2.5 Cartesian and Other Dynamics

In Section 2.2 we derived the robot dynamics in terms of the time behavior
of g(#). According to Table 2.3-1,

M@+ Vigd) + Fg+ F@) + Glg) +1,=1 (2.5-1)
or
M(q)d + Ng.q) + 1, =1, (2.5-2)
where the nonlinear terms are
N(g.9) = V(q.9) + Fg + F,@) + G(g). (2.5-3)

We call this the dynamics of the arm formulated in joint space, or simply the
Joint-space dynamics.

Cartesian Arm Dynamics

It is often useful to have a description of the dynamical development of
variables other than the joint variable g(7). Consequently, define

y = h(g) (2.5-4)

with 4(q) a generally nonlinear transformation. Although y(#) could be any
variable of interest, let us think of it here as the Cartesian or task space posi-
tion of the end effector (i.e., position and orientation of the end effector in
base coordinates).

The derivation of the Cartesian dynamics from the joint-space dynamics
is akin to the feedback linearization in Section 2.4. Differentiating (2.5-4)
twice yields

y=Jgq (2.5-5)

y = T3+ Jg, (2:5-6)
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where the Jacobian is

5 (2.5-7)
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The Cartesian velocity vectoris y = [v7 ®7}7 e RS, with v & R3 the linear ve-
locity and @ € R3 the angular velocity. Let us assume that the number of
links is # = 6, so that J is square. Assuming also that we are away from
workspace singularities so that|J| # 0, according to (2.5- 6) we may write

g =Jy — Jug, (2.5-8)

which is the “inverse acceleration” transformatlon Substituting this into
(2.5-2) yields

M5+ (N - MI-Jg) + 1, = .

Recalling now the force transformation t = J7F, with F the Cartesian
force vector (see Appendix A) we have

JTMJ'J + TN — MJ-\J§) + JT1,= F, (2.5-9)
This may be written as ,
Myj+N+f,=E (2.5-10)

where we have defined the Cartesian inertia matrix, nonlinear terms, and
disturbance by

M = J-TMJ (2.5-11)
N = J TN — MJJ§) = TN — MJ-VJJ1) (2.5-12)
f=JT, (2.5-13)

Equation (2.5-9)-(2.5-10) gives the Cartesian or workspace dynamics of the
robot manipulator.

Note that M, N, and f; depend on g and 4, so that strictly speaking, the
Cartesian dynamics are not completely given in terms of y, y, 3} However, ¢ =
J~'y, and given y(f) we could use the inverse kinematics to determine g(7), so
that M, N, f; can be computed as functions of y and ¥ using computer
subroutines.

Structure and Properties of the Cartesian Dynamics

It is important to realize that all the properties of the joint-space dynam-
ics listed in Table 2.3-1 carry over to the Cartesian n dynamics as long as J is
nonsingular [Slotine 1987]. Note particularly that A is symmetric and posi-
tive definite. For a revolute arm the Jacobian has units of length and is
bounded. In that case, M is bounded above and below.

Defining

V = J-T(Mg,q) — MJ\JJy), (2.5-14)
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it follows that
V= v,y (2.5-15)
with
V,, = JN¥, — MJ-)J, (2.5-16)

where ¥, was defined in Section 2.3.
It is easy to show that

S=M-2V, (2.5-17)
is skew-symmetric. Indeed, use the identity
% (JY) = —J1JJ (2.5-18)
to see that
M-27 =4 (JOMJL + J-TMJ! + FTMe (JH) -2V
m o dt dt m

= —JTJTFTMJ-! — FTMI-\JJ-1 + 2J-TMJ- JF-
+ JT (M - 2V, )J!
= JTM = 2V, + MU — (MU )T,
which is skew symmetric since M — 2V is.
The friction terms in the Cartesian dynamics are
Fy+F, = JTEJ ') + J-TE((), (2.5-19)

and they satisfy bounds like those in Table 2.3-1. Notice that in Cartesian
coordinates the friction effects are not decoupled (e.g., J- TF J-1 is not diago-
nal). The Cartesian gravity vector

G = FTG(g) (2.5-20)

1s bounded. .
The property of linearity in the parameters holds and is expressed as

Mj+N=My+V,y+Fy+F+G=Woyje, (2.521)
where the known Cartesian function of robot functions is
WOy = FTW(q.6,4) (2.5-22)
and ¢ is the vector of arm parameters.
EXAMPLE 2.5-1: Cartesian Dynamics for Three-Link
Cylindrical Arm

Let us show how to convert the joint space dynamics found in Example 2.2-3 to
Cartesian dynamics. From Example A.3-1, the arm Jacobian is
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—rcos® 0 —sin@
J=|-rcos8 0 cos9|,
0 1 0

whence its inverse is

—(cos B)/r —(sin B)/r 0O

Jt= 0 0 1.

—sin O cos 9 ¢]

From Example 2.2-3 the arm inertia matrix is

J+ m,r? 0 0
M= 0 m+m, 0
0 0 m,

Applying (2.5-11) yields (verify!)

. m, +J cos® T sin 0 cos 0
M=JT™Jj"'=JsinOcos® m,+J sin?0
0 0

where J = J/r2. _
In a similar fashion, one may compute N.
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