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3.4 FILTERED-ERROR APPROXIMATION-BASED CONTROL

Computed-torque control works very well when all the dynamical terms M(q),
Vin(2,4), F(q), G(q) are known. In practice, robot manipulator parameters such
as friction coefficients are unknown or change with time, and the masses picked
up by the arm are often unknown. Therefore, in many applications simplified
CT controllers that do not compute all nonlinear terms are used {e.g. classical
joint control). These methods often rely on increasing the PD gains to obtain
good performance. However, large control signals may result and stability proofs
" of such controllers are few and far between. A large class of controllers are the
approrimation-based controllers which are based on approximating unknown robot
functions. In this class are included various sorts of adaptive and robust control
techniques, as well as learning control and the neural network techniques discussed
later in the book. These controllers provide good performance even in the presence
of unknown dynamics and disturbances. Performance and stability can be math-
ematically proven and so relied upon in applications. Such advanced techniques
also extend directly to more complicated control objectives such as force control for
grinding, polishing, and so on where straight PD methods are inadequate.
In this section we discuss approximation-based control based on the filtered
tracking error, deriving several adaptive and robust controllers which are collected
for easy reference in Table 3.4.1.
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Table 3.4.1: Filtered-Error Approximation-Based Control Algorithms

Robot Dynamics:
M(g)i+Vim(9,9)d + F(§) +CG(g) + ra =,
Filtered Tracking Error r(t): |

€ = qQd4—¢
r = &4 Ae

with A a positive definite design parameter matrix and g¢4(¢) the desired trajectory.

Computed-Torque Control Variant:
T = Kot + M(q}{(da + Aé) + Vin (g, §)(da + Ae) + F(g) + G(g).
Adaptive Controller:

T = W(z)d+ Kyr

¢ = TWT(z)r,

where W () is the regression matrix and I is a positive definite tuning rate matrix.
Saturation-Based Robust Controller:

T = f4+Kyr—a(t)
L TP

v(t)

—ED i<«

where € is a small positive design parameter and F(z) is a known scalar function
that bounds the uncertainties f = f — f so that [[f|| < F{z).
Variable Structure Robust Controller: '

r=f+ Kyr—v
v = —{F(z) + n)sgn(r)

where n is a small positive design parameter and F(z) is a known function that
bounds the uncertainties ||f — f||.
Learning Contraller:

7 = fi+Kyor—v :
v = —(Kpe+ Klle||*r)
fe = fei+Kpr

where £ is the iteration number, the gains K, Kp, K, are positive diagonal design
matrices, and K, is a positive diagonal learning gain matrix.
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3.4.1 A General Controller Design Framework Based on Approximation
The robot dynamics is given by
M(@)i+ Vil )+ F(@)+Gl@)+ra=T1 (3:4.1)

In this section is derived a general tracking controller structure for robots that
can be used to design adaptive, robust, and learning controllers, as well as neural
network controllers.

The Tracking Problem. In robot control the objective is generally to make
the robot manipulator follow a prescribed desired trajectory, often expressed in
joint space as gq4(t). Finding a control input 7(t) that causes this to occur is
called the tracking design problem. A general framework for tracking control that
includes many adaptive, robust, learning, and neural network techniques is the
approzimation-based fechnique now presented. Given the desired trajectory gq4(t)
define the tracking error e(t) and filtered tracking error r(t) by

e = ga—¢ (3.4.2)
r = é+Ae (3.4.3)

with A a positive definite design parameter matrix. Common usage is to select A
diagonal with large positive entries. Then, (3.4.3) is a stable system so that e(t) is
bounded as long as the controller guarantees that the filtered error r(t) is bounded.
In fact, it is easy to show that one has

el < A 1l < el (3.44)

where omin(A) is the minimum singular value of A and the 2-norm is used.
In practical situations the desired trajectory is specified by the design engineer,
so that it always satisfies the following boundedness assumption.

Bounded Trajectory. The desired trajectory is bounded so that

ga(t)
da(t)

with gg a known scalar bound.

Differentiating (3.4.3) and invoking (3.4.1) it is seen that the robot dynamics
are expressed in terms of the filtered error as

Mr=—Vor+ flz)+ 74— (3.4.6)
where the nonfinear robot function is defined as
f(=) = M(q){ga + Aé) + Vin(g,4)(da + Ae) + F(¢) + G(q). (3.4.7)

Vector x contains all the time signals needed to compute f(-) and may be defined
for instance as z = [eT ¢7 g7 ¢7 4T]7. It is important to note that f(z) contains all
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Figure 3.4.1: Filtered error approximation-based controller.

the potentially unknown robot arm parameters, except for the V,,r term in (3.4.6),
which cancels out in controller stability Lyapunov proofs.

The definition of the nonlinear Coriolis/centripetal matrix Vi, (g, ¢) in the robot
dynamics (3.4.1) is not unique (Lewis, Abdallah, and Dawson 1993). In approximation-
based control using the approach given here, it is necessary to select the correct
version of Vin(g,q); specifically, one must use the version of V;,(g,¢) so that the
skew-symmetry property P3 holds. See Example 3.2.2 and Problems section.

Approximation-Based Controllers. A general sort of approximation-based
controller is now derived by setting

= f4+ K,r—u(t), (3.4.8)

with f an estimate of f(z), Kyr = K, é + K,Ae an outer PD tracking loop, and
v(t) an auxiliary signal to provide robustness in the face of disturbances and mod-
elling errors. The estimate f and robustifying signal v(t) are defined differently for
adaptive control, robust control, neural net control, fuzzy logic control, etc. The
multiloop control structureimplied by this scheme is shown in Fig. 3.4.1. In adaptive
control techniques, most of the effort goes into selecting and updating the estimate
f(z); in robust control, most of the effort goes into selecting the control term v(t).

The Error Dynamics. Using nonlinear stability proofs based on Lyapunov or
passivity techniques, it can be shown that tracking error stability can be guaranteed
by selecting one of a variety of specific controllers. The controllers are derived and
proofs of stability are given based on the all-important closed-loop error dynamics.
'The closed-loop érror dynamics are found by substitution of (3.4.8) into (3.4.6) to
be

Mr= -er—I{,,r+f+Td+v(t), (3.4.9)
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where the function epprozimation erroris given by

f=f-Ff (3.4.10)

It is important to note that the tracking error dynamics is disturbed by the func-
tional approximation error.

The controller design problem is to select the estimate f and the robust term

v(t) in control law (3.4.8) (see Fig: 3.4.1) so that this error dynamics is stable, for

then the filtered tracking error r(t) is bounded and (3.4.4) implies that the trackmg
error e(t) is bounded. Consequently, the robot manipulator follows the prescribed
trajectory ga(t). Several specific controllers that gnarantee stable tracking are sub-
sequently presented.

The error dynamics satisfy an important passivity property that is crucial in the
design of robust neural network controllers. The proof uses a technique like those
introduced in Chapter 2. State strict passivity (SSP) was defined in Chapter 2.

‘Theorem 3.4.1 (State Strict Passivity (SSP) of Error Dynamics) :

The error dynamics (3.4.9) are a state strict passive system from (o(t) = f + 7a + v(t)
to r{t).
Proof:

Take the nonnegative function

L= %rTM (g)r

so that, using (3.4.9), one obtains
L—rTMr+ rTMr = =T K.,r+—r (M—2V )r+r {o
whence the skew-symmetry property P3 yields the power form
L=rT¢-rTK,r

This is the power delivered to the system minus a quadratic term in ||r||, verifying state
strict passivity. D
3.4.2 Computed-Torque Control Variant

Several approximation-based controllers of the form (3.4.8) are now presented. A
variant of computed-torque control can be used if the nonlinear function f(z) is

known. Then, one may select f(z) = f(z) so that the control input is
7= Kyr+ M(q)(da + Aé) + Vm(g, 6)(da + Ae) + F(4) + Glg). (3.4.11)

This may be compared to (3.3.5).

3.4.3 Adaptive Control

Adaptive control has proven successful in dealing with modeling uncertainties in
general linear and nonlinear systems by on-line tuning of parameters. Variants of
adaptive control include the model-reference approach {Landau 1976), hypersta-
bility techniques (Landau 1976), self-tuning regulators (Astrém and Wittenmark



3.4. FILTERED-ERROR APPROXIMATION-BASED CONTROL 157

1989), gradient-based techniques, and so on. See Narendra and Annaswamy (1989),
‘Joannou and Sun (1996), Goodwin and Sin (1984), Sastry and Bodson (1989) and
other references too prolific to mention.

Included in the class of controllers (3.4.8) are many sorts of adaptive controllers
for robot manipultors (Craig 1985; Lewis, Abdallah, Dawson 1993; Slotine and Li
1991; Spong and Vidyasagar 1989). Conventional adaptive controller applications
in robotics rely on the following linear-in-the-parameters (LIP) assumption (Craig
1985) (see however the work of Colbaugh et al. (1994, 1995) where LIP is not
needed).

LIP The nonlinear robot function (3.4.7) is linear in the unknown parameters (e.g.
masses and friction coeflicients) so that one can write

f(z) = M(q)(da + Aé) + Vin{g,§)(da + Ae) + F(4) + G(g) = W(z)¢ (3.4.12)

where W (z} is a matrix of known robot functions and ¢ is a vector of unknown
parameters (e.g. masses and friction coefficients). The regression matriz W (-)
can be computed for any specified robot arm.

One adaptive controller is given by Slotine (1988),
W(z)d + K,r (3.4.13)
¢ = TWT(z)r (3.4.14)

T

where I' is a tuning parameter matrix, generally selected diagonal with positive
elements. The adaptive controller manufactures an estimate ¢ for the unknown
parameter vector ¢ by dynamic on-line tuning using Equation (3.4.14), thus the
controller has its own dynamics. The estimate of the nonlinear function is given by

f(z) = W(2)é. (3.4.15)

The adaptive controller has the structure shown in Fig. 3.4.1. It has a multiloop
structure with an outer PD tracking loop and an inner nonlinear adaptive loop
whose function is to estimate the nonlinear function required for feedback lineariza-
tion of the robot arm. Its performance is described in the following theorem and
illustrated in the next example. Uniform ultimate bounded (UUB) stability was
defined in Chapter 2.

Theorem 3.4.2 (Adaptive Controller) :

Suppose the disturbance 74(f) in (3.4.1) is zero and the desired trajectory g4(t) is
bounded according to (3.4.5). Assume the linear-in-the-parameters asumption (3.4.12)
holds and the unknown parameter vector ¢ is constant. Then, using the control (3.4.13)
with adaptive parameter tuning given by (3.4.14), the tracking error r(t} goes to zero and
the parameter estimates $(t) are UUB.

Proof:
Due to the LIP assumption one has

f=r-F=W)p—W(z)é=W(z)d,

with ¢ = ¢ — qg the parameter estimation error. Therefore, using the proposed control
yields the closed-loop error dynamics

Mi = —Vir — Kor + W(z)é.
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Select the Lyapunov function candidate
L= 3r"M(g)r + 3477715,
with I" a symmetric positive definite weighting matrix. Differentiate to discover
L= %rTﬂr +rTMF + QETI"_I(;S,
whence substitution from the error dynamics yields
L = %rTMr —tTVpr =T Kor + rTW(.r)$ + :;TI"lqz
= %rT(M — W — e Kyr + 7T+ WT(2)r).
Now use the skew-symmetry property P3 and select
é=-TWT(z)r
to yield
L=—rTK,r

In view of the definition u;g =¢— $, and the assumption that ¢ is constant, the selection

for ¢ yields the tuning law (3.4.14).

Since L is positive definite in the overall state [T $T]T and L is negative semidefinite,
both r and ¢ are bounded according to Lyapunov’s theorem. Boundedness of the parameter
estimate ¢ follow from the fact that ¢ is bounded.

To show that r() goes to zero, one may use Barbalat’s Lemma to show that L goes to
zero with ¢. To accomplish this, differentiate to obtain

L= ~2rT K, ¥,
and substitute the error dynamics to obtain
L= 20T K M~ [~ Viar — Kur + W(z)).

The right-hand side is bounded due to the bounding assumptions P1-P6 and the demon-
strated boundedness of r and ¢; for one has

o1 :
M~ < it Vmll < valigll;

but ¢ is bounded since r is bounded and the desired trajectory g4(t) is bounded. Therefore,
Lis bounded, implying that Lis uniformly continuous, and by the Barbalat’s Lemma
Lyapunov extension (Chapter 1), L goes to zero with t. Therefore, r(t) vanishes as t
becomes large. In|

It has only been shown that the parameter error ¢ is bounded, not small. It
can be shown that under an additional persistence of excitation condition (Chapter
2), the parameter error goes to zero so that the parameter estimates é approach
the actual values ¢ (Slotine 1985, 1988). However, for practical controls purposes
the result of the theorem is good enough, since the tracking error r(t) is small
so that one has tracking of the prescribed trajectory. Note also that the UUB of
the parameter estimate ¢ guarantees the boundedness of the control input 7(t) in

(3.4.13).
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This proof is typical of adaptive control and recurs in various forms throughout
the book— The parameter to be tuned is weighted in the Lyapunov function can-
didate L. Then, the derivative of the parameter apppears in L, yielding the tuning
law.

Example 3.4.1 (Performance of Adaptive Controller) :

This example iHustrates the sort of performance to be expected from the adaptive
controller. It is also shown that if the regression matrix is not exactly known, the adaptive
controller does not perform well. In this example, it is desired for the 2-link robot arm in
Example 3.2.1 to follow a prescribed trajectory.

To implement the adaptive controller just described, it is necessary to determine the
regression matrix W(z). In computing W(x) one must begin with the version of Vin(q, ¢)
that satisfies the skew-symmetry property P3 (see Example 3.2.2). The unknown parame-
ter vector is selected to contain the masses, so that ¢ = [m; mg]T, where m; includes the
payload mass. The joint tracking errors are €1 = g¢, — q1,¢2 = ¢4, — q2. Referring to the
dynamics derived in Example 3.2.1, one sees that the elements of the 2 x 2 matrix W (z)
are given (see Problems section) by

W, a3{da, + Mé1) +argcosq

Wiz = (a3 +2mazcosgs + a2)(da, + Aié1) + (a2 + @10 cos g2 )(da, + A2é2)
— a16202(4q, singz + Ae1) — araz(gy + §z2)(ga, singz + Azez)
+ azgcos(qi + q2) +argcosq

Wa1 = 0 .

Wi = (ag + aya2 cos g2 )(da, + Ai1é1) + a%(cjdz + X2é2)
+ a1az2(da, + Me1)singz + azgcos{g + gz).

A function M file was written in MATLAB {1994) to simulate the adaptive controller—
this procedure is very direct. The adaptive controller is an easy modification of the func-
tion routine given in Example 3.3.1. The PD CT controller equations in Fig. 3.3.2 are
simply replaced by the adaptive controller equations (3.4.13)-(3.4.14). The lines of code
implementing the adaptive controller are given in Fig. 3.4.2.

The arm parameters were taken as a1y = a2 = lm,m; = 0.8kg, m; = 2.3kg. The
desired trajectory was selected as gq, (£) = sint, qa,(t) = cost. The controller parameters
were selected as K, = diag{20, 20},I' = diag{10, 10}, A = diag{\1, A2} = diag{5,5}. The
dialog required to run the adaptive controller is the same as in Example 3.3.1. Remember
to modify the output function robout.m to reflect the new desired trajectory parameters!

a. Adaptive Control. The response with the adaptive controller is given in Fig. 3.4.3,
which is excellent even though the masses mi, m2 are unknown by the controller. It is seen
that, after an initial error, the actual joint angles closely match the desired joint angles. In
adaptive control, the controller dynamics allow for learning of the unknown parameters,
so that the performance improves over time. Note that the parameter (mass) estimates
converge to the correct constant values.

b. Adaptive Control with Unmodelled Dynamics. To show how important
it is to model all the dynamics in the regression matrix, the simulation was now repeated
using the incorrect value

Wi = G?(fidl + Aia);



For Figure 3.4.2 "Adaptive Controller" see the homework solutions.
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Adaptive Controller: Desired and Actual Joint Angles
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Adaptive Controller: Mass Estimates
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Figure 3.4.3: Response using adaptive controller. (a) Actual and desired joint
angles. (b) Mass estimates.



