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Spong and Chopra

Consider a dynamic graph with node dynamics
X = (%) +g;,(x)u,
y; =hi(x)

which are passive, so that for each i there exists a scalar storage function V (x) >0, V(0) =0
such that

Y, :(z—\;j () +g0u) =L,V (x)+LV(xu
=-S(x)+h" (X)u(x)
with S(x)>0.

The outputs synchronize if !im”yi ®-y; (t)H =0,Vi, j.
Linear Protocol

Consider control u; = > K (y; - Y,).
jeN;
Technical Lemma.

inzaij(xj _Xi)z_zszaij(xj _Xi)

iff the graph is balanced, i.e. iff in-degree= out-degree for all nodes.
Proof: Left-hand side is

inzaij(xj _Xi)zzxizaijxj _inzzaij
i j i j i j
=Z Zaijxixj—inZZaij
i ] 1 J
Right-hand side is

2% 2.8 (X = x) = DX, DAy = DX D Ay

i
Interchange index variables in first term here to get
PRDINCESIEDRIDIIED IR
J ! [ j i j

However, the i-th row sum Zaij (in-degree) is equal to the i-th column sum Zaji (out-degree)
i i

iff the graph is balanced.



Theorem. Let control graph be connected and balanced (i.e. strongly connected). Then the
system is globally stable and the outputs synchronize.

Proof: Consider Lyapunov function candidate
V=2V, +V, +---+V,)
With V; the storage function for state x;. Then
V = _ZZSi(Xi)+22 z yiT Kij(yj - y.) = —ZZSi(Xi)-i-ZZ z yiT Kij(yj - yi)
i i j

i jeN; i
with S,(x;) > 0. According to the technical lemma, the graph is balanced so that

PRI AR R AT

and | | | |
V=23 500+ 20 2K (=) =20 2 YK (Y- )
=-22.5(x)- 2 Z(Jy,-—yi)TKi,-(y,-—yi)S(JJ

LaSalle’s inv;riance prir;ciplje shows that !Lrpo Hyi M-y, (t)” =0

Connectedness shows that lim lvi®-y;®] =0, vi, j

Nonlinear Protocol
Consider control

U; :Zl(yj_}’i)-

jeN;
where y(z):R — R isanonlinear function such that:

1. y(z) is continuous and locally Lipschitz
2. y(-2)=—y(z) V20
3. x(y;—V;) = x; are passive Vi, j, i.e. there exists scalar storage functions
V;(x) =0, V;(0)=0, S;(x)=0such that
Vi +S5=(y; =) 2(y; — ¥i)

Note that for the graph G = (V, E) one can write
U = Zl(y]' -Vi)= Z Z(yj' b))

jeN; (i,])eE
Theorem. Let control graph G =(V, E) be undirected and connected. Then the system is
globally stable.
Proof: Consider Lyapunov function candidate

Vv =ivi + >V
i=L (

i,j)eE



with V; the storage function for state x;. Then

V=3 (8,00 5w )+ X (-8, (5 -0 20, - )

(i,i)eE
=250+ > y?z(y,-—yi)+(z) (=S5 + (v, =) 20y, - W)
i=1 i=1 (i, j)eE i,j)eE

since

N

HIESIIEDIPY

i=1l j=1 i=l jeN; i=1 (i,j)eE
Since the graph is undirected, for every yiT;g(yj —y,) in the second term there is a corresponding
y; 2(y,—y;). By property 2 of y(z) thisis equal to —y] ¥(y; —y;). Thus
N
D 2 Vixy =y = 2 ity =)= D0 viay =y == 2 (v -y 2y -y
i=1 (i,])eE (i,j)eE (i, ])eE (i, j)eE
Therefore
N
V=-35(x)- 3 S, <0
i=1 (i,j)eE
Therefore the system is globally stable. All trajectories converge to the largest invariant set
contained in the set V =0, where {S, (x,) =0, S; =0,V(i,j)eE,Vi=1 N}

Remark: whether the outputs synchronize depend on the choice of S;, S;;, and hence on the
choice of the control action y(.)

Sector Nonlinearities

Select y(.) to satisfy the additional property

4. az’ <zy(z)< pz’ for some a, >0

i.e. sector nonlinearity.

Theorem. Let control graph G =(V, E) be undirected and connected. Then the system is
globally stable and the outputs synchronize.

Proof: For the control

U = ZZ(yj_yi)

jeN;
one computes
Si=0y; =y 2(y; - )
Property 2 guarantees that {y; (t) — vy, (t), V(i, j) € E,Vi=1 N}. Connectivity guarantees that all
outputs synchronize.



Lihua Xie Approach

Define error function as
€ = Zaij (Xi _Xj) +bi(xi _Xo)
j

Then
e =Zaijxi —Zaijxj +bx —bx,
i j
:dixi—Zaijxj +bx —bx,
J
Define e=[e, e,---e, 1", Xx=[% X,---X,]". Then

e=Dx— Ax+Bx-B1x,=(L+B)x-B1x,
with Laplacian L =D - A and B =diag(b,).

Lemma. LetL be irreducible and at least one b, #0. Then e=0iff x=1x,.

Proof: Lete=0. Then
(L+B)x=B1x,
(L+B)x=(L+B)1x,

since L1 =0. Under the hypotheses, L+ B is irreducibly diagonally dominant and hence
nonsingular. Therefore x = 1X,

Theorem. Consider first-order node dynamics %, =u, in an irreducible digraph. Let

u =(di+bi)l(Zaijuj —aeiJ
for >0, i.e.
u; = (d; +bi)‘l£Zaijuj +a) 3y (X = x) +abi(x0—xi)j

Then consensus is reached exponentially at the rate of e ™'.
Remark. Note that then

u=(D+B)*(Au-ae)=(D+B) Au-a(D+ I§)‘1[(L+ B)x— I§lx0]

with u=[u, u,---u,J".

Proof: Notethat | —(D+B)"A=(D+B)*(L+B), so that
(L+B)u=—ce

Select Lyapunov function candidate

V=1e'e



Then
V=eé=e"(L+B)x=e"(L+B)u
V =—ae'e=-2aV

So that
V() =e*V(t,)

Ject)] =& [ect.)]

For Undirected Graphs

The term Za” ;inu =(d;+b)™ (Za” | —a i] is not nice. We want to get rid of it.

Theorem. Consider first-order node dynamics %, =u, and let the graph be undirected. Let the
graph be irreducible and at least one b, = 0. Let

u =—a(d +b)"e,

for « >0, i.e.
U, = a(d; +bi)_l(zaij(xj — %) +b (X _Xi)j

Then consensus is reached exponentially with

le®]| < 225 e [eC0)]

where = aM
(D+B)

max

Proof: For undirected graphs Laplacian L is symmetric and positive semidefinite so L+ B is
positive definite. Select Lyapunov function candidate

V=1e'(L+B)"e
Then

V=e"(L+B)'é=e"x=e"'u=-ae"(D+B)"e

<-ac,,[(D+B)][e[ =

mm

o
w”e”
Also

V <30, [(L+B) e = 5t el



so that
ZaO'mm (L+ B_)

o) W

(04
—m”e” =

max

Therefore V (t) <e?”'V(t,) and

s [el =2oml(L+B) e[ <v

<e?MV(t,) < m”e(to)” g 2/
So that

leff < Sz tete ™ fetto)l

le®] < = e feto)]

Corollary. Under the same setup as in the theorem, Let
U, =—ae,

for >0, i.e.

U = a(zaij (Xj =X) +b (% — Xi)J
j
Then consensus is reached exponentially with

o]\ 225 ¢ e )]

where f=c_. (L+B).

min

Remark. Convergence is faster without the normalization term.

Using Zhihua Qu Lyapunov Equation

Note that L+ B is irreducibly diagonally dominant if the graph is irreducible and at least one
b. =0, and hence a nonsingular M matrix.

Theorem. Consider first-order node dynamics %, =u, in an irreducible digraph. Let
u =-a(d +b)"e,

for >0, i.e.



U, = a(d; +bi)_l(zaij(xj — %) +b (X _Xi)j

Then consensus is reached exponentially with

o< 2= e e )|

_Z O min (Q)
2 0...(P)

where

B=

Add in terms of sigma of (L+B”bar)

Remark. Note that then
u=-a(D+B) e=-a(D+B)*[(L+B)x—B1x, |

with u=[u, u,---u,1".
Proof: Select Lyapunov function candidate
V=1e'Pe, P>0
Then
V=e'"Pé=e"P(L+B)x=e"P(L+B)u=—ae"P(L+B)(D+B)"e
=—ae'PAe=—1ae' (PA+A'P)e
Note that A= (L+B)(D+B)™ is a nonsingular M matrix. Following Zhihua Qu’s book, let
w=A"1 sothat Aw=1. Define P =diag{%}. Then
ATP+PA=Q
is positive definite and
V=-1qe'Qe
so V is a Lyapunov function. Therefore, e(t) - 0 and consensus is reached.

Now

O in (Q)

. 1 ) 2 -
V<-tac,,Q)ef < “ o (P)

V=24V

so that V (t) <e "'V (t,) and



or

Lo PO <

Ject)] <

Oax (P)

O nin (P)

36 (PYE ety

2~ max

e " et



Second Order Consensus
Define position and velocity errors

e :Zaij(xi —A =X +A)) 0% =% —A)
J

€i =Zaij(vi _Vj) +b (v, V)
j
Then
e=(L+B)(x-A)-B1x,
e,=Dv—-Av+Bv-Bly, =(L+B)v-Bly,

Lemma. Let L be irreducible and at least one b, # 0. Then e=0 iff x=1x,+A, and ;=0 iff
v=1v,.

Consider desired consensus dynamics
Xy =V,
Vo =Ug

and second-order node dynamics X, =u, or

X =V,

v, = U,
Then

g=e,

é, =(L+B)u—B1lu,
Define sliding variable s, =e,, + e, or s=e, + ge, for 5 >0

Theorem. Asume an irreducible digraph and let

u, = (di +bi)_1(zaijuj —as —ﬁeZi + glUOJ
j

—at

for « > 0. Then consensus is reached exponentially at the rate of e .
Remark. Note that

u=(D+B)"(Au-as-fe, +Blu,)
Proof: Notethat | —(D+B)"A=(D+B)*(L+B), so that
(L+B)u=-as-fe, +BLluy,



Select Lyapunov function candidate
V=1sTs
Then
V=s"$=s"(¢,+pe,)=s"((L+B)u-Blu,+fe,)
=-as's=-2aV

and the exponential convergence follows.
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Ron Chen Pinning Control

Dynamics
% =f(x)+y,
Y =1
Control

Ui = Czaij(yj —Y;) +cdb(y, - ;) :Czaijr(xj —X%) +cdbI'(x,—x)
j j

Define Laplacian L =D — A=[¢;] then note that

U =—c> ¢,Ix; +cdbI(X—X)
i

Then
U=—-c(D+dB-A)®Tx+cdB®TX, =—c(L+dB)®I'x+cdB ®TX,
where B =diag(b,).
x=f(x)—c(L+dB)®I'x+cdB ®TX,
Define error
e =X —X,
Where x, is a solution of
X, = f(X)
Then error dynamics are

€ =%—%="Ff(x)-f(x)+y,

or
é=f(x)- f(x)-c(L+dB)®Ix+cdB®TX,
Then
é=f(x)- f(x)-c(L+dB)®Ix+c(dB+L)®TIX,
é=f(x)-f(x,)-c(L+dB)®Te
= f(x)—c(L+dB)®Te
Lyapunov:

V =1e'Pe

11



V :eTPézeTP(f(x)—c(L+dI§)®Fe)
V =e"Pf(x)—ce' P(L+dB)®TIe
=e'Pf(x)-1ce'Qe
where
P(~(L+dB)®T)+(~(L+dB)®T) P=-Q

since —(L+dB)®T is asymptotically stable if T" has positive evals.
Note: evals of A®B are 4,(A)x;(B)

Case 1: Linearize the dynamics.
Then linearized system is
¢=(Vf(x)-c(L+dB)®I)e=Ee
and
V =e"Pé=e"P(Vf(x)-c(L+dB)®T)e
=e'PEe=1e"(PE+E'P)e=-1e'Qe

if Eis AS.

Case 2. Dynamics is Lipschitz
Then

1 ()= F ()] < 5 [[x = x|
and
V :eTPézeTP( f(x)—c(L+dI§)®Fe)
<—ce'P((L+dB)®T )e+xe'Pe
=-1ce'Qe+xe'Pe
where

P(—(L+o||§)®r)+(—(L+dE_5)®F)T P=-Q



Case 3. Dynamics is passive?
Passive node dynamics

% = f,0¢)+ 9, ()Y,

yi =hi(x)
Control

U :Czaij(yj _yi) +cd bi(yo _yi)
j

Now use Spong.

Theorem. Let control digraph be strongly connected. Then the system is globally stable and the
outputs synchronize.

Proof: Consider Lyapunov function candidate
N
V=>V
i=1
with V; the storage function for state x;. Then
V= _Zsi(xi) +z yiTui
= _zsi (Xi)+cz yiT (Zaij (yj —y;) +cdb(y, - yi)}
i i j

V=-2)"S,(x)+y (-D+A-B)y

:_zzsi(xi)"‘zz zyiTKij(yj -Yi)
i i j
with S;(x;) = 0. According to the technical lemma, the graph is balanced so that
zyiTzaij(yj _yi) :_Z ijzaij(yj _yi)
i j j i

and

1 =—ZZSi(Xi)+Z ZyiTKij(yj _yi)_z ZijKij(yj -y.)
i i ] [ J
Z—ZZSi(Xi)—Z Z(yj - yi)T Kij(yj - yi) <0
i i j
LaSalle’s invariance principle shows that !im”yi M-y, (t)H =0

Connectedness shows that lim lvi®-y;®] =0, vi, j
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Lihua Xie Error vs. Ron Chen Disagreement Error
System

x=f(x)+d+u
Lihua local neighborhood error is
e = a;(%—X) +b(X—%)
j

e=Dx—-Ax+Bx-B1lx,=(L+B)x-B1x,
=(L+B)(x—X,)=(L+B)o
where global disagreement error is
0 =X—X,

Note to compute 5(t) one requires the global state x as well as the consensus value x,. To
compute local nbhd error e(t) one has all the information available locally.

1. Lihua Error Lyapunov
e=(L+B)x=(L+B)f(xX)+(L+B)d+(L+B)u

LFC
V=1e'Pe, P>0
Then
V=e'Pé=e"P(L+B)x=¢e"P(L+B)(f +d +u)5._x
=—e'P(L+B)u+e"P(L+B)(f +d)
Select control

u=-ae
then

V =-ae'P(L+B)e+e'P(L+B)(f +d)
=—ae'P(L+B)e+e"P(L+B)(f +d)
=—+ae' (P(L+B)+(L+B) P)e+e'P(L+B)(f +d)
=-1ae'Qe+e'P(L+B)(f +d)

2. Disagreement Error
5=X—%, =X
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LFC
V=15"P5
Then
V=6"Ps=6"Px=e"P(f +d+u)
=—e"Pu+e'P(f +d)
Select control

u=-ae=-aa(L+B)o
then

V =—ad"P(L+B)d+e"P(f +d)
=—ae'P(L+B)e+e'P(f +d)
=—+ae' (P(L+B)+(L+B) P)e+e'P(f +d)
=-1ae'Qe+e P(f +d)

Note second term does not contain (L+B).
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