

0-2 -1 0
E-vals of -L
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Theorem. Graph contains a spanning tree iff e-val at 0 is simple.  

Then 2 0 

Then (-L) has one e-val at zero and all the rest stable

Graph strongly connected implies exists a spanning tree



Consensus:   Final Consensus Value
C

x Lx 
Closed-loop system with local voting protocol

Modal decomposition  ( ) (0) (0) (0)i i

N N
t tLt T T
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with  Tw    the normalized left e vector of 0 with  1 1 Nw    the normalized left e-vector of 1 0 

Therefore 
1

( ) (0)
N

i j j
j

x t x


 for all nodes CONSENSUS
1j

Consensus value depends on communication graph structure

Importance of left e-vector of 1 0 



Convergence Rate
Closed-loop system with local voting protocol

 
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( ) (0) (0) (0)i i
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j j

x t e x w e v x w x e v  

 

   
x Lx 

Modal decomposition
1 1j j

Let            be simple.  Then for large t1 0 
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 determines the rate of convergence and is called the FIEDLER e value2 determines the rate of convergence and is called the FIEDLER e-value

0 There is a big push to find expressions for the left e vector for 1 0 

and the Fiedler e-val 2
There is a big push to find expressions for the left e-vector for 



Fiedler e-val depends on left e-vect for 1 0 
Olshevsky and Tsitsiklis

 1 1
T

Nw   

For a certain type of graph

211 min ( )
N N

a x x    2 2
1 1

1 min ( )i ij i jx S i j
a x x 


 

  



E.G. if graph is k-cyclic (all circular paths have a GCD of k)

then e-vals are uniformly spaced around this circlethen e vals are uniformly spaced around this circle

0 1 2
e.g. k=4

Then consensus time plot oscillates until steady-state



1
( ) (0)
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i j j
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x t x
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 = weighted average of initial conditions of nodes

Consensus value is

A graph is balanced if in-degree=out-degree

[ ]A a

Consensus value depends on communication graph structure
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 Row sum= in-degree
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Balanced means that row sum= column sum
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 Column sum= out-degree i

Balanced means that row sum= column sum

Then L has row sum=0 and column sum=0
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i j
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x t x
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  = average of initial conditions of nodes

Independent of graph structure



Undirected Graphs

eij is an edge if eji is an edge 

1

2
0 1 1 0 0 0 
 2

3

4

1 0 1 1 0 1
1 1 0 0 1 0
0 1 0 0 0 1
0 0 1 0 0 1
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 
 
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  
 
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6

0 0 1 0 0 1
0 1 0 1 1 0

 
 
 

A i iA is symmetric

L=D A is symmetric and positive semidefinite

Row sum= column sum so that in-degree= out-degree

L=D-A is symmetric and positive semidefinite

A symmetric graph is balanced

Connected undirected graph has average consensus valueConnected undirected graph has average consensus value



Flocking
Reynolds, Computer Graphics 1987

Reynolds’ Rules:
Alignment : align headings

Cohesion : steer towards average position of neighbors- towards c g

( )
i

i ij j i
j N

a  


 

Cohesion : steer towards average position of neighbors towards c.g.
Separation : steer to maintain separation from neighbors





Consensus Leaders 1
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4
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4

6

Spanning tree
Spanning node

( ) (0)
N

t  f ll dCONSENSUS

5
6

with  1 1
T

Nw    the normalized left e-vector of 1 0 

1
( ) (0)i j j

j
x t x



 for all nodesCONSENSUS

with  1 1 N  the normalized left e vector of 1

Theorem.  0i  iff node i is a spanning nodei

So the consensus value is a weighted average of the 
initial conditions of all the spanning nodesinitial conditions of all the spanning nodes

Corollary.  Let the graph be a tree.  Then all nodes converge to IC of the root node



Bounds for Fiedler e-val:  Convergence Rate
U di t d G h R l i d t d b l dUndirected Graphs Row sum = col sum,  in-degree = out-degree,  balanced

2
1

( )D vol G
  D= diameter= length of longest path between 2 nodes

( )vol G d( ) i
i

vol G d

n  where is the minimum in-degree

Strogatz Small World Networks are faster

2 1n
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
, where is the minimum in degree

In-degree = out-degree

Directed Graphs- less is known

Star network has largest Fiedler e-val of any graph with the same number of nodes and edges

Book by Chai Wah Wu

 1( ) min max out degree, max in degree
1

na L
n




OUT degree is important 

y
Work of Fan Chung



Left e-vector for 1 0 

 T

Hovareshthi & Baras

For a connected undirected graph 1
2

i
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d
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 
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

 1 1
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Nw   

where di is the out-degree= in-degree, N the number of nodes, L the number of edges 



Olshevsky and Tsitsiklis

0 0  Bidirectional graph 0 0ij jia a  

Equal neighbor 1 1,ij ii
i i

a a
n n

 

1i in N  Number of neighbors +1 (i.e. include node itself)

i i
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1 1

( ) (0) (0)
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Run Two Consensus Algorithms at each node

Get rid of left-eigenvector dependence
State 1

Olshevsky & Tsitsiklis

1, (0) ,i i i
i

y u y n  ( )
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i ij j i
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u a y y

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1( ) (0)
N

i ix t x then Average consensus!
1

( ) (0)i i
i

x t x
N 

  g

Independent of graph structure



( )  

Consensus Control for Swarm Motions

heading angle
1

( )
c
i

i ij j i
j N

a  


  heading angle2

3

4

cosi ix V 

5
6

sini iy V 
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-50
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50y
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-350 -300 -250 -200 -150 -100 -50 0 50
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-250

time x

Nodes converge to consensus headingConvergence of headings



Foundation work by John BarasInspired by social behavior in flocks, herds, teams

Trust Propagation and Consensus – Network Security

Define      as the trust that node i has for node jij

[ 1,1]ij   -1 ………..………. 0 ………..…………. 1
Di t t i i l t t t[ 1,1]ij  Distrust               no opinion              complete trust

Define trust vector of node i as 1
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i ij j i
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

 Standard local voting protocol

N
 
 

Difference of opinion with neighbors

( )NL I   


Closed-loop trust dynamics



Trust Propagation & Consensus
11
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4
Nodes 1, 2, 4 initially distrust node 5
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node 5 has negative trust

0

Convergence of trust

0 5 10 15 20 25 30 35 40
-1

0.8



Trust-Based Control: Swarms/Formations

( )  Trust dynamics1

2

4

( )
i

i ij j i
j N

a  


 

( )   

Trust dynamics

Motion dynamics
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  heading angle
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( )   

Trust-Based Control: Swarms/Formations
Malicious Node

( )
c
i

i ij ij j i
j N

a   


 

1 5
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Divergence of trust Divergence of headings
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Node 5 injects 
negative trust values
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Internal attack
Malicious node puts out bad trust values

i.e. false information

Causes Unstable Formation

-30 -25 -20 -15 -10 -5 0 5 10 15 20
-25

-20

c.f. virus propagation



Leader

Consensus Control for Formations

( )  

Followers

heading angle( )
c
i

i ij j i
j N

a  


 

cosi ix V 

Formation- a Tree network

Heading Update using Spanning Tree Trust Update

sini iy V 
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Heading Consensus using Equations (21) and (22)
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Nodes converge to heading of leader 
Convergence of headings



Controlled Consensus:  Pinning Control

Node state i ix u Get rid of dependence on initial conditions
v

i i

Local voting protocol with control node

( ) ( )i ij j i i iu a x x b v x    ( ) ( )
i

i ij j i i i
j N

u a x x b v x




0ib  If control v is in the neighborhood of node i

i i

i ij i ij j i
j N j N

u a x a x b v
 

    
Control node is in some neighborhoods iN

( ) 1x L B x B v   

Control node is in some neighborhoods iN

{ }iB diag b

Theorem Let at least one Then L+B is nonsingular with all e vals positive0b Theorem.  Let at least one            .  Then L+B  is nonsingular with all e-vals positive
and  -(L+B) is asymptotically stable

0ib 

So initial conditions of nodes in graph A go awaySo initial conditions of nodes in graph A go away.
Consensus value depends only on v
In fact, v is now the only spanning node 
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Controlled Consensus

Original network 1

A [0 0 0 0
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Average of ICS
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Lamda’s = 0 1 1 2
Consensus time approx 7.5 sec 
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Consensus time approx 8 sec 

Leader s IC



Random Graphs – Erdos and Renyi

N nodes
Two nodes are connected with probability p independent of other edges

m= number of edges

There is a critical threshold m0(n) = N/2 above which a large 
t d t i t l tconnected component appears – giant clusters



J.J. Finnigan, Complex science for a complex world

Connectivity- degree distribution is Poisson
Homogeneity- all nodes have about the same degree

Poisson degree distributionPoisson degree distribution
most nodes have about the same degree
ave(k) depends on number of nodes

kave k



Small World Networks- Watts and Strogatz

Start with a regular lattice
With probability p, rewire an edge to a random node.

Connectivity- degree distribution is Poisson
Homogeneity – all nodes have about the same degree

Small diameter (longest path length)Small diameter (longest path length)
Large clustering coeff.- i.e. neighbors are connected

Watts & Strogatz, Nature 1998



Scale-Free Networks– Barabasi and Albert

Start with m0 nodes
Add one node at a time:

connect to m other nodes

with probability

i.e. with highest probability to biggest nodes

1( )
( 1)

i

j
j

dP i
d





Nonhomogeneous- some nodes have large degree, most have small degree
S l F d h l d di t ib ti

g p y gg
(rich get richer)

Scale-Free- degree has power law degree distribution 

0.8

0.9

1

2

3

2( ) mP k
k


0.4

0.5

0.6

0.7

0 50 100 150 200 250 300 350 400 450
0

0.1

0.2

0.3



Proximity Graphs
y

2d

x

Randomly select N points in the plane
Draw an edge (i,j) if distance between nodes i and j is within d

x

g ( ,j) j

When is the graph connected?
for what values of (N,d)

What is the degree distribution?



Balancing HVAC Ventilation Systems
Leong Wai Yie 

SIMTech 5th floor temperature distributionSIMTech 5 floor temperature distribution

46



Automated VAV control system
Leong Wai Yie 

CWR
CWS

AHU
F

C 1 C 2

Air FlowFan Air Flow

VSD

Diffuser 
outlets

Control 
Panel

Control station
VAV box

LEGENDS

Room thermostat

Air diffuser

Extra WSN temp. sensors



Adjust Dampers for desired Temperature distribution
Leong Wai Yie 

( 1) ( ) ( ) ( )x k x k f x u k   

Temperature dynamics 

Unknown fi(x)( 1) ( ) ( ) ( )i i i ix k x k f x u k   

Control damper position based on local voting protocol

Unknown fi(x)

1( ) ( ) ( ( ) ( ))
1

i

i i ij j i
j Ni

u k k a x k x k
n




 
 

1 1( ) 1k  2 4( ) 1, , ,...i k 

Under certain conditions this converges to steady-state desired temp. distribution



How about consensus control for Building Egress?



Second Order Consensus – Kevin Moore and Wei Ren

Consensus works because the closed-loop system is Type I.

x Lx 
Consensus works because the closed loop system is Type I. 

has an integrator- simple e-val at 0.

Let each node have an associated state i ix u

Second-order local voting protocol

0 1( ) ( )i ij j i ij j i
j N j N

u a x x a x x 
 

      
i ij N j N 

Closed-loop system

0 I 
 

0 1

x x
L L 

 
    


Reaches consensus in both ,i ix xReaches consensus in both 
iff graph has a spanning tree and gains are chosen for stability

Has 2 integrators- Can follow a ramp consensus input

,i ix x



Second Order Controlled Consensus for Position Offset Control 
– Kevin Moore and Wei Ren v

node state i ix u

Second-order controlled protocol

 ( ) ( ) ( ) ( )b            0 1 0 0( ) ( ) ( ) ( )
i i

i ij j i ij ij j i i i i
j N j N

u a x x a x x b x x x x 
 

           

where node 0 is a leader node.

ij is a desired separation vector

Good for formation offset position control Leader



x0

Good for formation offset position control

ll

ij

Followers



Swarm Stability Analysis
Gazi & Passino 2003, IEEE TAC

 ( )i i j
j i

x g x x


 

2

( ) (
y

b
 
 ( ) ( exp

y
g y y a b

c
    
 
 

c.g. motion is invariant
All agents converge to c.g.g g g
form a hyperball of 

constant radius and increasing density

Locust
SwarmSwarm



2

( ) ( exp
y

g y y a b
 
    
 

Results of Gazi and Passino
( ) ( pg y y

c 
 

1.  Center of gravity of swarm is stationary
1 ( ) 0

N

i
d dx x t
d d N

 
1

( )i
idt dt N 


2 All states converge in finite time to the region
( 1)b N bx x 

  2.  All states converge in finite time to the region ix x
aN a

 

and the final density is 
3

3

3
4

a N
b






3. Let nodes have finite body size of sphere with radius 

1/3



Then all states converge to the region

and the final density is

1/3
ix x M 

3

3
4









Modeling Crowd Behavior in Stress Situations
Helbring, Farkas, Vicsek, Nature 2000

Consensus term Interaction pot. field
Wall pot. field

Radial compression
term

Tangential friction
term

Repulsive force



Herd and Panic Behavior During Emergency Building Egress

Helbring, Farkas, Vicsek, Nature 2000



Flocking
Reynolds, Computer Graphics 1987

Reynolds’ Rules:
Alignment : align headings

Cohesion : steer towards average position of neighbors- towards c g

( )
i

i ij j i
j N

a  


 

Cohesion : steer towards average position of neighbors towards c.g.
Separation : steer to maintain separation from neighbors



Synchronization Spong and Chopra 

( ) ( )x f x g x u  ( ) ( )
( )

i i i i i

i i

x f x g x u
y h x




passive

0

( ) ( (0)) ( ) ( )
t

T
i i i i i iV x V x u s y s ds   Storage function

Synchronize if ( ) ( ), ,i jy t y t all i j

( )i j i
j N

u K y y 
Local voting protocol

ij N

Result -
Fireflies synchronize

Let the communication graph be balanced.  Then the agents synchronize.

Circadian rhythm



Synchronization : Ron Chen – Pinning Control
Connected undirected graphs

x0(t)

Leader node dynamics

i ij jid a a   In-degree = out-degree

0 0( )x f x

ii ia d 

i ij ji
j i j i 
  g g

Diffusivity condition

0( ) ( ) ( )i i ij j i i i
j

x f x c a C x x cbC x x    

Pinning Control – inputs to some nodes

1ib  if node i is pinnedj

  0( ) ( ) 1x f x c L B Cx cB C x     

L B D B A    has e-vals i

( )iB diag b

Results –
Node motions synchronize if                                   is stable

( )
i

f x c C
x

   
Pin to the biggest node = highest degree node= highest social standing- c.f. Baras

x 

Must have control gain c big enough



Synchronization of Chaotic node dynamics – Ron Chen
Pinning control of largest nodeg g
(for increasing coupling strengths)

c=0 c=10

Chen’s attractor
node dynamicsy

c=20

c=15

c 20



Thank you everyone!Thank you everyone!



0A  with row sum positive= di

Zhihua Qu 2009 book

L D A  is an M matrix

0
0

M
  

    
Off-diagonal entries 0
P i i l i ti i l M t i0   Principal minors nonnegative – singular M matrix

Nonsingular M matrix if all principal minors positive

L also has all row sums = 0

Do not confuse with stochastic matrix

0E  is row stochastic if all row sums =1

LtE e is row stochastic with positive diagonal elements   

0E  be row stochastic.  Then A=I-E is an M matrix with row sums zero.Let 

Discrete-time voting protocol gives stochastic c.l. matrix 1k kx Ex 
1 1( ) ( ) ( )E I D I A I I D L      



Matrix E is reducible if it can be brought by row/column permutations to the form

Irreducibility

Matrix E is reducible if it can be brought by row/column permutations to the form
* 0
* *
 
 
 

Two matrices that are similar using permutation matrices are said to be cogredientTwo matrices that are similar using permutation matrices are said to be cogredient.

A graph G(A) is strongly connected iff its adjacency matrix A is irreducible.

A reducible matrix E can be brought by a permutation matrix T to the lower block triangular

11

21 22

0 0
0T

F
F F

F TET

 
 
  
 
 




   

A reducible matrix E can be brought by a permutation matrix T to the lower block triangular 
(LBT) Frobenius canonical form

is a scalar, it is equal to 0.)  is square and irreducible.  (note- if 

1 2p p ppF F F
 
 
  

   


iiF iiFwhere 

.

F is said to be lower triangularly complete if in every row i there exists at least one j i
0ijF 

0F j i  

such that (i.e. it has least one nonzero entry).  

F is said to be lower triangularly positive if 0,ijF j i  F is said to be lower triangularly positive if

F is lower triang. Complete iff the associated graph has a spanning tree





Diagonal Dominance

It is strictly diagonally dominant if these inequalities are all strict.  
E is strongly diagonally dominant if at least one of the inequalities is strict [Serre 2000]

[ ] n n
ijE e R   ii ij

j i
e e



Matrix is diagonally dominant if, for all i,

g y g y q [ ]
E is irreducibly diagonally dominant if it is irreducible and at least one of the inequalities is strict.

Let E be a diagonally dominant M matrix (i.e. nonpositive elements off the diagonal, 
nonnegative elements on the diagonal).

Then              is an eigenvalue of E iff all row sums are equal to 0.
Moreover, let E be irreducible with all row sums equal to zero.  Then 

g g )
0 

has multiplicity of 1.0 

Thm. Let E be strictly diagonally dominant or irreducibly diagonally dominant.  
Then E is nonsingular.  
If in addition, the diagonal elements of E are all positive real numbers, then 

Re ( ) 0 1E i n   Re ( ) 0, 1i E i n   

SO.   Let graph be irreducible.  
Then the Laplacian L has simple e-value at 0.
Add a positive number to any diagonal entry of L to get LAdd a positive number to any diagonal entry of L to get       .  

Then      is nonsingular and        is stable.
L

L L



Thm Properties of Irreducible M matrices

Zhihua Qu Book 2009

Thm.  Properties of Irreducible M matrices.

Let E=sI-A be an irreducible M matrix, that is,  0A  and is irreducible.

Interpret E as the Laplacian matrix L

Then,
1. E has rank n-1.

5.               exists and is nonnegative for all nonnegative diagonal matrices D 

2. there exists a vector v>0 such that Ev=0.
3.              implies Ex=0.
4.  Each principal submatrix of order less that n is a nonsingular M matrix

0Ex 

1( )D E  g g g
with at least one positive element.

6.  Matrix E has Property c.
7. There exists a positive diagonal matrix P such that 

( )

TPE E P i iti id fi it Used forTPE E P
That is, matrix E is pseudo-diagonally dominant, 
That is, matrix -E is Lyapunov stable.

is positive semidefinite, Used for 
Lyapunov Proofs





Lei Guo – Soft control
Do not change the local protocols of the nodes
can only add additional neighbors to influence existing nodes

u u
u1

u2 u3 External control nodes added

Original network 
to be controlledHow to pick

Injection nodes?

Extension of virtual leader approachExtension of  virtual leader approach



Add m additional control nodes
[ ] 0ijB b  0ijb  is the weight from control node uj to existing network node vi.  where

1 2 1{ : 1, } { , , , , , , }i N mx i N m x x x u u    
Augmented state

New connectivity matrix

 
11 12 1 11 12 1

21 21 2 ( )[ ]

N m

m N N m
ij

a a a b b b
a b b

A A B a R  

 
 
    
 

 
  

 

New connectivity matrix 

Row sum = id

 

1 2 1

[ ]ij

N N NN N Nm

A A B a R

a a a b b


 
 
  

 
 

Laplacian
11 12 11 11 12 1

21 221

mN

m

b b bd a a a
b ba

D A B

     
 

        
 


 



Laplacian 

11 2 N NmN N N NN b ba a d a
 

     

L D A 



Modified local voting protocol

x  L i G
( )

i

i ij j i
j N

a x x


 

modified diagonal matrix of in-degrees

SOFT CONTROL, includes new control nodes in some nbhds
i ix  Lei Guo

{ }iD diag d

d a  A

modified diagonal matrix of in degrees

with the i-th row sum of which includes the new control nodes
1,

i ij
j N m

d a
 

  Awith the i-th row sum of , which includes the new control nodes.  

Modified Laplacian

i i id d   where i =  i-th row sum of control matrix B.  

N NL D A R   
Modified Laplacian

New closed-loop system

x Lx Bu  
Row sum of [ ]L B D A B      is zero

But i-th row sum of L D A  has been increased by i



1 11 12 1

21 2 22 [ ]

N

N N
ij

L L L
L L

L D A L L R


 

 
         
 




1 2

[ ]ij

N N N NN

L D A L L R

L L L

  
 
  

 


 i th f t l t i Bi =  i-th row sum of control matrix B.  

Lemma Let L have row sum zero and be irreducible.
At least one 0i i

Then 
1 11 12 1

21 2 22 [ ]

N

N N

L L L
L L

L D A L L R


 

 
        




1 2

[ ]ij

N N N NN

L D A L L R

L L L

        
 
  

 


is irreducibly diagonally dominant and hence nonsingular.

Lemma.  Then        is asymp. stable.L



1 11 12 1NL L L  
 



21 2 22

1 2

[ ] N N
ij

N N N NN

L L
L D A L L R

L L L






         
 
  


 



i =  i-th row sum of control matrix B.  

RTP 1. Let { } , 0i iL diag L   

Then relate eigenvalues of      to those of L .  They are shifted right by some amount.

and L be irreducible

L

Special case. ,i c i  

Then all e-vals are shifted right by c

{ }idiag  Define 

Conjecture. Let L be irreducible.  Then L   



1 11 12 1NL L L  
 



My Theorem 

Let

{ }idiag  Define 

21 2 22

1 2

[ ] N N
ij

N N N NN

L L
L D A L L R

L L L






         
 
  


 



N NL R 

   1 2

1 2 1 2
1 21 1

j j js

j j j j j js s
s

k
i i i

i i i i i i
s j j j k

L L L L  
     

      





Then the determinant of is given by

Minor with rows and columns struck out

Example- one diagonal entry      positivei

11 1 1 11 1 1 11 1

1 1 1

0i N i N N

i i ii i ii i i

L L L L L L L L
L L L L L

L L
 

     

  
  

     

 
1 1 1 0N Ni NN N Ni NN N NN

i
i i

L L L L L L L L

L L 

     
  

To increase the determinant as much as possible-p
Add      to the node with the largest OUT-degree, i.e. largest column sumi

We call the out-degree of node i its influence or social standing.  
- John Baras



x xL B    
     



Overall Dynamics
0

0 00 0 0 0
aug A BL B D

L
     

       
    

0 0u u
     

    

Does not reach consensus unless matrix is irreducible.

0 0 0 0     

has m e-vals at 0

augL irreducible iff m=1

Add control graph 0
00 0

aug
G G

A BL B D
L

GL D
     

       
         

0 G

x xL B
u uL

    
         




Control graph
with desired structure

Original network 
to be controlled
with fixed structure

Induced Strogatz Small World Structure
Reduced diameter= longest path length,  larger Fiedler e-val,  so faster



u1u2 External control nodes addedy1
y2

Control outputs

Original network g
to be controlled

Results.  To make the controlled network as fast as possible,

Tap into the node with the LARGEST out-degree (highest social standing)

And take measured outputs from the nodes with the SMALLEST out-degree

- Zhihua Qu




