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Motions of biological groups
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Fireflies
synchronize



Graphs and Dynamic Graphs




Communication Graph — Algebraic Graph Theory

G= (V.E) 1 T

N nodes

l 0 0 O]
. . s— ° 0 0 1
Adjacency matrix
0 0 0
A=|q] 00 0
0 0 0
a;>0if (v,,v)ek ] 1 1 0
if jeN,
N \r/
d, = Zaij Row sum= in-degree Nl. In-neighbors of node i /AI
j=1
: 7
d’ = Zaﬁ Col sum= out-degree N, Out-neighbors of node i\i

J



Strongly connected if for all nodes / and j there is a path from j to J.
Diameter= length of longest path between two nodes

N
Volume = sum of in-degrees Vol =Y d,

i=l1

< Leader or
_ root node
Tree- every node has in-degree=1
O
/ Followers
1 \
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SN

Spanning tree
l Root node
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Exists a spanning tree iff there is a node having a path to all other nodes

Graph strongly connected implies exists a spanning tree
Strongly connected implies Every Node is a root node

K
Quasi-strongly connected if for all nodes i and j
there exists a node k with a path to / and a path to /
Exists a spanning tree iff quasi-strongly connected ! J



The Multi-agent Consensus Problem — Cooperative Control

Agent dynamics X; = U,
Find control u; so that all agents reach the same steady-state value

xi_xj _)O, VZ,]



Dynamic Graph- the Graphical Structure of Control
First-order Consensus of Multi-agent systems

Each node has an associated state x,- = U,

Standard Distributed local voting protocol  u, = Z a; (x]. —-X,) j
. JEN, \/
Dynamics X; = Z a; (Xj - X;) _ /
JEN; xl f
ul.z—xl.Zal.j+Zaijxj :—a’ixl.+[azl.1 al.N]
JEN; JEN; X
/ | AN
Global Vectors X
_ . _ _dl _
u=| : D= A= [ay]
| Uy | i dy
B 7] _dl ] B 7] I O a12 alN_ B 7]
U X X
. a, 0
3= —_ S S =—Dx+ Ax
u X . X
- i dN__ - | Ay 0 |- i




Dynamic Graph- the Graphical Structure of Control
First-order Consensus of Multi-agent systems

B 7 B ] _dl B T O a12 o alN B 7
X, u, X, Sl x
: . a, 0 ; :
D l=u= =— Do . : |=—Dx+ Ax
X u X ' X
| VN ] | N _] I dN__N_ _aNl O__N_
X=u=—Dx+Ax=—(D—-A)x =—Lx L=D-A = graph Laplacian matrix

X, = Z a;(x;—x;) Distributed Form of Closed-loop Consensus dynamics
JEN;

X =—Lx Global Form of Closed-loop Consensus dynamics

If x is an n-vectorthen x=—(L&® [ )x



Communication Graph — Algebraic Graph Theory

1 \ Adjacency matrix
2

\ O

/ : A= U] 0

3 0

l :
v a,>0if (v;,v,)ek 0

if jeN, : !

N
d, = Zaij Row sum= in-degree N, In-neighbors of node i

J=1

and the diagonal in-degree matrix and Laplacian are

1 0000 0] 1 0 -1 0 0 0
02000 0 -1 2 0 0 0 -1
00200 0 -1 -1 2 000

D= L=
00010 0 0 -1 0 1 0 0
000 0T1 0 0 0 -1 0 1 0
0 0000 2| 10 0 0 -1 -1 2]

Note that the row sums of L are all zero.

—_ o O O o O

S O O O = O

~./

\5\.



Global Closed-loop system with local voting protocol
X =—Lx x(t) = e " x(0)
L= graph Laplacian matrix

Global Closed-loop dynamics depends on L

d, 0 a, - ay
: N
L=D—-A= - - a?l 0 . ' : d,-=za,-j = row sum
. : . =
i dN _aNl 0 |

L hasrow sumof0 4 =0

1
O0=L|:|=L1=Lcl For any constant ¢
i L
1] X
So atsteady-state )=x=—-Ix=—-Lc 1 X, = =cl
And all nodes reach the same value c | Xy




Multi-agent Cooperative Regulator
Dynamics 56,- = U,

Cooperative Control Y; = Z a; (x ; —X,)

JEN;
Distributed Closed-loop system Global Form
X, = Zal.j(xj—xi) The same x=-Lx
JEN;

Local Neighborhood Consensus Error € = Z a;(x; —x;)
JEN;

xl’ e ei = Z ay(xj _xi) ! > .X-‘I- — uj >

jeN | =

N

Multi-agent Cooperative Regulator

In the single-agent regulator problem, the state goes to zero.

In the multi-agent cooperative regulator problem,
the states go to a nonzero consensus value



Reynolds, Computer Graphics 1987
Flocking

Reynolds’ Rules: :
Alignment : align headings b, = Z a;(0,-0)

JEN;

Cohesion : steer towards average position of neighbors- towards c.g.
Separation : steer to maintain separation from neighbors




Distributed Adaptive Control for Multi-Agent Systems

i

Fully at tonorq
| trafflc manage




Consensus Control for Swarm Motions

1
\2 6’l = Z a,(0.-6) heading angle

\4 jENiC
3 x, =V coso,
J B =Vsind

B w [e2]
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Convergence of headings Nodes converge to consensus heading



Consensus Control for Swarm Motions
a

1 21
\2 Ay Q:Zai.(é’.—@) heading angle
alNBi/ \‘4 JeN; o

e a26/ Alignment of Headings

ey
Ja“ Edge weight | aij .
5/>6 l ]
Ags

Distributed Form of Consensus Law Global Form of

6, =a,(0,-0) Consensus Law
‘92 =Cl21(t91—¢92)+a26((96—¢92) 9 — _LH
93 — a31(91 - ‘93) +a;, (92 _93) H s a 6-vector

94 =a,(6,-0,)
‘95 = ds3 (93 _‘95)

96 =ag(6; —6) +ag,(0,—6;)



heading angle

Vsin 6,

91‘ = Z aij(gj _‘91)
JeN;
x, =V coso

Vi

wa

=
5 =
2 )
< =
(5] o
— —

Consensus Control for Formations

7

Formation- a Tree network

Heading Update using Spanning Tree Trust Update

Heading Consensus using Equations (21) and (22)
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10

Nodes converge to heading of leader

time

Convergence of headings
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Closed-loop system with local voting protocol

X, = a,(x;—x) x=-Lx x(t) = e_th(O)

L= D-A= graph Laplacian matrix

Closed-loop dynamics depends on L

Eigenvalues of L determine time response

At steady-state 0 = x, = —Lx,

L =D-A has row sum of O

1
O0=L|:|c=Lcl
1 i X, 1 [1]
Therefore at steady state  x, =| : |=|:|c=cl  For any constant ¢
xy | L

and consensus is reached



Eigenstructure of Graph Laplacian Matrix

State Space Transformation

In general the Jordan form matrix is

Right Eigenvectors

L=MIM"

J =block diag

We consider the case of simple L which has diagonal Jordan form

Then

So that
LM =MJ =L[v, v,

and Lv, = Ay,

oo (AI-L)v, =0

V. is said to be a right eigenvector for the eigenvalue Zl,

Define transformation matrix as the modal matrix

VN] = [Vl Vs

vy ]

M:[v1 v,

vy ]



Left Eigenvectors
L=MIM"
So can write either LM = M.J as before

oo M 'L=JM" W

Define inverse modal matrixas M ' =W’ =

| Wy
Then M3'L=JgM™ or w'p=gw’
W[4 1wl ]
ML=am =" =] "
Wy i Ay | | Wy
Tr _ T
and Wl. L = /ftl-Wl-

or w (AI-L)=0

W, is said to be a left eigenvector for the eigenvalue Zl,



Eigenvalues in MATLAB

L=MIM™

[M,J,MA-T]= [M,J,W] = eig(L)



Directed graph-
Better conditioned

Undirected graph-
More ill-
conditioned
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E.G. if graph is k-cyclic (all circular paths have a GCD of k)

then e-vals of p™'L are uniformly spaced around this circle

e.g. k=4

Then consensus time plot oscillates until steady-state

Captures the structure of social networks and rumor passing




Connectivity for Undirected Graphs

aij =aﬂ.

A=[a,]1=[a,]=4"
L=D-A4=D-A4"=TL

Connected if for all nodes /i and j there is a path from i to J.
If there is a path from i to j, there is a path from jto i



Any undirected graph has L=L"

Hence, all its eigenvalues are real and can be ordered as

A <A <---< A,



Synchronization on Good Graphs

Chris Elliott fast video
Regular mesh

Eigenvalues of Graph Laplacian L




Synchronization on Gossip Rings

Chris Elliott weird video

Eigenvalues of Graph Laplacian L




Since Lhas allrow sums zero: Llc=0

where 1=[1 - 1] eR' and cis any constant

O=—Llc=(A4I-L)y if 4=0 and v =lc

so A =0 Isaneigenvalueand v, =1c is the right e-vector



\/\
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Theorem. Graph contains a spanning tree iff e-val at 4, =0 is simple.
Then 4, >0

Then L has one e-val at zero and all the rest in open right-half plane

Then -L has one e-val at zero and all the rest stable

Graph strongly connected implies exists a spanning tree

______________________________________________________________________________________________________________

’Theorem L has rank N-1,i.e 4 =0 is non-repeated, if
-and only if graph G has a spanning tree. |

______________________________________________________________________________________________________________



Modal decomposition

A w
A I N
VYA RS RN A
. : _
| /1N_ _W;_

x=—Lx

x(t) = e " x(0)

N
Modal decomposition x(t)=e"x(0) = Zvie_i”wf x(0)
j=1



Closed-loop system with local voting protocol

x=—Lx Jordan Normal Form  L=MJM™
N
Modal decomposition x(t) =e " x(0) = ZVZ- e—ﬁ,-twiT x(0)
j=l

v; = right e-vectors

Closed-loop dynamics depends on eigenstructure of L w, = left e-vectors

d, 0 a, - ay
N
L=D-A4= o - a,zl | , ' ) d,-=za,-j = row sum
g : g =
i dN_ | Ay 0 |

L has row sum of O

0=L|:|=L1 or O=—-L1=(A1—-L)v

so A =0 and v, =1 istherighte-vector



Consensus: Final Consensus Value

Closed-loop system with local voting protocol

x=-Lx N N
Modal decomposition x(t):e‘“x(O):Zve “w! x(0) = Z(w x(O)) Ay,
j=l1 j=1
Let A4, =0 be simple. Then at steady-state
i O] [1],
x(O) >ve " wxO)=| [y ow]l P =] 20
1] x, (0) ] |1]77
with w =[7, - »y] the normalized left e-vector of 4 =0
N
Therefore x,(t)— Y _7,x,(0)  for all nodes CONSENSUS
j=1

Consensus value depends on communication graph structure

Importance of left e-vector of 4 =0




1
Consensus Leaders \2
/ \‘4

3 Spanning tree
U Root node
5

—w 6
N
CONSENSUS  x.(1)—> > 7,x,(0)  for all nodes
=

with w =[y, -+ 7y] the normalized left e-vector of 4, =0

Theorem. y, #0 iff nodeiis a Root node

So the consensus value is a weighted average of the
initial conditions of all the Root nodes

Corollary. Let the graph be a tree. Then all nodes converge to IC of the root node




Convergence Rate

Closed-loop system with local voting protocol

x=—Lx
N N
Modal decomposition x(¢) =e " x(0) = ZV e " wl x(0) = Z(w x(O)) Ay,
J=1 j=1

Let 4, =0 be simple. Then for large t

xX(1) = v,e ' w) x(0) + vie ™ w) x(0) = v,e Tx(0)+127/]x](0)

A, determines the rate of convergence and is called the FIEDLER e-value

There is a big push to find expressions for the left e-vector for 4, =0

and the Fiedler e-val 4,




Consensus value is
N
x,(1)—> > 7,x,(0) = weighted average of initial conditions of nodes
j=1

Consensus value depends on communication graph structure

A graph is balanced if in-degree=out-degree

A :[al.j]N /

d. =) a, Rowsum=in-degree

l

j=1
N
d’ =Y a, Columnsum= out-degree o~

i=1

Balanced means that row sum= column sum

Then L has row sum=0 and column sum=0

w/ L =0  means that left e-vectoris also w =|i|=1

Then Consensus value is

1 N
x,(?) —>ﬁzxj(0) = average of initial conditions of nodes
j=1

Independent of graph structure



Undirected Graphs

e;is an edge if ¢; is an edge, and g; = ¢;

1
011000
/ 4 A_110010_AT
s 1010 00 1|
001 0 0 1
% 01 01 1 0]

Ais symmetric

Row sum= column sum so that in-degree= out-degree
L=D-A is symmetric and positive semidefinite

A symmetric graph is balanced

Connected undirected graph has average consensus value

Then Consensus value is

1 N
x,(1) —>ﬁ2x,-(0) = average of initial conditions of nodes
j=1

Independent of graph structure



Graph Laplacian Eigenstructure

Laplacian L=D—- A4 First order consensus system x=—Lx

First eigenvalue is 4 =0 and v, = 1c is the right e-vector

All other eigenvalues have positive real parts
[ff there exists a spanning tree
A sufficient condition for this is strongly connected.

Then the Fiedler eigenvalue A4, has positive real part
And is a measure of the convergence rate

What about the other eigenvalues? Where are they?



Thm. Gerschgorin Circle Criterion. All eigenvalues of matrix £ =[e;]€ R™"

J#i }

are located within the following union of n discs

U{zeC:‘z—eﬁ

SZe

i

i=1

d, 0 a, ay
0
L=D—d-= _|
L dy| |aw 0 |

All e-vals are in the circles C(d,,c -
mis

Fig. 2.3. Gersgorin discs of L in the complex plane.



Thm. Gerschgorin Circle Criterion. All eigenvalues of matrix £ =[e;]€ R™

are located within the following union of n discs

U{zeC:‘z—eﬁ SZeU}
j J#i

dl O alz alN
a 0
L=D—-A= -
dN_ _am 0 |

2d

max

L has row sum = 0 implies there is an eigenvalue at s=0 N

0=A4 <A <<A,
-2d

max

-d 0

max

E-vals of -L

v



Thm. Gerschgorin Circle Criterion. All eigenvalues of matrix £ =[e;]€ R™

are located within the following union of n discs

<>

J#i }

€

Normalized Laplacian D™'L=D"'(D—-A)=1-D"'A has diagonal entries =1

All e-vals are in the circle

L has row sum = 0 implies there is an eigenvalue at s=0 N

0=A4 <A <<A,

E-vals of -L

v



Control of a Network with a Leader Node




Controlled Consensus: Cooperative Tracker Ron Chen
Get rid of dependence on initial conditions control node v

: b
Node state X; = U, Pinning

gains

Local voting protocol with control node v

u, = Z aij(xj _xi) +bi(v_xi)

JEN;

b, #0 If control v is in the neighborhood of node i

U, =— bl.+2aij xl.+2al.jxj +byv

jEN, JEN, Strongly connected graph L
Control node is in some neighborhoods N,

Pinning Control
x=—(L+B)x+Blv B =diagib,}

Theorem. Let atleastone b, # (. Then L+B is nonsingular with all e-vals positive
and -(L+B) is asymptotically stable

So initial conditions of nodes in graph A go away.
Consensus value depends only on v

In fact, v is now the only spanning node
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Controlled Consensus

Lamdas=01112 | eader’s IC

4—-

,,,,,,

Original network 1 A R Sl b
7f ,,,,, R
, 4 A s S S .
4 R ASRSS TN SN S ]
A=[0000:; 3 A N S B i
1010; AR
0001, 2 \\\ ””” "] Average of ICS
1000} R
LamdaS — O 1 1 2 00 ; 4:1 g :8 ﬁ’::])e 1:2 1L1- 1:6 1:8 20
Consensus time approx 7.5 sec
9
Controlled network L s fffff
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szffl\\\x\\f\\ifiL,,,,: ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Time

Consensus time approx 8 sec






