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This book gives an exposition of recently developed approximate dynamic programming 
(ADP) techniques for decision and control in human engineered systems. ADP is a 
reinforcement machine learning technique that is motivated by learning mechanisms in 
biological and animal systems. It is connected from a theoretical point of view with both 
Adaptive Control and Optimal Control methods. The book shows how ADP can be used to 
design a family of adaptive optimal control algorithms that converge in real-time to optimal 
control solutions by measuring data along the system trajectories. Generally, in the current 
literature adaptive controllers and optimal controllers are two distinct methods for the design 
of automatic control systems. Traditional adaptive controllers learn online in real time how to 
control systems, but do not yield optimal performance. On the other hand, traditional optimal 
controllers must be designed offline using full knowledge of the systems dynamics. 

It is also shown how to use ADP methods to solve multi-player differential games online.  
Differential games have been shown to be important in H-infinity robust control for 
disturbance rejection, and in coordinating activities among multiple agents in networked 
teams. The focus of this book is on continuous-time systems, whose dynamical models can 
be derived directly from physical principles based on Hamiltonian or Lagrangian dynamics.
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Preface

This book studies dynamic feedback control systems of the sort that regulate human-
engineered systems including aerospace systems, aircraft autopilots, vehicle engine 
controllers, ship motion and engine control, industrial processes and elsewhere. The 
book shows how to use reinforcement learning techniques to design new structures 
of adaptive feedback control systems that learn the solutions to optimal control prob-
lems online in real time by measuring data along the system trajectories. 

Feedback control works on the principle of observing the actual outputs of a 
system, comparing them to desired trajectories, and computing a control signal 
based on the error used to modify the performance of the system to make the actual 
output follow the desired trajectory. James Watt used feedback controllers in the 
1760s to make the steam engine useful as a prime mover. This provided a substan-
tial impetus to the Industrial Revolution. 

Adaptive control and optimal control represent two different philosophies for 
designing feedback control systems. These methods have been developed by the Con-
trol Systems Community of engineers. Optimal controllers minimize user-prescribed 
performance functions and are normally designed offl ine by solving Hamilton–
Jacobi–Bellman (HJB) design equations. This requires knowledge of the full system 
dynamics model. However, it is often diffi cult to determine an accurate dynamical 
model of practical systems. Moreover, determining optimal control policies for non-
linear systems requires the offl ine solution of non-linear HJB equations, which are 
often diffi cult or impossible to solve. By contrast, adaptive controllers learn online to 
control systems with unknown dynamics using data measured in real time along the 
system trajectories. Adaptive controllers are not usually designed to be optimal in the 
sense of minimizing user-prescribed performance functions. 

Reinforcement learning (RL) describes a family of machine learning systems 
that operate based on principles used in animals, social groups and naturally occur-
ring systems. RL methods were used by Ivan Pavlov in the 1860s to train his dogs. 
Methods of RL have been developed by the Computational Intelligence Community 
in computer science engineering. RL has close connections to both optimal control 
and adaptive control. It refers to a class of methods that allow the design of adaptive 
controllers that learn online, in real time, the solutions to user-prescribed optimal 
control problems. RL techniques were fi rst developed for Markov Decision Processes 
having fi nite state spaces. RL techniques have been applied for years in the control of 
discrete-time dynamical systems with continuous state spaces. A family of RL methods 
known as approximate dynamic programming (ADP) was proposed by Paul Werbos 
and developed by many researchers. RL methods have not been extensively used in 
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the Control Systems Community until recently. The application of RL to continuous-
time dynamical systems has lagged due to the inconvenient form of the Hamiltonian 
function. In discrete-time systems, the Hamiltonian does not depend on the system 
dynamics, whereas in continuous-time systems it does involve the system dynamics. 

This book shows that techniques based on reinforcement learning can be used 
to unify optimal control and adaptive control. Specifi cally, RL techniques are used 
to design adaptive control systems with novel structures that learn the solutions to 
optimal control problems in real time by observing data along the system trajecto-
ries. We call these optimal adaptive controllers. The methods studied here depend 
on RL techniques known as policy iteration and value iteration, which evaluate the 
performance of current control policies and provide methods for improving those 
policies. 

Chapter 1 gives an overview of optimal control, adaptive control and reinforce-
ment learning. Chapter 2 provides a background on reinforcement learning. After 
that, the book has three parts. In Part I, we develop novel RL methods for the control 
of continuous-time dynamical systems. Chapter 3 introduces a technique known as 
integral reinforcement learning (IRL) that allows the development of policy itera-
tion methods for the optimal adaptive control of linear continuous-time systems. 
In  Chapter 4, IRL is extended to develop optimal adaptive controllers for non-linear 
continuous-time systems. Chapter 5 designs a class of controllers for non-linear sys-
tems based on RL techniques known as generalized policy iteration. To round out 
Part I, Chapter 6 provides simplifi ed optimal adaptive control algorithms for linear 
continuous-time systems based on RL methods known as value iteration. 

In Part I, the controller structures developed are those familiar in the RL com-
munity. Part I essentially extends known results in RL for discrete-time systems to 
the case of continuous-time systems. This results in a class of adaptive controllers 
that learn in real time the solutions to optimal control problems. This is accom-
plished by learning mechanisms based on tuning the parameters of the controller to 
improve the performance. The adaptive learning systems in Part I are of the actor–
critic structure, wherein there are two networks in two control loops – a critic net-
work that evaluates the performance of current control policies, and an actor network 
that computes those current policies. The evaluation results of the critic network are 
used to update the parameters of the actor network so as to obtain an improved con-
trol policy. In the actor–critic topologies of Part I, the critic and actor networks are 
updated sequentially, that is, as one network learns and its parameters are tuned, the 
other is not tuned and so does not learn. 

In the Control Systems Community, by contrast, continuous-time adaptive 
controllers operate by tuning all parameters in all control loops simultaneously in 
real time. Thus, the optimal adaptive controllers in Part I are not of the standard 
sort encountered in adaptive control. Therefore, in Part II, we use RL techniques to 
develop control structures that are more familiar from the feedback control systems 
perspective. These adaptive controllers learn online and converge to optimal control 
solutions by tuning all parameters in all loops simultaneously. We call this synchro-
nous online learning. Chapter 7 develops the basic form of synchronous optimal 
adaptive controller for the basic non-linear optimal control problem. First, a policy 
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iteration algorithm is derived using RL methods using techniques like those from 
Part I. Then, however, that PI structure is used to derive a two-loop adaptive control 
topology wherein all the parameters of the critic network and the control loop are 
tuned or updated simultaneously. This is accomplished by developing two learn-
ing networks that interact with each other as they learn, and so mutually tune their 
parameters together simultaneously. In Chapter 8, notions of integral reinforcement 
learning and synchronous tuning are combined to yield a synchronous adaptive con-
trol structure that converges to optimal control solutions without knowing the full 
system dynamics. This provides a powerful class of optimal adaptive controllers that 
learn in real time the solutions to the HJB design equations without knowing the full 
system dynamics. Specifi cally, the system drift dynamics need not be known. The 
drift term is often diffi cult to identify for practical modern systems. 

Part III applies RL methods to design adaptive controllers for multiplayer games 
that converge online to optimal game theoretic solutions. As the players interact, 
they use the high-level information from observing each other’s actions to tune the 
parameters of their own control policies. This is a true class of interactive learning 
controllers that bring the interactions of the players in the game to a second level 
of inter-communications through online learning. Chapter 9 presents synchronous 
adaptive controllers that learn in real time the Nash equilibrium solution of zero-
sum  two-player differential games. In Chapter 10, adaptive controllers are developed 
that learn online the Nash solution to multiplayer non-linear differential games. In 
Chapter 11 IRL methods are used to learn the solution to the two-player zero-sum 
games online without knowing the system drift dynamics. These controllers solve 
the generalized game Riccati equations online in real time without knowing the 
system drift dynamics. 

Draguna Vrabie 
Kyriakos Vamvoudakis

Frank Lewis
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Chapter 1

Introduction to optimal control, adaptive
control and reinforcement learning

This book studies dynamic feedback control systems of the sort that regulate human-
engineered systems, including aerospace systems, aircraft autopilots, vehicle engine
controllers, ship motion and engine control, industrial processes and elsewhere. The
book shows how to use reinforcement learning (RL) techniques to design new
structures of adaptive feedback control systems that learn the solutions to optimal
control problems online in real time by measuring data along the system trajectories.

Feedback control works on the principle of observing the actual outputs of a
system, comparing them to desired trajectories and computing a control signal based
on the error used to modify the performance of the system to make the actual output
follow the desired trajectory. James Watt used feedback controllers in the 1760s to
make the steam engine useful as a prime mover. This provided a substantial impetus to
the Industrial Revolution. Vito Volterra showed in 1920 that feedback is responsible
for the balance of predator–prey fish populations in a closed ecosystem. Charles
Darwin showed in 1860 that feedback over long time periods is responsible for natural
selection (Darwin, 1859). Adam Smith showed in 1776 that feedback mechanisms
play a major role in the interactions of international economic entities and the wealth
of nations.

Adaptive control and optimal control represent different philosophies for
designing feedback control systems. These methods have been developed by the
Control Systems Community of engineers. Optimal controllers minimize user-
prescribed performance functions and are normally designed offline by solving
Hamilton–Jacobi–Bellman (HJB) design equations, for example, the Riccati equa-
tion, using complete knowledge of the system dynamical model. However, it is often
difficult to determine an accurate dynamical model of practical systems. Moreover,
determining optimal control policies for non-linear systems requires the offline
solution of non-linear HJB equations, which are often difficult or impossible to solve.
By contrast, adaptive controllers learn online to control systems with unknown
dynamics using data measured in real time along the system trajectories. Adaptive
controllers are not usually designed to be optimal in the sense of minimizing user-
prescribed performance functions. Indirect adaptive controllers use system identifi-
cation techniques to first identify the system parameters, then use the obtained model
to solve optimal design equations (Ioannou and Fidan, 2006). Adaptive controllers
may satisfy certain inverse optimality conditions, as shown in Li and Krstic (1997).

CH001 13 September 2012; 15:57:47



Reinforcement learning (RL) describes a family of learning systems that
operates based on principles used in animals, social groups and naturally occurring
systems. RL was used by Ivan Pavlov in the 1860s to train his dogs. Methods of RL
have been developed by the Computational Intelligence Community in computer
science engineering. RL allows the learning of optimal actions without knowing a
dynamical model of the system or the environment. RL methods have not been
extensively used in the feedback control community until recently.

In this book, we show that techniques based on RL allow the design of adaptive
control systems with novel structures that learn the solutions to optimal control problems
in real time by observing data along the system trajectories. We call these optimal
adaptive controllers. Several of these techniques can be implemented without knowing
the complete system dynamics. Since the optimal design is performed in real time using
adaptive control techniques, unknown and time-varying dynamics and changing per-
formance requirements are accommodated. The methods studied here depend on RL
techniques known as policy iteration and value iteration, which evaluate the perfor-
mance of current control policies and provide methods for improving those policies.

RL techniques have been applied for years in the control of discrete-time
dynamical systems. A family of RL methods known as approximate dynamic
programming (ADP) was proposed by Paul Werbos (Werbos, 1989, 1991, 1992,
2009) and developed by many researchers (Prokhorov and Wunsch, 1997; Barto
et al., 2004; Wang et al., 2009). Offline solution methods for discrete-time dyna-
mical systems and Markov Processes were developed by Bertsekas and Tsitsiklis
(1996). The application of RL to continuous-time systems lagged due to the
inconvenient form of the Hamiltonian function. In discrete-time systems, the
Hamiltonian does not depend on the system dynamics, whereas in continuous-time
systems it does involve the system dynamics.

This book applies RL methods to design optimal adaptive controllers for
continuous-time systems. In this chapter we provide brief discussions of optimal
control, adaptive control, RL and the novel adaptive learning structures that appear
in optimal adaptive control.

1.1 Optimal control

This section presents the basic ideas and solution procedures of optimal control
(Lewis et al., 2012). In naturally occurring systems such as the cell, animal organ-
isms and species, resources are limited and all actions must be exerted in such a
fashion as to preserve them. Optimal control formalizes this principle in the design of
feedback controllers for human-engineered systems.

1.1.1 Linear quadratic regulator
The most basic sort of optimal controller for dynamical systems is the linear
quadratic regulator (LQR) (Lewis et al., 2012). The LQR considers the linear time-
invariant dynamical system described by

_xðtÞ ¼ AxðtÞ þ BuðtÞ ð1:1Þ

2 Optimal adaptive control and differential games by RL principles
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with state x(t) 2 R
n and control input u(t) 2 R

m. To this system is associated the
infinite-horizon quadratic cost function or performance index

V ðxðt0Þ; t0Þ ¼
ð1

t0

ðxTðtÞQxðtÞ þ uTðtÞRuðtÞÞ dt ð1:2Þ

with weighting matrices Q� 0, R> 0. It is assumed that (A, B) is stabilizable, that
is there exists a control input that makes the system stable, and that (A,

ffiffiffiffi
Q

p
) is

detectable, that is the unstable modes of the system are observable through the
output (y ¼ ffiffiffiffi

Q
p

x).
The LQR optimal control problem requires finding the control policy that

minimizes the cost

u�ðtÞ ¼ arg min
uðtÞ

t0�t�1

Vðt0; xðt0Þ; uðtÞÞ ð1:3Þ

The solution of this optimal control problem is given by the state-feedback
u(t) ¼ �Kx(t), where the gain matrix is

K ¼ R�1BT P ð1:4Þ
and matrix P is a positive definite solution of the algebraic Riccati equation (ARE)

AT P þ PA þ Q � PBR�1BT P ¼ 0 ð1:5Þ
Under the stabilizability and detectability conditions, there is a unique positive
semidefinite solution of the ARE that yields a stabilizing closed-loop controller
given by (1.4). That is, the closed-loop system A – BK is asymptotically stable.

To find the optimal control that minimizes the cost, one solves the ARE for the
intermediate matrix P, then the optimal state feedback is given by (1.4). This is an
offline solution procedure that requires complete knowledge of the system
dynamics matrices (A, B) to solve the ARE. Moreover, if the system dynamics
change or the performance index varies during operation, a new optimal control
solution must be computed.

1.1.2 Linear quadratic zero-sum games
In the linear quadratic (LQ) zero-sum (ZS) game one has linear dynamics

_x ¼ Ax þ Bu þ Dd ð1:6Þ
with state x(t) 2 R

n, control input u(t) 2 R
m and disturbance u(t) 2 R

m. To this
system is associated the infinite-horizon quadratic cost function or performance index

V ðxðtÞ; u; dÞ ¼ 1
2

ð1
t
ðxT Qx þ uT Ru � g2jjdjj2Þ dt �

ð1
t

rðx; u; dÞ dt ð1:7Þ

with the control weighting matrix R = RT> 0, and a scalar g > 0.

Introduction to optimal control, adaptive control and RL 3
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The LQ ZS game requires finding the control policy that minimizes the cost
with respect to the control and maximizes the cost with respect to the disturbance

V �ðxð0ÞÞ ¼ min
u

max
d

Jðxð0Þ; u; dÞ

¼ min
u

max
d

ð1
0
ðQðxÞ þ uT Ru � g2kdk2Þ dt ð1:8Þ

This game captures the intent that the control seeks to drive the states to zero while
minimizing the energy it uses, whereas the disturbance seeks to drive the states
away from zero while minimizing its own energy used.

The solution of this optimal control problem is given by the state-feedback
policies

uðxÞ ¼ �R�1BT Px ¼ �Kx ð1:9Þ

dðxÞ ¼ 1
g2

DT Px ¼ Lx ð1:10Þ

where the intermediate matrix P is the solution to the game (or generalized)
algebraic Riccati equation (GARE)

0 ¼ AT P þ PA þ Q � PBR�1BT P þ 1
g2

PDDT P ð1:11Þ

There exists a solution P> 0 if (A, B) is stabilizable, (A,
ffiffiffiffi
Q

p
) is observable and

g > g�, the H-infinity gain (Başar and Olsder, 1999; Van Der Schaft, 1992).
To solve the ZS game problem, one solves the GARE equation for the non-

negative definite optimal value kernel P � 0, then the optimal control is given as a
state variable feedback in terms of the ARE solution by (1.9) and the worst case
disturbance by (1.10). This is an offline solution procedure that requires complete
knowledge of the system dynamics matrices (A, B, D) to solve the GARE. More-
over, if the system dynamics (A, B, D) change or the performance index (Q, R, g)
varies during operation, a new optimal control solution must be computed.

1.2 Adaptive control

Adaptive control describes a variety of techniques that learn feedback controllers
in real time that stabilize a system and satisfy various design criteria (Ioannou and
Fidan, 2006; Astrom and Wittenmark, 1995). Control systems are learned online
without knowing the system dynamics by measuring data along the system trajec-
tories. Adaptive controllers do not generally learn the solutions to optimal control
problems or game theory problems such as those just described. Adaptive con-
trollers may provide solutions that are optimal in a least-squares sense. In this
section, we present some basic structures of adaptive control systems.

4 Optimal adaptive control and differential games by RL principles
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In adaptive control, unknown systems are parameterized in terms of known
basic structures or functions, but unknown parameters. Then, based on a suitable
problem formulation, the unknown parameters are learned or tuned online to achieve
various design criteria. This is accomplished in what is known as a data-based
manner, that is by measuring data along the system trajectories and without knowing
the system dynamics. Two broad classes of adaptive controllers are direct adaptive
control and indirect adaptive control.

Direct adaptive controller. Standard adaptive control systems can have many
structures. In the direct adaptive tracking controller in Figure 1.1, it is desired to
make the output of the system, or plant, follow a desired reference signal. The
controller is parameterized in terms of unknown parameters, and adaptive tuning
laws are given for updating the controller parameters. These tuning laws depend on
the tracking error, which it is desired to make small.

Indirect adaptive controller. In the indirect adaptive tracking controller in
Figure 1.2, two feedback networks are used, one of which learns dynamically
online. One network is a plant identifier that has the function of identifying or
learning the plant dynamics model _x ¼ f (x) þ g(x)u online in real time. The tuning
law for the plant identifier depends on the identification error, which it is desired to

Plant

Control
u(t)

Output
y(t)

Controller
yd(t)

Desired
output

Tracking
error

Direct scheme

Figure 1.1 Standard form of direct adaptive controller where the controller
parameters are updated in real time

Plant

Control
u(t)

Output
y(t)

Controller
Identification

error
Desired
output

yd(t)

System
identifier Estimated

output

ŷ(t)

Indirect scheme

Figure 1.2 Standard form of indirect adaptive controller where the parameters of
a system identifier are updated in real time

Introduction to optimal control, adaptive control and RL 5

CH001 13 September 2012; 15:57:48



make small. After the plant has been identified, the controller parameters in the
controller network can be computed using a variety of methods, including for
instance solution of the Diophantine equation (Astrom and Wittenmark, 1995).

Direct model reference adaptive controller (MRAC). Adaptive controllers can
be designed to make the plant output follow the output of a reference model. In the
indirect MRAC, the parameters of a plant identifier are tuned so that it mimics the
behavior of the plant. Then, the controller parameters are computed.

In the direct MRAC scheme in Figure 1.3, the controller parameters are tuned
directly so that the plant output follows the model output. Consider the simple
scalar case (Ioannou and Fidan, 2006) where the plant is

_x ¼ ax þ bu ð1:12Þ
with state x(t) 2 R, control input u(t) 2 R and input gain b > 0. It is desired for the
plant state to follow the state of a reference model given by

_xm ¼ �amxm þ bmr ð1:13Þ
with r(t) 2 R a reference input signal.

To accomplish this, take the controller structure as

u ¼ �kx þ dr ð1:14Þ
which has a feedback term and a feedforward term. The controller parameters k, d
are unknown, and are to be determined so that the state tracking error
e(t) ¼ x(t) � xm(t) goes to zero or becomes small. This can be accomplished by
tuning the controller parameters in real time. It is direct to show, using for instance
Lyapunov techniques (Ioannou and Fidan, 2006), that if the controller parameters
are tuned according to

_k ¼ aex; _d ¼ �ber ð1:15Þ
where a, b > 0 are tuning parameters, then the tracking error e(t) goes to zero with
time.

These are dynamical tuning laws for the unknown controller parameters. The
direct MRAC is said to learn the parameters online by using measurements of the

Plant

Control
u(t) Output y(t)

Controller

Reference
input r(t)

Reference
model

Output ym(t)

Output tracking error e(t)

Figure 1.3 Direct MRAC where the parameters of the controller are updated in
real time
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signals e(t); x(t); r(t) measured in real time along the system trajectories. This is
called an adaptive or learning controller. Note that the tuning laws (1.15) are
quadratic functions of time signals. The feedback gain k is tuned by a product of its
input x(t) in (1.14) and the tracking error e(t), whereas the feedforward gain d is
tuned by a product of its input r(t) and the tracking error e(t). The plant dynamics
(a, b) are not needed in the tuning laws. That is, the tuning laws (1.15) and the
control structure (1.14) work for unknown plants, guaranteeing that the tracking
error e(t) goes to zero for any scalar plant that has control gain b> 0.

1.3 Reinforcement learning

Reinforcement learning (RL) is a type of machine learning developed in the
Computational Intelligence Community. It has close connections to both optimal
control and adaptive control. RL refers to a class of methods that allow designing
adaptive controllers that learn online, in real time, the solutions to user-prescribed
optimal control problems. In machine learning, RL (Mendel and MacLaren, 1970;
Powell, 2007; Sutton and Barto, 1998) is a method for solving optimization pro-
blems that involves an actor or agent that interacts with its environment and
modifies its actions, or control policies, based on stimuli received in response to its
actions. RL is inspired by natural learning mechanisms, where animals adjust their
actions based on reward and punishment stimuli received from the environment
(Mendel and MacLaren, 1970; Busoniu et al., 2009; Doya et al., 2001).

The actor–critic structures shown in Figure 1.4 (Werbos, 1991; Bertsekas and
Tsitsiklis, 1996; Sutton and Barto, 1998; Barto et al., 1983; Cao, 2007) are one
type of RL system. These structures give algorithms that are implemented in real
time where an actor component applies an action, or control policy, to the

CRITIC-
Evaluates the current

control policy

Reward/response
from environment

Policy
update/

improvement

ACTOR-
Implements the
control policy

System/
environmentControl action System output

Figure 1.4 Reinforcement learning with an actor–critic structure. This structure
provides methods for learning optimal control solutions online based
on data measured along the system trajectories

Introduction to optimal control, adaptive control and RL 7

CH001 13 September 2012; 15:57:48



environment and a critic component assesses the value of that action. The learning
mechanism supported by the actor–critic structure has two steps, namely, policy
evaluation, executed by the critic, followed by policy improvement, performed by
the actor. The policy evaluation step is performed by observing from the envir-
onment the results of applying current actions, and determining how close to
optimal the current action is. Based on the assessment of the performance, one of
several schemes can then be used to modify or improve the control policy in the
sense that the new policy yields a value that is improved relative to the previous
value.

Note that the actor–critic RL structure is fundamentally different from the
adaptive control structures in Figures 1.1–1.3, both in structure and in principle.

1.4 Optimal adaptive control

In this book, we show how to use RL techniques to unify optimal control and
adaptive control. By this we mean that a novel class of adaptive control structures
will be developed that learn the solutions of optimal control problems in real time
by measuring data along the system trajectories online. We call these optimal
adaptive controllers. These optimal adaptive controllers have structures based on
the actor–critic learning architecture in Figure 1.4.

The main contributions of this book are to develop RL control systems for
continuous-time dynamical systems and for multiplayer games. Previously, RL had
generally only been applied for the control of discrete-time dynamical systems,
through the family of ADP controllers of Paul Werbos (Werbos, 1989, 1991, 1992,
2009). The results in this book are from the work of Abu-Khalaf (Abu-Khalaf and
Lewis, 2005, 2008; Abu-Khalaf et al., 2006), Vrabie (Vrabie, 2009; Vrabie et al.,
2008, 2009) and Vamvoudakis (Vamvoudakis, 2011; Vamvoudakis and Lewis,
2010a, 2010b; Vamvoudakis and Lewis, 2011).

8 Optimal adaptive control and differential games by RL principles
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Chapter 2

Reinforcement learning and optimal control
of discrete-time systems: using natural decision
methods to design optimal adaptive controllers

This book will show how to use principles of reinforcement learning to design a new
class of feedback controllers for continuous-time dynamical systems. Adaptive
control and optimal control represent different philosophies for designing feedback
controllers. Optimal controllers are normally designed offline by solving Hamilton–
Jacobi–Bellman (HJB) equations, for example, the Riccati equation, using complete
knowledge of the system dynamics. Determining optimal control policies for non-
linear system requires the offline solution of non-linear HJB equations, which are
often difficult or impossible to solve. By contrast, adaptive controllers learn online
to control unknown systems using data measured in real time along the system
trajectories. Adaptive controllers are not usually designed to be optimal in the sense
of minimizing user-prescribed performance functions. Indirect adaptive controllers
use system identification techniques to first identify the system parameters, then use
the obtained model to solve optimal design equations (Ioannou and Fidan, 2006).
Adaptive controllers may satisfy certain inverse optimality conditions, as shown in
Li and Krstic (1997).

Reinforcement learning (RL) is a type of machine learning developed in the
Computational Intelligence Community in computer science engineering. It has
close connections to both optimal control and adaptive control. Reinforcement
learning refers to a class of methods that allow the design of adaptive controllers that
learn online, in real time, the solutions to user-prescribed optimal control problems.
RL methods were used by Ivan Pavlov in the 1860s to train his dogs. In machine
learning, reinforcement learning (Mendel and MacLaren, 1970; Powell, 2007; Sutton
and Barto, 1998) is a method for solving optimization problems that involve an actor
or agent that interacts with its environment and modifies its actions, or control
policies, based on stimuli received in response to its actions. Reinforcement learning
is inspired by natural learning mechanisms, where animals adjust their actions based
on reward and punishment stimuli received from the environment (Mendel and
MacLaren, 1970; Busoniu et al., 2009; Doya et al., 2001). Other reinforcement
learning mechanisms operate in the human brain, where the dopamine neuro-
transmitter acts as a reinforcement informational signal that favors learning at the
level of the neuron (Doya et al., 2001; Schultz, 2004; Doya, 2000).

Reinforcement learning implies a cause and effect relationship between actions
and reward or punishment. It implies goal directed behavior at least insofar as the
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agent has an understanding of reward versus lack of reward or punishment. The
reinforcement learning algorithms are constructed on the idea that effective control
decisions must be remembered, by means of a reinforcement signal, such that they
become more likely to be used a second time. Reinforcement learning is based on
real-time evaluative information from the environment and could be called action-
based learning. Reinforcement learning is connected from a theoretical point of
view with both adaptive control and optimal control methods.

The actor–critic structures shown in Figure 2.1 (Barto et al., 1983) are one type
of reinforcement learning algorithms. These structures give forward-in-time algo-
rithms that are implemented in real time where an actor component applies an
action, or control policy, to the environment, and a critic component assesses the
value of that action. The learning mechanism supported by the actor–critic structure
has two steps, namely, policy evaluation, executed by the critic, followed by policy
improvement, performed by the actor. The policy evaluation step is performed by
observing from the environment the results of applying current actions. These
results are evaluated using a performance index (Werbos, 1991; Bertsekas and
Tsitsiklis, 1996; Sutton and Barto, 1998; Cao, 2007), which quantifies how close to
optimal the current action is. Performance can be defined in terms of optimality
objectives such as minimum fuel, minimum energy, minimum risk or maximum
reward. Based on the assessment of the performance, one of the several schemes
can then be used to modify or improve the control policy in the sense that the new
policy yields a value that is improved relative to the previous value. In this scheme,
reinforcement learning is a means of learning optimal behaviors by observing the
real-time responses from the environment to non-optimal control policies.

It is noted that in computational intelligence, the control action is applied to the
system, which is interpreted to be the environment. By contrast, in control system
engineering, the control action is interpreted as being applied to a system or plant

CRITIC-
Evaluates the current

control policy

Reward/response
from environment

Policy
update/

improvement

ACTOR-
Implements the
control policy

System/
environmentControl action System output

Figure 2.1 Reinforcement learning with an actor–critic structure. This structure
provides methods for learning optimal control solutions online based
on data measured along the system trajectories
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that represents the vehicle, process or device being controlled. This difference
captures the differences in philosophy between reinforcement learning and feed-
back control systems design.

One framework for studying reinforcement learning is based on Markov
decision processes (MDPs). Many dynamical decision problems can be formulated
as MDPs. Included are feedback control systems for human-engineered systems,
feedback regulation mechanisms for population balance and survival of species
(Darwin, 1859; Luenberger, 1979), decision making in multiplayer games and
economic mechanisms for the regulation of global financial markets.

This chapter presents the main ideas and algorithms of reinforcement learning.
We start from a discussion of MDP and then specifically focus on a family of tech-
niques known as approximate (or adaptive) dynamic programming (ADP) or neuro-
dynamic programming. These methods are suitable for control of dynamical systems,
which is our main interest in this book. Bertsekas and Tsitsiklis developed RL
methods for discrete-time dynamical systems in Bertsekas and Tsitsiklis (1996). This
approach, known as neurodynamic programming, used offline solution methods.

Werbos (1989, 1991, 1992, 2009) presented RL techniques for feedback con-
trol of discrete-time dynamical systems that learn optimal policies online in real
time using data measured along the system trajectories. These methods, known as
approximate dynamic programming (ADP) or adaptive dynamic programming,
comprised a family of four learning methods. The ADP controllers are actor–critic
structures with one learning network for the control action and one learning net-
work for the critic. Surveys of ADP are given in Si et al. (2004), Wang et al. (2009),
Lewis and Vrabie (2009), Balakrishnan et al. (2008).

The use of reinforcement learning techniques provides optimal control solutions
for linear or non-linear systems using online learning techniques. This chapter reviews
current technology, showing that for discrete-time dynamical systems, reinforcement
learning methods allow the solution of HJB design equations online, forward in time
and without knowing the full system dynamics. In the discrete-time linear quadratic
case, these methods determine the solution to the algebraic Riccati equation online,
without explicitly solving the equation and without knowing the system dynamics.

The application of reinforcement learning methods for continuous-time systems
is significantly more involved and forms the subject for the remainder of this book.

2.1 Markov decision processes

Markov decision processes (MDPs) provide a framework for studying reinforce-
ment learning. In this section, we provide a review of MDP (Bertsekas and
Tsitsiklis, 1996; Sutton and Barto, 1998; Busoniu et al., 2009). We start by defining
optimal sequential decision problems, where decisions are made at stages of a
process evolving through time. Dynamic programming is next presented, which
gives methods for solving optimal decision problems by working backward through
time. Dynamic programming is an offline solution technique that cannot be
implemented online in a forward-in-time fashion. Reinforcement learning and
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adaptive control are concerned with determining control solutions in real time and
forward in time. The key to this is provided by the Bellman equation, which is
developed next. In the subsequent section, we discuss methods known as policy
iteration and value iteration that give algorithms based on the Bellman equation for
solving optimal decision problems in real-time forward-in-time fashion based on
data measured along the system trajectories. Finally, the important notion of the Q
function is introduced.

Consider the Markov decision process (MDP) (X, U, P, R), where X is a set of
states and U is a set of actions or controls (see Figure 2.2). The transition prob-
abilities P : X � U � X ! ½0,1� give for each state x 2 X and action u 2 U the
conditional probability Pu

x;x0 ¼ Prfx0jx, ug of transitioning to state x0 2 X given the
MDP is in state x and takes action u. The cost function R : X � U � X ! R gives
the expected immediate cost Ru

xx0 paid after transition to state x0 2 X given the MDP
starts in state x 2 X and takes action u 2 U . The Markov property refers to the fact
that transition probabilities Pu

x;x0 depend only on the current state x and not on the
history of how the MDP attained that state.

The basic problem for MDP is to find a mapping p : X � U ! ½0,1� that gives
for each state x and action u the conditional probability p(x, u) ¼ Prfujxg of taking
action u given the MDP is in state x. Such a mapping is termed a closed-loop control or
action strategy or policy. The strategy or policy p(x, u) ¼ Prfujxg is called stochastic
or mixed if there is a non-zero probability of selecting more than one control when in
state x. We can view mixed strategies as probability distribution vectors having as
component i the probability of selecting the ith control action while in state x 2 X . If
the mapping p : X � U ! ½0,1� admits only one control, with probability 1, when
in every state x, the mapping is called a deterministic policy. Then, p(x, u) ¼ Prfujxg
corresponds to a function mapping states into controls m(x) : X ! U.

MDP that have finite state and action spaces are termed finite MDP.

2.1.1 Optimal sequential decision problems
Dynamical systems evolve causally through time. Therefore, we consider sequen-
tial decision problems and impose a discrete stage index k such that the MDP takes
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Figure 2.2 MDP shown as a finite-state machine with controlled state transitions
and costs associated with each transition
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an action and changes states at non-negative integer stage values k. The stages may
correspond to time or more generally to sequences of events. We refer to the stage
value as the time. Denote state values and actions at time k by xk , uk . MDP evolve
in discrete time.

It is often desirable for human-engineered systems to be optimal in
terms of conserving resources such as cost, time, fuel and energy. Thus, the
notion of optimality should be captured in selecting control policies for
MDP. Define, therefore, a stage cost at time k by rk ¼ rk(xk , uk , xkþ1). Then
Ru

xx0 ¼ Efrk jxk ¼ x, uk ¼ u, xkþ1 ¼ x0g, with Ef	g the expected value operator.
Define a performance index as the sum of future costs over time interval
[k, k þT]

Jk; T ¼
XT

i¼0

girkþi ¼
XkþT

i¼k

g i�kri ð2:1Þ

where 0 � g < 1 is a discount factor that reduces the weight of costs incurred
further in the future.

Usage of MDP in the fields of computational intelligence and economics
usually consider rk as a reward incurred at time k, also known as utility, and Jk; T as
a discounted return, also known as strategic reward. We refer instead to stage costs
and discounted future costs to be consistent with objectives in the control of
dynamical systems. For convenience we may call rk the utility.

Consider that an agent selects a control policy pk(xk , uk) and uses it at each stage
k of the MDP. We are primarily interested in stationary policies, where the conditional
probabilities pk(xk , uk) are independent of k. Then pk(x, u) ¼ p(x, u) ¼ Prfujxg, for
all k. Non-stationary deterministic policies have the form p ¼ fm0,m1, . . .g, where
each entry is a function mk(x) : X ! U;k ¼ 0,1, . . . . Stationary deterministic policies
are independent of time so that p ¼ fm,m, . . .g.

Select a fixed stationary policy p(x, u) ¼ Prfujxg. Then the ‘closed-loop’ MDP
reduces to a Markov chain with state space X. That is, the transition probabilities
between states are fixed with no further freedom of choice of actions. The transition
probabilities of this Markov chain are given by

Px;x0 � Pp
x;x0 ¼

X
u

Prfx0jx;ugPrfujxg ¼
X

u

pðx;uÞPu
x;x0 ð2:2Þ

where the Chapman–Kolmogorov identity is used.
Under the assumption that the Markov chain corresponding to each policy, with

transition probabilities as given in (2.2), is ergodic, it can be shown that every MDP
has a stationary deterministic optimal policy (Bertsekas and Tsitsiklis, 1996; Wheeler
and Narendra, 1986). A Markov chain is ergodic if all states are positive recurrent
and aperiodic. Then, for a given policy there exists a stationary distribution Pp(x)
over X that gives the steady-state probability that the Markov chain is in state x.
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The value of a policy is defined as the conditional expected value of future cost
when starting in state x at time k and following policy p(x, u) thereafter

V p
k ðxÞ ¼ EpfJk; T jxk ¼ xg ¼ Ep

XkþT

i¼k

g i�krijxk ¼ x

( )
ð2:3Þ

Here, Epf	g is the expected value given that the agent follows policy p(x, u). Vp(x)
is known as the value function for policy p(x, u). It tells the value of being in state x
given that the policy is p(x, u).

A main objective of MDP is to determine a policy p(x, u) to minimize the
expected future cost

p�ðx; uÞ ¼ arg min
p

V p
k ðsÞ ¼ arg min

p
Ep

XkþT

i¼k

g i�krijxk ¼ x

( )
ð2:4Þ

This policy is termed the optimal policy, and the corresponding optimal value is
given as

V �
k ðxÞ ¼ min

p
V p

k ðxÞ ¼ min
p

Ep
XkþT

i¼k

g i�krijxk ¼ x

( )
ð2:5Þ

In computational intelligence and economics the interest is in utilities and rewards,
and there we are interested in maximizing the expected performance index.

2.1.2 A backward recursion for the value
By using the Chapman–Kolmogorov identity and the Markov property we can
write the value of policy p(x, u) as

V p
k ðxÞ ¼ EpfJk jxk ¼ xg ¼ Ep

XkþT

i¼k

g i�krijxk ¼ x

( )
ð2:6Þ

V p
k ðxÞ ¼ Ep rk þ g

XkþT

i¼kþ1

g i�ðkþ1Þrijxk ¼ x

( )
ð2:7Þ

V p
k ðxÞ ¼

X
u

pðx; uÞ
X

x0
Pu

xx0 Ru
xx0 þ gEp

XkþT

i¼kþ1

g i�ðkþ1Þrijxkþ1 ¼ x0
( )" #

ð2:8Þ

Therefore, the value function for policy p(x, u) satisfies

V p
k ðxÞ ¼

X
u

pðx; uÞ
X

x0
Pu

xx0 Ru
xx0 þ gV p

kþ1ðx0Þ
� � ð2:9Þ
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This equation provides a backward recursion for the value at time k in terms of the
value at time kþ1.

2.1.3 Dynamic programming
The optimal cost can be written as

V �
k ðxÞ ¼ min

p
V p

k ðxÞ ¼ min
p

X
u

pðx; uÞ
X

x0
Pu

xx0 Ru
xx0 þ gV p

kþ1ðx0Þ
� � ð2:10Þ

Bellman’s optimality principle (Bellman, 1957) states that ‘‘An optimal policy has
the property that no matter what the previous control actions have been, the
remaining controls constitute an optimal policy with regard to the state resulting
from those previous controls.’’ Therefore, we can write

V �
k (x) ¼ min

p

X
u

pðx; uÞ
X

x0
Pu

xx0 Ru
xx0 þ gV �

kþ1ðx0Þ
� � ð2:11Þ

Suppose an arbitrary control u is now applied at time k and the optimal policy
is applied from time k þ 1 on. Then Bellman’s optimality principle says that the
optimal control at time k is given by

p�ðxk ¼ x; uÞ ¼ arg min
p

X
u

pðx; uÞ
X

x0
Pu

xx0 Ru
xx0 þ gV �

kþ1ðx0Þ
� � ð2:12Þ

Under the assumption that the Markov chain corresponding to each policy,
with transition probabilities as given in (2.2), is ergodic, every MDP has a sta-
tionary deterministic optimal policy. Then we can equivalently minimize the con-
ditional expectation over all actions u in state x. Therefore

V �
k ðxÞ ¼ min

u

X
x0

Pu
xx0 Ru

xx0 þ gV �
kþ1ðx0Þ

� � ð2:13Þ

u�
k ¼ arg min

u

X
x0

Pu
xx0 Ru

xx0 þ gV �
kþ1ðx0Þ

� � ð2:14Þ

The backward recursion (2.11), (2.13) forms the basis for dynamic program-
ming (DP) (Bellman, 1957), which gives offline methods for working backward in
time to determine optimal policies (Lewis et al., 2012). DP is an offline procedure
for finding the optimal value and optimal policies that requires knowledge of the
complete system dynamics in the form of transition probabilities Pu

x;x0 ¼ Pr x0jx, uf g
and expected costs Ru

xx0 ¼ E rk jxk ¼ x, uk ¼ u, xkþ1 ¼ x0f g.

2.1.4 Bellman equation and Bellman optimality equation
Dynamic programming is a backward-in-time method for finding the optimal value
and policy. By contrast, reinforcement learning is concerned with finding optimal
policies based on causal experience by executing sequential decisions that im-
prove control actions based on the observed results of using a current policy.
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This procedure requires the derivation of methods for finding optimal values and opti-
mal policies that can be executed forward in time. The key to this is the Bellman
equation, which we now develop. References for this section include Werbos (1992),
Powell (2007), Busoniu et al. (2009), Barto et al. (1983).

To derive forward-in-time methods for finding optimal values and optimal
policies, set now the time horizon T to infinity and define the infinite-horizon cost

Jk ¼
X1
i¼0

girkþ1 ¼
X1
i¼k

g i�kri ð2:15Þ

The associated infinite-horizon value function for polgicy p(x, u) is

VpðxÞ ¼ Ep Jk jxk ¼ xf g ¼ Ep
X1
i¼k

g i�krijxk ¼ x

( )
ð2:16Þ

By using (2.8) with T ¼ 1 it can be seen that the value function for policy
p(x, u) satisfies the Bellman equation

Vp(xÞ ¼
X

u

pðx; uÞ
X

x0
Pu

xx0 Ru
xx0 þ gVpðx0Þ� � ð2:17Þ

The importance of this equation is that the same value function appears on both
sides, which is due to the fact that the infinite-horizon cost is used. Therefore, the
Bellman equation (2.17) can be interpreted as a consistency equation that must be
satisfied by the value function at each time stage. It expresses a relation between
the current value of being in state x and the value of being in next state x0 given that
policy p(x, u) is used.

The Bellman equation (2.17) is the starting point for developing a family of
reinforcement learning algorithms for finding optimal policies by using causal
experiences received stagewise forward in time. The Bellman optimality equation
(2.11) involves the ‘minimum’ operator, and so does not contain any specific policy
p(x, u). Its solution relies on knowing the dynamics, in the form of transition
probabilities. By contrast, the form of the Bellman equation is simpler than that of
the optimality equation, and it is easier to solve. The solution to the Bellman
equation yields the value function of a specific policy p(x, u). As such, the Bellman
equation is well suited to the actor–critic method of reinforcement learning shown
in Figure 2.1. It is shown subsequently that the Bellman equation provides methods
for implementing the critic in Figure 2.1, which is responsible for evaluating the
performance of the specific current policy. Two key ingredients remain to be put in
place. First, it is shown that methods known as policy iteration and value iteration
use the Bellman equation to solve optimal control problems forward in time.
Second, by approximating the value function in (2.17) by a parametric structure,
these methods can be implemented online using standard adaptive control system
identification algorithms such as recursive least-squares.

In the context of using the Bellman equation (2.17) for reinforcement learning,
Vp(x) may be considered as a predicted performance,

P
u p(x, u)

P
x0 Pu

xx0R
u
xx0 the
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observed one-step reward and Vp(x0) a current estimate of future behavior. Such
notions can be capitalized on in the subsequent discussion of temporal difference
learning, which uses them to develop adaptive control algorithms that can learn
optimal behavior online in real-time applications.

If the MDP is finite and has N states, then the Bellman equation (2.17) is a
system of N simultaneous linear equations for the value Vp(x) of being in each state
x given the current policy p(x, u).

The optimal infinite-horizon value satisfies

V �ðxÞ ¼ min
p

VpðxÞ ¼ min
p

X
u

pðx; uÞ
X

x0
Pu

xx0 Ru
xx0 þ gVpðx0Þ� � ð2:18Þ

Bellman’s optimality principle then yields the Bellman optimality equation

V �ðxÞ ¼ min
p

VpðxÞ ¼ min
p

X
u

pðx; uÞ
X

x0
Pu

xx0 Ru
xx0 þ gV �ðx0Þ� � ð2:19Þ

Equivalently under the ergodicity assumption on the Markov chains corresponding
to each policy, the Bellman optimality equation can be written as

V �ðxÞ ¼ min
u

X
x0

Pu
xx0 Ru

xx0 þ gV �ðx0Þ� � ð2:20Þ

This equation is known as the Hamilton–Jacobi–Bellman (HJB) equation in control
systems. If the MDP is finite and has N states, then the Bellman optimality equation
is a system of N non-linear equations for the optimal value V �(x) of being in each
state. The optimal control is given by

u� ¼ arg min
u

X
x0

Pu
xx0 Ru

xx0 þ gV �ðx0Þ� � ð2:21Þ

The next example places these ideas into the context of dynamical systems. It
is shown that, for the discrete-time linear quadratic regulator (LQR), the Bellman
equation becomes a Lyapunov equation and the Bellman optimality equation
becomes an algebraic Riccati equation (Lewis et al., 2012).

Example 2.1. Bellman equation for the discrete-time LQR,
the Lyapunov equation

This example shows the meaning of several of the ideas just discussed in terms of
linear discrete-time dynamical systems.

a. MDP dynamics for deterministic discrete-time systems

Consider the discrete-time linear quadratic regulator (LQR) problem (Lewis et al.,
2012), where the MDP is deterministic and satisfies the state transition equation

xkþ1 ¼ Axk þ Buk ð2:22Þ
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with k the discrete-time index. The associated infinite-horizon performance index
has deterministic stage costs and is

Jk ¼ 1
2

X1
i¼k

ri ¼ 1
2

X1
i¼k

ðxT
i Qxi þ uT

i RuiÞ ð2:23Þ

where the cost weighting matrices satisfy Q ¼ QT � 0, R ¼ RT > 0. In this
example, the state space X ¼ Rn and action space U ¼ Rm are infinite and
continuous.

b. Bellman equation for discrete-time LQR, the Lyapunov equation

Select a policy uk ¼ m(xk) and write the associated value function as

V ðxkÞ ¼ 1
2

X1
i¼k

ri ¼ 1
2

X1
i¼k

ðxT
i Qxi þ uT

i RuiÞ ð2:24Þ

A difference equation equivalent is given by

V ðxkÞ ¼ 1
2
ðxT

k Qxk þ uT
k RukÞ þ 1

2

X1
i¼kþ1

ðxT
i Qxi þ uT

i RuiÞ

¼ 1
2
ðxT

k Qxk þ uT
k RukÞ þ V ðxkþ1Þ ð2:25Þ

That is, the solution V(xk) to this equation that satisfies V (0) ¼ 0 is the value given
by (2.24). Equation (2.25) is exactly the Bellman equation (2.17) for the LQR.

Assuming the value is quadratic in the state so that

VkðxkÞ ¼ 1
2

xT
k Pxk ð2:26Þ

for some kernel matrix P ¼ PT > 0 yields the Bellman equation form

2VðxkÞ ¼ xT
k Pxk ¼ xT

k Qxk þ uT
k Ruk þ xT

kþ1Pxkþ1 ð2:27Þ

which, using the state equation, can be written as

2VðxkÞ ¼ xT
k Qxk þ uT

k Ruk þ ðAxk þ BukÞT PðAxk þ BukÞ ð2:28Þ

Assuming a constant, that is stationary, state-feedback policy uk ¼ m(xk) ¼
�kxk for some stabilizing gain K, write

2VðxkÞ¼xT
k Pxk ¼xT

k QxkþxT
k KT RKxkþxT

k ðA�BKÞT PðA�BKÞxk ð2:29Þ
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Since this equation holds for all state trajectories, we have

ðA � BKÞT PðA � BKÞ � P þ Q þ KT RK ¼ 0 ð2:30Þ

which is a Lyapunov equation. That is, the Bellman equation (2.17) for the discrete-
time LQR is equivalent to a Lyapunov equation. Since the performance index is
undiscounted, that is g ¼ 1, a stabilizing gain K, that is a stabilizing policy, must be
selected.

The formulations (2.25), (2.27), (2.29) and (2.30) for the Bellman equation are
all equivalent. Note that forms (2.25) and (2.27) do not involve the system dynamics
(A, B). On the other hand, note that the Lyapunov equation (2.30) can only be used if
the state dynamics (A, B) are known. Optimal control design using the Lyapunov
equation is the standard procedure in control systems theory. Unfortunately, by
assuming that (2.29) holds for all trajectories and going to (2.30), we lose all pos-
sibility of applying any sort of reinforcement learning algorithms to solve for the
optimal control and value online by observing data along the system trajectories. By
contrast, we show that by employing the form (2.25) or (2.27) for the Bellman
equation, reinforcement learning algorithms for learning optimal solutions online can
be devised by using temporal difference methods. That is, reinforcement learning
allows the Lyapunov equation to be solved online without knowing A or B.

c. Bellman optimality equation for discrete-time LQR, the algebraic
Riccati equation

The discrete-time LQR Hamiltonian function is

Hðxk ; ukÞ ¼ xT
k Qxk þ uT

k Ruk þ ðAxk þ BukÞT PðAxk þ BukÞ � xT
k Pxk ð2:31Þ

The Hamiltonian is equivalent to the temporal difference error (Section 2.4)
in MDP. A necessary condition for optimality is the stationarity condition
@H(xk , uk)=@uk ¼ 0, which is equivalent to (2.21). Solving this equation yields
the optimal control

uk ¼ �Kxk ¼ �ðBT PB þ RÞ�1BT PAxk

Putting this equation into (2.29) yields the discrete-time algebraic Riccati equation
(ARE)

AT PA � P þ Q � AT PBðBT PB þ RÞ�1BT PA ¼ 0 ð2:32Þ

ARE is exactly the Bellman optimality equation (2.19) for the discrete-time LQR.
&

2.2 Policy evaluation and policy improvement

Given a current policy p(x, u), its value (2.16) can be determined by solving
the Bellman equation (2.17). This procedure is known as policy evaluation.
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Moreover, given the value for some policy p(x, u), we can always use it to find
another policy that is better, or at least no worse. This step is known as policy
improvement. Specifically, suppose Vp(x) satisfies (2.17). Then define a new
policy p0(x, u) by

p0ðx; uÞ ¼ arg min
pðx;	Þ

X
x0

Pu
xx0 ½Ru

xx0 þ gVpðx0Þ� ð2:33Þ

Then it can be shown that V p0
(x) � Vp(x) (Bertsekas and Tsitsiklis, 1996; Sutton

and Barto, 1998). The policy determined as in (2.33) is said to be greedy with
respect to value function Vp(x).

In the special case that V p0
(x) ¼ Vp(x) in (2.33), then V p0

(x), p0(x, u) satisfy
(2.20) and (2.21); therefore, p0(x, u) ¼ p(x, u) is the optimal policy and V p0

(x) ¼
Vp(x) the optimal value. That is, an optimal policy, and only an optimal policy, is
greedy with respect to its own value. In computational intelligence, greedy refers to
quantities determined by optimizing over short or one-step horizons, regardless of
potential impacts far into the future.

Now let us consider algorithms that repeatedly interleave the following two
procedures.

Policy evaluation by Bellman equation

VpðxÞ ¼
X

u

pðx; uÞ
X

x0
Pu

xx0 Ru
xx0 þ gVpðx0Þ� �

; for all x 2 S 
 X ð2:34Þ

Policy improvement

p0ðx; uÞ ¼ arg min
pðx;	Þ

X
x0

Pu
xx0 Ru

xx0 þ gVpðx0Þ� �
; for all x 2 S 
 X ð2:35Þ

where S is a suitably selected subspace of the state space, to be discussed later. We
call an application of (2.34) followed by an application of (2.35) one step. This
terminology is in contrast to the decision time stage k defined above.

At each step of such algorithms, we obtain a policy that is no worse than the
previous policy. Therefore, it is not difficult to prove convergence under fairly mild
conditions to the optimal value and optimal policy. Most such proofs are based on
the Banach fixed-point theorem. Note that (2.20) is a fixed-point equation for V �(	).
Then the two equations (2.34) and (2.35) define an associated map that can be
shown under mild conditions to be a contraction map (Bertsekas and Tsitsiklis, 1996;
Powell, 2007; Mehta and Meyn, 2009), which converges to the solution of (2.20).

A large family of algorithms is available that implement the policy evaluation
and policy improvement procedures in different ways, or interleave them differ-
ently, or select subspace S 
 X in different ways, to determine the optimal value
and optimal policy. We soon outline some of them.

The relevance of this discussion for feedback control systems is that these two
procedures can be implemented for dynamical systems online in real time by
observing data measured along the system trajectories. This is shown subsequently.
The result is a family of adaptive control algorithms that converge to optimal
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control solutions. Such algorithms are of the actor–critic class of reinforcement
learning systems, shown in Figure 2.1. There, a critic agent evaluates the current
control policy using methods based on (2.34). After this evaluation is completed,
the action is updated by an actor agent based on (2.35).

2.2.1 Policy iteration
One method of reinforcement learning for using (2.34) and (2.35) to find the
optimal value and optimal policy is policy iteration.

Algorithm 2.1. Policy iteration

Select an admissible initial policy p0(x, u).
Do for j = 0 until convergence.

Policy evaluation (value update)

VjðxÞ ¼
X

n

pjðx; uÞ
X

x0
Pu

xx0 Ru
xx0 þ gVjðx0Þ

� �
; for all x 2 X ð2:36Þ

Policy improvement (policy update)

pjþ1ðx; uÞ ¼ arg min
pðx;	Þ

X
x0

Pu
xx0 Ru

xx0 þ gVjðx0Þ
� �

; for all x 2 X ð2:37Þ
&

At each step j the policy iteration algorithm determines the solution of the
Bellman equation (2.36) to compute the value Vj(x) of using the current policy
pj(x, u). This value corresponds to the infinite sum (2.16) for the current policy.
Then the policy is improved using (2.37). The steps are continued until there is no
change in the value or the policy.

Note that j is not the time or stage index k, but a policy iteration step iteration
index. As detailed in the next sections, policy iteration can be implemented for
dynamical systems online in real time by observing data measured along the system
trajectories. Data for multiple times k are needed to solve the Bellman equation
(2.36) at each step j.

If the MDP is finite and has N states, then the policy evaluation equation (2.36)
is a system of N simultaneous linear equations, one for each state. The policy
iteration algorithm must be suitably initialized to converge. The initial policy
p0(x, u) and value V0 must be selected so that V1 � V0. Initial policies that guar-
antee this are termed admissible. Then, for finite Markov chains with N states,
policy iteration converges in a finite number of steps, less than or equal to N,
because there are only a finite number of policies (Bertsekas and Tsitsiklis, 1996).

2.2.2 Iterative policy iteration
The Bellman equation (2.36) is a system of simultaneous equations. Instead of
directly solving the Bellman equation, it can be solved by an iterative policy
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evaluation procedure. Note that (2.36) is a fixed-point equation for Vj(	). It defines
the iterative policy evaluation map

V iþ1
j ðxÞ ¼

X
u

pjðx; uÞ
X

x0
Pu

xx0 Ru
xx0 þ gV i

j ðx0Þ
h i

; i ¼ 1; 2; . . . ð2:38Þ

which can be shown to be a contraction map under rather mild conditions. By the
Banach fixed-point theorem the iteration can be initialized at any non-negative
value of V 1

j (	) and the iteration converges to the solution of (2.36). Under certain
conditions, this solution is unique. A suitable initial value choice is the value
function Vj�1(	) from the previous step j � 1. On close enough convergence, we set
Vj(	) ¼ V i

j (	) and proceed to apply (2.37).
Index j in (2.38) refers to the step number of the policy iteration algorithm. By

contrast i is an iteration index. Iterative policy evaluation (2.38) should be com-
pared to the backward-in-time recursion (2.9) for the finite-horizon value. In (2.9),
k is the time index. By contrast, in (2.38), i is an iteration index. Dynamic pro-
gramming is based on (2.9) and proceeds backward in time. The methods for online
optimal adaptive control described in this chapter proceed forward in time and are
based on policy iteration and similar algorithms.

2.2.3 Value iteration
A second method for using (2.34) and (2.35) in reinforcement learning is value iteration.

Algorithm 2.2. Value iteration

Select an initial policy p0(x, u).
Do for j = 0 until convergence.

Value update

Vjþ1ðxÞ ¼
X

u

pjðx; uÞ
X

x0
Pu

xx0 Ru
xx0 þ gVjðx0Þ

� �
; for all x 2 Sj 
 X ð2:39Þ

Policy improvement

pjþ1ðx; uÞ ¼ arg min
pðx;	Þ

X
x0

Pu
xx0 Ru

xx0 þ gVjðx0Þ
� �

; for all x 2 Sj 
 X ð2:40Þ

&

We can combine the value update and policy improvement into one equation to
obtain the equivalent form for value iteration

Vjþ1ðxÞ¼min
p

X
u

pðx; uÞ
X

x0
Pu

xx0 Ru
xx0 þgVjðx0Þ

� �
; for all x2 Sj 
X ð2:41Þ

or, equivalently under the ergodicity assumption, in terms of deterministic policies
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Vjþ1ðxÞ ¼ min
u

X
x0

Pu
xx0 Ru

xx0 þ gVjðx0Þ
� �

; for all x 2 Sj 
 X ð2:42Þ

Note that now, (2.39) is a simple one-step recursion, not a system of linear
equations as is (2.36) in the policy iteration algorithm. In fact, value iteration uses
one iteration of (2.38) in its value update step. It does not find the value corre-
sponding to the current policy, but takes only one iteration toward that value.
Again, j is not the time index, but the value iteration step index.

Compare Value Iteration (2.41) to Dynamic Programming (2.11). DP is a
backwards-in-time procedure for finding optimal control policies, and as such cannot
be implemented online in real-time. By contrast, in subsequent sections we show how
to implement value iteration for dynamical systems online in real time by observing
data measured along the system trajectories. Data for multiple times k are needed to
solve the update (2.39) for each step j.

Standard value iteration takes the update set as Sj ¼ X , for all j. That is, the
value and policy are updated for all states simultaneously. Asynchronous value
iteration methods perform the updates on only a subset of the states at each step. In
the extreme case, updates can be performed on only one state at each step.

It is shown in Bertsekas and Tsitsikils (1996) that standard value iteration,
which has Sj ¼ X , for all j, converges for finite MDP for all initial conditions when
the discount factor satisfies 0 < g < 1. When Sj ¼ X , for all j and g ¼ 1 an
absorbing state is added and a ‘properness’ assumption is needed to guarantee
convergence to the optimal value. When a single state is selected for value and
policy updates at each step, the algorithm converges, for all choices of initial value,
to the optimal cost and policy if each state is selected for update infinitely often.
More general algorithms result if value update (2.39) is performed multiple times
for different choices of Sj prior to a policy improvement. Then, it is required that
updates (2.39) and (2.40) be performed infinitely often for each state, and a
monotonicity assumption must be satisfied by the initial starting value.

Considering (2.19) as a fixed-point equation, value iteration is based on the
associated iterative map (2.39) and (2.40), which can be shown under certain con-
ditions to be a contraction map. In contrast to policy iteration, which converges under
certain conditions in a finite number of steps, value iteration usually takes an infinite
number of steps to converge (Bertsekas and Tsitsiklis, 1996). Consider finite MDP
and the transition probability graph having probabilities (2.2) for the Markov chain
corresponding to an optimal policy p�(x, u). If this graph is acyclic for some p�(x, u),
then value iteration converges in at most N steps when initialized with a large value.

Having in mind the dynamic programming equation (2.10) and examining the
value iteration value update (2.41), Vj(x0) can be interpreted as an approximation or
estimate for the future stage cost-to-go from the future state x0, Those algorithms
wherein the future cost estimate are themselves costs or values for some policy are
called rollout algorithms in Bertsekas and Tsitsiklis (1996). Such policies are for-
ward looking and self-correcting. It is shown that these methods can be used to derive
adaptive learning algorithms for receding horizon control (Zhang et al., 2009).

MDP, policy iteration and value iteration are closely tied to optimal and
adaptive control. The next example shows that for the discrete-time LQR, policy
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iteration and value iteration can be used to derive algorithms for solution of the
optimal control problem that are quite common in the feedback control systems,
including Hewer’s algorithm (Hewer, 1971).

Example 2.2. Policy iteration and value iteration for the discrete-time LQR

The Bellman equation (2.17) for the discrete-time LQR is equivalent to all the
formulations (2.25), (2.27), (2.29) and (2.30). Any of these can be used to imple-
ment policy iteration and value iteration. Form (2.30) is a Lyapunov equation.

a. Policy iteration, Hewer’s algorithm

With step index j, and using superscripts to denote algorithm steps and subscripts to
denote the time k, the policy evaluation step (2.36) applied on (2.25) yields

V jþ1ðxkÞ ¼ 1
2
ðxT

k Qxk þ uT
k RukÞ þ V jþ1ðxkþ1Þ ð2:43Þ

Policy iteration applied on (2.27) yields

xT
k P jþ1xk ¼ xT

k Qxk þ uT
k Ruk þ xT

kþ1Pjþ1xkþ1 ð2:44Þ
and policy iteration on (2.30) yields the Lyapunov equation

0 ¼ ðA � BKjÞT Pjþ1ðA � BKjÞ � P jþ1 þ Q þ ðKjÞT RKj ð2:45Þ
In all cases the policy improvement step is

m jþ1ðxkÞ ¼ K jþ1xk ¼ arg minðxT
k Qxk þ uT

k Ruk þ xT
kþ1Pjþ1xkþ1Þ ð2:46Þ

which can be written explicitly as

K jþ1 ¼ �ðBT Pjþ1B þ RÞ�1BT Pjþ1A ð2:47Þ
Policy iteration algorithm format (2.45) and (2.47) relies on repeated solutions

of Lyapunov equations at each step, and is Hewer’s algorithm. This algorithm is
proven to converge in Hewer (1971) to the solution of the Riccati equation (2.32).
Hewer’s algorithm is an offline algorithm that requires complete knowledge of the
system dynamics (A, B) to find the optimal value and control. The algorithm
requires that the initial gain K0 be stabilizing.

b. Value iteration, Lyapunov recursions

Applying value iteration (2.39) to Bellman equation format (2.27) yields

xT
k P jþ1xk ¼ xT

k Qxk þ uT
k Ruk þ xT

kþ1Pjxkþ1 ð2:48Þ
And applying on format (2.30) in Example 5 yields the Lyapunov recursion

Pjþ1 ¼ ðA � BKjÞT P jðA � BKjÞ þ Q þ ðKjÞT RKj ð2:49Þ
In both cases the policy improvement step is still given by (2.46) and (2.47).
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Value iteration algorithm format (2.49) and (2.47) is a Lyapunov recursion,
which is easy to implement and does not, in contrast to policy iteration, require
Lyapunov equation solutions. This algorithm is shown to converge in Lancaster and
Rodman (1995) to the solution of the Riccati equation (2.32). Lyapunov recursion
is an offline algorithm that requires complete knowledge of the system dynamics
(A, B) to find the optimal value and control. It does not require that the initial gain
K0 be stabilizing, and can be initialized with any feedback gain.

c. Online solution of the Riccati equation without knowing plant matrix A

Hewer’s algorithm and the Lyapunov recursion algorithm are both offline methods
of solving the algebraic Riccati equation (2.32). Full knowledge of the plant
dynamics (A, B) is needed to implement these algorithms. By contrast, we shall
show subsequently that both policy iteration algorithm format (2.44) and (2.46) and
value iteration algorithm format (2.48) and (2.46) can be implemented online
to determine the optimal value and control in real time using data measured along
the system trajectories, and without knowing the system A matrix. This aim is
accomplished through the temporal difference method to be presented. That is,
reinforcement learning allows the solution of the algebraic Riccati equation online
without knowing the system A matrix.

d. Iterative policy evaluation

Given a fixed policy K, the iterative policy evaluation procedure (2.38) becomes

Pjþ1 ¼ ðA � BKÞT P jðA � BKÞ þ Q þ KT RK ð2:50Þ

This recursion converges to the solution to the Lyapunov equation P ¼
(A � BK)T P(A � BK) þ Q þ KT RK if (A – BK) is stable, for any choice of initial
value P0. &

2.2.4 Generalized policy iteration
In policy iteration the system of linear equations (2.36) is completely solved at each
step to compute the value (2.16) of using the current policy pj(x, u). This solution
can be accomplished by running iterations (2.38) until convergence. By contrast, in
value iteration one takes only one iteration of (2.38) in the value update step (2.39).
Generalized policy iteration algorithms make several iterations (2.38) in their value
update step.

Usually, policy iteration converges to the optimal value in fewer steps j since
it does more work in solving equations at each step. On the other hand, value
iteration is the easiest to implement as it takes only one iteration of a recursion as
per (2.39). Generalized policy iteration provides a suitable compromise between
computational complexity and convergence speed. Generalized policy iteration is
a modified case of the value iteration algorithm given above, where we select
Sj ¼ X , for all j and perform value update (2.39) multiple times before each
policy update (2.40).
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2.2.5 Q function
The conditional expected value in (2.13)

Q�
k ðx; uÞ ¼

X
x0

Pu
xx0 Ru

xx0 þ gV �
kþ1ðx0Þ

� � ¼ Epfrk þ gV �
kþ1ðx0Þjxk ¼ x; uk ¼ ug

ð2:51Þ

is known as the optimal Q function (Watkins, 1989; Watkins and Dayan, 1992). The
name comes from ‘quality function’. The Q function is also called the action-value
function (Sutton and Barto, 1998). The Q function is equal to the expected return for
taking an arbitrary action u at time k in state x and thereafter following an optimal
policy. The Q function is a function of the current state x and also the action u.

In terms of the Q function, the Bellman optimality equation has the particularly
simple form

V �
k ðxÞ ¼ min

u
Q�

k ðx; uÞ ð2:52Þ

u�
k ¼ arg min

u
Q�

k ðx; uÞ ð2:53Þ

Given some fixed policy p(x, u) define the Q function for that policy as

Qp
k ðx; uÞ ¼ Epfrk þ gV p

kþ1ðx0Þjxk ¼ x; uk ¼ ug ¼
X

x0
Pu

xx0 Ru
xx0 þ gV p

kþ1ðx0Þ
� �

;

ð2:54Þ

where (2.9) is used. This function is equal to the expected return for taking an
arbitrary action u at time k in state x and thereafter following the existing policy
p(x, u). The meaning of the Q function is elucidated in Example 2.3.

Note that V p
k (x) ¼ Qp

k (x,p(x, u)), hence (2.54) can be written as the backward
recursion in the Q function

Qp
k ðx; uÞ ¼

X
x0

Pu
xx0 ½Ru

xx0 þ gQp
kþ1ðx0; pðx0; u0ÞÞ�: ð2:55Þ

The Q function is a two-dimensional (2D) function of both the current state x
and the action u. By contrast the value function is a one-dimensional function of the
state. For finite MDP, the Q function can be stored as a 2D lookup table at each
state/action pair. Note that direct minimization in (2.11) and (2.12) requires
knowledge of the state transition probabilities, which correspond to the system
dynamics, and costs. By contrast, the minimization in (2.52) and (2.53) requires
knowledge of only the Q function and not the system dynamics.

The utility of the Q function is twofold. First, it contains information about
control actions in every state. As such, the best control in each state can be selected
using (2.53) by knowing only the Q function. Second, the Q function can be esti-
mated online in real time directly from data observed along the system trajectories,
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without knowing the system dynamics information, that is the transition prob-
abilities. We see how this is accomplished later.

The infinite-horizon Q function for a prescribed fixed policy is given by

Qpðx; uÞ ¼
X

x0
Pu

xx0 ½Ru
xx0 þ gVpðx0Þ� ð2:56Þ

The Q function also satisfies a Bellman equation. Note that given a fixed policy
p(x, u)

VpðxÞ ¼ Qpðx; pðx; uÞÞ ð2:57Þ

when according to (2.56) the Q function satisfies the Bellman equation

Qpðx; uÞ ¼
X

x0
Pu

xx0 ½Ru
xx0 þ gQpðx0; pðx0; u0ÞÞ� ð2:58Þ

The Bellman optimality equation for the infinite-horizon Q function is

Q�ðx; uÞ ¼
X

x0
Pu

xx0 ½Ru
xx0 þ gQ�ðx0;p�ðx0; u0ÞÞ� ð2:59Þ

Q�ðx; uÞ ¼
X

x0
Pu

xx0 ½Ru
xx0 þ g min

u0
Q�ðx0; u0Þ� ð2:60Þ

Compare (2.20) and (2.60), where the minimum operator and the expected value
operator are interchanged.

Policy iteration and value iteration are especially easy to implement in terms of
the Q function (2.54), as follows.

Algorithm 2.3. Policy iteration using Q function

Policy evaluation (value update)

Qjðx; uÞ ¼
X

x0
Pu

xx0 Ru
xx0 þ gQjðx0; pðx0; u0ÞÞ� �

; for all x 2 X ð2:61Þ

Policy improvement

pjþ1ðx; uÞ ¼ arg min
u

Qjðx; uÞ; for all x 2 X ð2:62Þ
&

Algorithm 2.4. Value iteration using Q function

Value update

Qjþ1ðx; uÞ ¼
X

x0
Pu

xx0 Ru
xx0 þ gQjðx0; pðx0; u0ÞÞ� �

; for all x 2 Sj 
 X ð2:63Þ
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Policy improvement

pjþ1ðx; uÞ ¼ arg min
u

Qjþ1ðx; uÞ; for all x 2 Sj 
 X ð2:64Þ
&

Combining both steps of value iteration yields the form

Qjþ1ðx; uÞ ¼
X

x0
pu

xx0 Ru
xx0 þ gmin

u0
Qjðx0; u0Þ

� �
; for all x 2 Sj 
 X ð2:65Þ

which may be compared to (2.42).
As we shall show, the utility of the Q function is that these algorithms can be

implemented online in real time, without knowing the system dynamics, by mea-
suring data along the system trajectories. They yield optimal adaptive control
algorithms, that is adaptive control algorithms that converge online to optimal
control solutions.

Example 2.3. Q function for discrete-time LQR

The Q function following a given policy uk ¼ m(xk) is defined in (2.54). For the
discrete-time LQR in Example 2.1 the Q function is

Qðxk ; ukÞ ¼ 1
2

xT
k Qxk þ uT

k Ruk

� �þ V ðxkþ1Þ ð2:66Þ

where the control uk is arbitrary and the policy uk ¼ m(xk) is followed for kþ1 and
subsequent times. Writing

Qðxk ; ukÞ ¼ xT
k Qxk þ uT

k Ruk þ ðAxk þ BukÞT PðAxk þ BukÞ ð2:67Þ

with P the Riccati solution yields the Q function for the discrete-time LQR

Qðxk ; ukÞ ¼ 1
2

xk

uk

� �T
AT PA þ Q BT PA

AT PB BT PB þ R

� �
xk

uk

� �
ð2:68Þ

Define

Qðxk ; ukÞ � 1
2

xk

uk

� �T

S
xk

uk

� �
¼ 1

2
xk

uk

� �T
Sxx Sxu

Sux Suu

� �
xk

uk

� �
ð2:69Þ

for some kernel matrix S ¼ ST > 0.
Applying @Qðxk , ukÞ=@uk ¼ 0 to (2.69) yields

uk ¼ �S�1
uu Suxxk ð2:70Þ

and to (2.68) yields

uk ¼ �ðBT PB þ RÞ�1BT PAxk ð2:71Þ

28 Optimal adaptive control and differential games by RL principles

Ch002 13 September 2012; 15:31:42



The latter equation requires knowledge of the system dynamics (A, B) to perform the
policy improvement step of either policy iteration or value iteration. On the other
hand, (2.70) requires knowledge only of the Q function matrix kernel S. It will be
shown that these equations allow the use of reinforcement learning temporal differ-
ence methods to determine the kernel matrix S online in real time, without knowing
the system dynamics (A, B), using data measured along the system trajectories. This
procedure provides a family of Q learning algorithms that can solve the algebraic
Riccati equation online without knowing the system dynamics (A, B). &

2.3 Methods for implementing policy iteration
and value iteration

Different methods are available for performing the value and policy updates for
policy iteration and value iteration (Bertsekas and Tsitsiklis, 1996; Powell, 2007;
Sutton and Barto, 1998). The main three are exact computation, Monte Carlo
methods and temporal difference learning. The last two methods can be imple-
mented without knowledge of the system dynamics. Temporal difference (TD)
learning is the means by which optimal adaptive control algorithms can be derived
for dynamical systems. Therefore, TD is covered in the next section.

Exact computation. Policy iteration requires solution at each step of Bellman
equation (2.36) for the value update. For a finite MDP with N states, this is a set of
linear equations in N unknowns, namely, the values of each state. Value iteration
requires performing the one-step recursive update (2.39) at each step for the value
update. Both of these can be accomplished exactly if we know the transition prob-
abilities Pu

x;x0 ¼ Prfx0jx, ug and costs Ru
xx0 of the MDP, which corresponds to knowing

full system dynamics information. Likewise, the policy improvements (2.37) and
(2.40) can be explicitly computed if the dynamics are known. It is shown in Example
2.1 that, for the discrete-time LQR, the exact computation method for computing the
optimal control yields the Riccati equation solution approach. Policy iteration and
value iteration boil down to repetitive solutions of Lyapunov equations or Lyapunov
recursions. In fact, policy iteration becomes Hewer’s method (Hewer, 1971), and
value iteration becomes the Lyapunov recursion scheme that is shown to converge in
Lancaster and Rodman (1995). These techniques are offline methods relying on
matrix equation solutions and requiring complete knowledge of the system dynamics.

Monte Carlo learning. This is based on the definition (2.16) for the value function,
and uses repeated measurements of data to approximate the expected value. The
expected values are approximated by averaging repeated results along sample
paths. An assumption on the ergodicity of the Markov chain with transition prob-
abilities (2.2) for the given policy being evaluated is implicit. This assumption is
suitable for episodic tasks, with experience divided into episodes (Sutton and Barto,
1998), namely, processes that start in an initial state and run until termination, and
are then restarted at a new initial state. For finite MDP, Monte Carlo methods
converge to the true value function if all states are visited infinitely often.
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Therefore, in order to ensure accurate approximations of value functions, the epi-
sode sample paths must go through all the states x 2 X many times. This issue is
called the problem of maintaining exploration. Several methods are available to
ensure this, one of which is to use ‘exploring starts’, in which every state has non-
zero probability of being selected as the initial state of an episode.

Monte Carlo techniques are useful for dynamic systems control because the
episode sample paths can be interpreted as system trajectories beginning in a pre-
scribed initial state. However, no updates to the value function estimate or the
control policy are made until after an episode terminates. In fact, Monte Carlo
learning methods are closely related to repetitive or iterative learning control
(Moore, 1993). They do not learn in real time along a trajectory, but learn as
trajectories are repeated.

2.4 Temporal difference learning

It is now shown that the temporal difference method (Sutton and Barto, 1998) for
solving Bellman equations leads to a family of optimal adaptive controllers, that is
adaptive controllers that learn online the solutions to optimal control problems
without knowing the full system dynamics. Temporal difference learning is true
online reinforcement learning, wherein control actions are improved in real time
based on estimating their value functions by observing data measured along the
system trajectories.

Policy iteration requires solution at each step of N linear equations (2.36). Value
iteration requires performing the recursion (2.39) at each step. Temporal difference
reinforcement learning methods are based on the Bellman equation, and solve
equations such as (2.36) and (2.39) without using system dynamics knowledge, but
using data observed along a single trajectory of the system. Therefore, temporal
difference learning is applicable for feedback control applications. Temporal dif-
ference updates the value at each time step as observations of data are made along a
trajectory. Periodically, the new value is used to update the policy. Temporal dif-
ference methods are related to adaptive control in that they adjust values and
actions online in real time along system trajectories.

Temporal difference methods can be considered to be stochastic approxima-
tion techniques whereby the Bellman equation (2.17), or its variants (2.36) and
(2.39), is replaced by its evaluation along a single sample path of the MDP. Then,
the Bellman equation becomes a deterministic equation that allows the definition of
a temporal difference error.

Equation (2.9) was used to write the Bellman equation (2.17) for the infinite-
horizon value (2.16). According to (2.7)–(2.9), an alternative form for the Bellman
equation is

VpðxkÞ ¼ Epfrk jxkg þ gEpfVpðxkþ1Þjxkg ð2:72Þ

This equation forms the basis for temporal difference learning.
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Temporal difference reinforcement learning uses one sample path, namely, the
current system trajectory, to update the value. Then, (2.72) is replaced by the
deterministic Bellman equation

VpðxkÞ ¼ rk þ gVpðxkþ1Þ ð2:73Þ
which holds for each observed data experience set (xk , xkþ1, rk) at each time stage k.
This set consists of the current state xk , the observed cost incurred rk and the next
state xkþ1. The temporal difference error is defined as

ek ¼ �VpðxkÞ þ rk þ gVpðxkþ1Þ ð2:74Þ
and the current estimate for the value function is updated to make the temporal
difference error small.

In the context of temporal difference learning, the interpretation of the
Bellman equation is shown in Figure 2.3, where Vp(xk) may be considered as
a predicted performance or value, rk as the observed one-step reward and
gVp(xkþ1) as a current estimate of future value. The Bellman equation can be
interpreted as a consistency equation that holds if the current estimate for the
predicted value Vp(xk) is correct. Temporal difference methods update the pre-
dicted value estimate V̂

p
(xk) to make the temporal difference error small. The

idea, based on stochastic approximation, is that if we use the deterministic ver-
sion of Bellman’s equation repeatedly in policy iteration or value iteration, then
on average these algorithms converge toward the solution of the stochastic
Bellman equation.

Observe the 1-step reward

1. Apply control action

rk

(xk�1)V π

(xk)V π

γ

(xk�1)V πγ(xk) � rk �V π

Compute current estimate of future value of next state xk�1

Compute predicted value of current state xk

Timek k � 1

2. Update predicted value to satisfy the Bellman equation

3. Improve control action

Figure 2.3 Temporal difference interpretation of Bellman equation. It shows
how use of the Bellman equation captures the action, observation,
evaluation and improvement mechanisms of reinforcement learning
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2.5 Optimal adaptive control for discrete-time systems

A family of optimal adaptive control algorithms can now be developed for discrete-
time dynamical systems. These algorithms determine the solutions to HJ design
equations online in real time without knowing the system drift dynamics. In the
LQR case, this means they solve the Riccati equation online without knowing the
system A matrix. Physical analysis of dynamical systems using Lagrangian
mechanics or Hamiltonian mechanics produces system descriptions in terms of
non-linear ordinary differential equations. Discretization yields non-linear differ-
ence equations. Most research in reinforcement learning is conducted for systems
that operate in discrete time. Therefore, we cover discrete-time dynamical systems
here. The application of reinforcement learning techniques to continuous-time
systems is significantly more involved and is the topic of the remainder of the book.

RL policy iteration and value iteration methods have been used for many years
to provide methods for solving the optimal control problem for discrete-time (DT)
dynamical systems. Bertsekas and Tsitsiklis developed RL methods based on pol-
icy iteration and value iteration for infinite-state discrete-time dynamical systems
in Bertsekas and Tsitsiklis (1996). This approach, known as neurodynamic pro-
gramming, used value function approximation to approximately solve the Bellman
equation using iterative techniques. Offline solution methods were developed in
Bertsekas and Tsitsiklis (1996). Werbos (1989, 1991, 1992, 2009) presented RL
techniques based on value iteration for feedback control of discrete-time dynamical
systems using value function approximation. These methods, known as approx-
imate dynamic programming (ADP) or adaptive dynamic programming, are
suitable for online learning of optimal control techniques for DT systems online in
real time. As such, they are true adaptive learning techniques that converge to
optimal control solutions by observing data measured along the system trajectories
in real time. A family of four methods was presented under the aegis of ADP,
which allowed learning of the value function and its gradient (e.g. the costate), and
the Q function and its gradient. The ADP controllers are actor–critic structures with
one learning network for the control action and one learning network for the critic.
The ADP method for learning the value function is known as heuristic dynamic
programming (HDP). Werbos called his method for online learning of the Q
function for infinite-state DT dynamical systems ‘action-dependent HDP’.

Temporal difference learning is a stochastic approximation technique based on
the deterministic Bellman’s equation (2.73). Therefore, we lose little by consider-
ing deterministic systems here. Therefore, consider a class of discrete-time systems
described by deterministic non-linear dynamics in the affine state space difference
equation form

xkþ1 ¼ f ðxkÞ þ gðxkÞuk ; ð2:75Þ

with state xk 2 Rn and control input uk 2 Rm. We use this affine form because its
analysis is convenient. The following development can be generalized to the
sampled data form xkþ1 ¼ F(xk , uk).
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A deterministic control policy is defined as a function from state space
to control space h(	) : Rn ! Rm. That is, for every state xk , the policy defines a
control action

uk ¼ hðxkÞ ð2:76Þ

That is, a policy is a feedback controller.
Define a deterministic cost function that yields the value function

V hðxkÞ ¼
X1
i¼k

g i�krðxi; uiÞ ¼
X1
i¼k

g i�kðQðxiÞ þ uT
i RuiÞ ð2:77Þ

with 0 < g � 1 a discount factor, Q(xk) > 0, R ¼ RT > 0 and uk ¼ h(xk) a
prescribed feedback control policy. That is, the stage cost is

rðxk ; ukÞ ¼ QðxkÞ þ uT
k Ruk ð2:78Þ

The stage cost is taken quadratic in uk to simplify developments, but can be any
positive definite function of the control. We assume the system is stabilizable on
some set W 2 Rn, that is there exists a control policy uk ¼ h(xk) such that the
closed-loop system xkþ1 ¼ f (xk) þ g(xk)h(xk) is asymptotically stable on W. A
control policy uk ¼ h(xk) is said to be admissible if it is stabilizing, continuous and
yields a finite cost V h(xk).

For the deterministic value (2.77), the optimal value is given by Bellman’s
optimality equation

V �ðxkÞ ¼ min
hð	Þ

ðrðxk ; hðxkÞÞ þ gV �ðxkþ1ÞÞ ð2:79Þ

which is known as the discrete-time Hamilton–Jacobi–Bellman (HJB) equation.
The optimal policy is then given as

h�ðxkÞ ¼ arg min
hð	Þ

ðrðxk ; hðxkÞÞ þ gV �ðxkþ1ÞÞ ð2:80Þ

In this setup, Bellman’s equation (2.17) is

V hðxkÞ ¼ rðxk ; ukÞ þ gV hðxkþ1Þ ¼ QðxkÞ þ uT
k Ruk þ gV hðxkþ1Þ; V hð0Þ ¼ 0

ð2:81Þ

which is the same as (2.73). This is a difference equation equivalent of the value
(2.77). That is, instead of evaluating the infinite sum (2.77), the difference equation
(2.81) can be solved, with boundary condition V(0) = 0, to obtain the value of using
a current policy uk ¼ h(xk).

The discrete-time Hamiltonian function can be defined as

Hðxk ; hðxKÞ;DVkÞ ¼ rðxk ; hðxkÞÞ þ gV hðxkþ1Þ � V hðxkÞ ð2:82Þ
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where DVk ¼ gVh(xkþ1) � Vh(xk) is the forward difference operator. The Hamilto-
nian function captures the energy content along the trajectories of a system as
reflected in the desired optimal performance. In fact, the Hamiltonian is the tem-
poral difference error (2.74). The Bellman equation requires that the Hamiltonian
be equal to zero for the value associated with a prescribed policy.

For the discrete-time linear quadratic regulator case we have

xkþ1 ¼ Axk þ Buk ð2:83Þ

V hðxkÞ ¼ 1
2

X1
i¼k

g i�kðxT
i Qxi þ uT

i RuiÞ ð2:84Þ

and the Bellman equation is written in several ways as seen in Example 2.1.

2.5.1 Policy iteration and value iteration for discrete-time
dynamical systems

Two forms of reinforcement learning are based on policy iteration and value
iteration. For temporal difference learning, policy iteration is written as follows in
terms of the deterministic Bellman equation. Here, where rV (x) ¼ @V (x)=@x is the
gradient of the value function, interpreted as a column vector.

Algorithm 2.5. Policy iteration using temporal difference learning

Initialize. Select some admissible control policy h0(xk).
Do for j = 0 until convergence:

Policy evaluation (value update)

Vjþ1ðxkÞ ¼ rðxk ; hjðxkÞÞ þ gVjþ1ðxkþ1Þ ð2:85Þ
Policy improvement

hjþ1ðxkÞ ¼ arg min
hð	Þ

ðrðxk ; hðxkÞÞ þ gVjþ1ðxkþ1ÞÞ ð2:86Þ

or

hjþ1ðxkÞ ¼ � g
2

R�1gTðxkÞ rVjþ1ðxkþ1Þ ð2:87Þ
&

Value iteration is similar, but the policy evaluation procedure is performed as
follows.

Value iteration using temporal difference learning

Update the value using

Value update step.

Vjþ1ðxkÞ ¼ rðxk ; hjðxkÞÞ þ gVjðxkþ1Þ ð2:88Þ
In value iteration we can select any initial control policy h0(xk), not necessarily
admissible or stabilizing.
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These algorithms are illustrated in Figure 2.4. They are actor–critic formula-
tions as is evident in Figure 2.1.

It is shown in Example 2.1 that, for the discrete-time LQR, the Bellman equa-
tion (2.81) is a linear Lyapunov equation and that (2.79) yields the discrete-time
algebraic Riccati equation (ARE). For the discrete-time LQR, the policy evaluation
step (2.85) in policy iteration is a Lyapunov equation and policy iteration exactly
corresponds to Hewer’s algorithm (Hewer, 1971) for solving the discrete-time ARE.
Hewer proved that the algorithm converges under stabilizability and detectability
assumptions. For the discrete-time LQR, value iteration is a Lyapunov recursion that
is shown to converge to the solution to the discrete-time ARE under the stated
assumptions by Lancaster and Rodman (1995) (see Example 2.2). These methods
are offline design methods that require knowledge of the discrete-time dynamics (A,
B). By contrast, we next desire to determine online methods for implementing policy
iteration and value iteration that do not require full dynamics information.

2.5.2 Value function approximation
Policy iteration and value iteration can be implemented for finite MDP by storing
and updating lookup tables. The key to implementing policy iteration and value
iteration online for dynamical systems with infinite state and action spaces is to
approximate the value function by a suitable approximator structure in terms of
unknown parameters. Then, the unknown parameters are tuned online exactly as in
system identification (Ljung, 1999). This idea of value function approximation
(VFA) is used by Werbos (1989, 1991, 1992, 2009) for control of discrete-time
dynamical systems and called approximate dynamic programming (ADP) or adaptive

Value update using Bellman equation

CRITIC-
Evaluates the current

control policy

Use RLS until convergence

hj�1 (xk) �  arg min (r (xk, uk) +
Control policy update

System/
environmentControl action

ACTOR-
Implements the
control policy System output

hj (xk)

(xk, xk�1, r (xk, hj (xk)))
Reward/response
from environment

γ Vj�1 (xk�1))
uk

Vj�1 (xk) � r (xk, hj (xk)) �γ Vj�1 (xk�1)

Figure 2.4 Temporal difference learning using policy iteration. At each time one
observes the current state, the next state and the cost incurred. This is
used to update the value estimate in the critic. Based on the new value,
the control action is updated
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dynamic programming. The approach is used by Bertsekas and Tsitsiklis (1996) and
is called neurodynamic programming (see Powell, 2007; Busoniu et al., 2009).

In the LQR case it is known that the value is quadratic in the state, therefore

V ðxkÞ ¼ 1
2

xT
k Pxk ¼ 1

2
ðvecðPÞÞTðxk � xkÞ � pT xk � pTfðxkÞ ð2:89Þ

for some kernel matrix P. The Kronecker product � allows this quadratic form to
be written as linear in the parameter vector p ¼ vec(P), which is formed by
stacking the columns of the P matrix. The vector f(xk) ¼ xk ¼ xk � xk is the
quadratic polynomial vector containing all possible pairwise products of the n
components of xk . Noting that P is symmetric and has only n(nþ 1)/2 independent
elements, the redundant terms in xk � xk are removed to define a quadratic basis set
f(xk) with n(nþ 1)/2 independent elements.

In illustration, for second-order systems the value function for the DT LQR is

V ðxÞ ¼ x1

x2

� �T
p11 p12

p21 p22

� �
x1

x2

� �
ð2:90Þ

This can be written as

V ðxÞ ¼ ½ p11 2p12 p22 �
x2

1
x1x2

x2
2

2
4

3
5 ð2:91Þ

which is linear in the unknown parameters p11, p12, p22.
For non-linear systems (2.75) the value function contains higher-order non-

linearities. Then, we assume the Bellman equation (2.81) has a local smooth
solution (Van Der Schaft, 1992). Then, according to the Weierstrass Higher-Order
Approximation Theorem (Abu-Khalaf et al., 2006; Finlayson, 1990), there exists a
dense basis set ffi(x)g such that

V ðxÞ¼
X1
i¼1

wijiðxÞ¼
XL

i¼1

wijiðxÞþ
X1

i¼Lþ1

wijiðxÞ�W TfðxÞþ eLðxÞ ð2:92Þ

where basis vector f(x) ¼ j1(x) j2(x) . . . jL(x) � : Rn ! RL and eL(x)½ con-
verges uniformly to zero as the number of terms retained L ! 1: In the Weierstrass
Theorem, standard usage takes a polynomial basis set. In the neural-network research,
approximation results are shown for other basis sets including sigmoid, hyperbolic
tangent, Gaussian radial basis functions and others (Hornik et al., 1990; Sandberg,
1998). There, standard results show that the neural-network approximation error eL(x)
is bounded by a constant on a compact set. L is referred to as the number of hidden-
layer neurons, ji(x) as the neural-network activation functions, and wi as the neural-
network weights.

2.5.3 Optimal adaptive control algorithms for
discrete-time systems

We are now in a position to present several adaptive control algorithms for discrete-
time systems based on temporal difference reinforcement learning that converge
online to the optimal control solution.

36 Optimal adaptive control and differential games by RL principles

Ch002 13 September 2012; 15:31:43



The VFA parameters in p in (2.89) or W in (2.92) are unknown. Substituting
the value function approximation into the value update (2.85) in policy iteration the
following algorithm is obtained.

Algorithm 2.6. Optimal adaptive control using policy iteration

Initialize. Select some admissible control policy h0(xk):
Do for j = 0 until convergence.

Policy evaluation step. Determine the least-squares solution Wjþ1 to

W T
jþ1ðfðxkÞ � gfðxkþ1ÞÞ ¼ rðxk ; hjðxkÞÞ ¼ QðxkÞ þ hT

j ðxkÞRhjðxkÞ ð2:93Þ

Policy improvement step. Determine an improved policy using

hjþ1ðxkÞ ¼ � g
2

R�1gT ðxkÞ rfT ðxkþ1ÞWjþ1 ð2:94Þ
&

This algorithm is easily implemented online by standard system identification
techniques (Ljung, 1999). In fact, note that (2.93) is a scalar equation, whereas the
unknown parameter vector Wjþ1 2 RL has L elements. Therefore, data from mul-
tiple time steps are needed for its solution. At time kþ 1 we measure the previous
state xk , the control uk ¼ hj(xk), the next state xkþ1 and compute the resulting utility
r(xk , hj(xk)). This data give one scalar equation. This procedure is repeated for
subsequent times using the same policy hj(	) until we have at least L equations, at
which point the least-squares solution Wjþ1 can be found. Batch least-squares can
be used for this.

Alternatively, note that equations of the form (2.93) are exactly those solved
by recursive least-squares (RLS) techniques (Ljung, 1999). Therefore, RLS can be
run online until convergence. Write (2.93) as

W T
jþ1FðkÞ � W T

jþ1ðfðxkÞ � gfðxkþ1ÞÞ ¼ rðxk ; hjðxkÞÞ ð2:95Þ
where F(k) � (f(xk) � gf(xkþ1)) is a regression vector. At step j of the policy
iteration algorithm, the control policy is fixed at u ¼ hj(x). Then, at each time k the
data set (xk , xkþ1, r(xk , hj(xk))) is measured. One step of RLS is then performed. This
procedure is repeated for subsequent times until convergence to the parameters cor-
responding to the value Vjþ1(x) ¼ W T

jþ1f(x). Note that for RLS to converge, the
regression vector F(k) � (f(xk) � gf(xkþ1)) must be persistently exciting.

As an alternative to RLS, we could use a gradient descent tuning method such as

W jþ1
jþ1 ¼ W i

jþ1 � aFðkÞððW i
jþ1ÞTFðkÞ � rðxk ; hjðxkÞÞÞ ð2:96Þ

where a > 0 is a tuning parameter. The step index j is held fixed, and index i is
incremented at each increment of the time index k. Note that the quantity inside the
large brackets is just the temporal difference error.

Once the value parameters have converged, the control policy is updated
according to (2.94). Then, the procedure is repeated for step jþ 1. This entire
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procedure is repeated until convergence to the optimal control solution. This
method provides an online reinforcement learning algorithm for solving the opti-
mal control problem using policy iteration by measuring data along the system
trajectories.

Likewise, an online reinforcement learning algorithm can be given based on
value iteration. Substituting the value function approximation into the value update
(2.88) in value iteration the following algorithm is obtained.

Algorithm 2.7. Optimal adaptive control using value iteration

Initialize. Select some control policy h0(xk), not necessarily admissible or
stabilizing.
Do for j = 0 until convergence.

Value update step. Determine the least-squares solution Wjþ1 to

W T
jþ1fðxkÞ ¼ rðxk ; hjðxkÞÞ þ W T

j gfðxkþ1Þ ð2:97Þ

Policy improvement step. Determine an improved policy using (2.94). &

To solve (2.97) in real time we can use batch least-squares, RLS or gradient-based
methods based on data (xk , xkþ1, r(xk , hj(xk))) measured at each time along the
system trajectories. Then the policy is improved using (2.94). Note that the old
weight parameters are on the right-hand side of (2.97). Thus, the regression vector
is now f(xk), which must be persistently exciting for convergence of RLS.

2.5.4 Introduction of a second ‘Actor’ neural network
Using value function approximation allows standard system identification techni-
ques to be used to find the value function parameters that approximately solve
the Bellman equation. The approximator structure just described that is used
for approximation of the value function is known as the critic neural network, as
it determines the value of using the current policy. Using VFA, the policy
iteration reinforcement learning algorithm solves a Bellman equation during the
value update portion of each iteration step j by observing only the data set
(xk , xkþ1, r(xk , hj(xk))) at each time along the system trajectory and solving (2.93).
In the case of value iteration, VFA is used to perform a value update using (2.97).

However, note that in the LQR case the policy update (2.94) is given by

K jþ1 ¼ �ðBT Pjþ1B þ RÞ�1BT Pjþ1A ð2:98Þ

which requires full knowledge of the dynamics (A, B). Note further that the
embodiment (2.94) cannot easily be implemented in the non-linear case because it
is implicit in the control, since xk þ1 depends on h(	) and is the argument of a
nonlinear activation function.

These problems are both solved by introducing a second neural network for
the control policy, known as the actor neural network. Actor–critic structures using
two neural networks, one for approximation in the critic and one for approximating
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the control policy in the actor, were developed in approximate dynamic program-
ming (ADP) by Werbos (1989, 1991, 1992, 2009).

Therefore, consider a parametric approximator structure for the control
action

uk ¼ hðxkÞ ¼ UTsðxkÞ ð2:99Þ

with s(x) :Rn ! RM a vector of M basis or activation functions and U 2 R M �m a
matrix of weights or unknown parameters.

After convergence of the critic neural-network parameters to Wjþ1 in policy
iteration or value iteration, it is required to perform the policy update (2.94). To
achieve this aim, we can use a gradient descent method for tuning the actor weights
U such as

U iþ1
jþ1 ¼U i

jþ1�bsðxkÞð2RðU i
jþ1ÞTsðxkÞþggðxkÞT rfTðxkþ1ÞWjþ1ÞT ð2:100Þ

with b > 0 a tuning parameter. The tuning index i can be incremented with the time
index k.

Note that the tuning of the actor neural network requires observations at each
time k of the data set (xk , xkþ1), that is the current state and the next state. How-
ever, as per the formulation (2.99), the actor neural network yields the control uk

at time k in terms of the state xk at time k. The next state xkþ1 is not needed in
(2.99). Thus, after (2.100) converges, (2.99) is a legitimate feedback controller.
Note also that, in the LQR case, the actor neural network (2.99) embodies the
feedback gain computation (2.98). Equation (2.98) contains the state drift
dynamics A, but (2.99) does not. Therefore, the A matrix is not needed to compute
the feedback control. The reason is that, during the tuning or training phase, the
actor neural network learns information about A in its weights, since (xk , xkþ1) are
used in its tuning.

Finally, note that only the input function g(	) or, in the LQR case, the B matrix,
is needed in (2.100) to tune the actor neural network. Thus, introducing a second
actor neural network completely avoids the need for knowledge of the state drift
dynamics f (	), or A in the LQR case.

Example 2.4. Discrete-time optimal adaptive control of power system
using value iteration

In this simulation it is shown how to use discrete-time value iteration to solve the
discrete-time ARE online without knowing the system matrix A. We simulate the
online value iteration algorithm (2.97) and (2.100) for load-frequency control of an
electric power system. Power systems are complicated non-linear systems. How-
ever, during normal operation the system load, which produces the non-linearity,
has only small variations. As such, a linear model can be used to represent the
system dynamics around an operating point specified by a constant load value. A
problem rises from the fact that in an actual plant the parameter values are not
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precisely known, reflected in an unknown system A matrix, yet an optimal control
solution is sought.

The model of the system that is considered here is _x ¼ Ax þ Bu, where

A ¼
�1=Tp Kp=Tp 0 0

0 �1=TT 1=TT 0
�1=RTG 0 �1=TG �1=TG

KE 0 0 0

2
664

3
775; B ¼

0
0

1=TG

0

2
664

3
775

The system state is x(t) ¼ ½Df (t) DPg(t) DXg(t) DE(t) �T, where Df (t) is
incremental frequency deviation in Hz, DPg(t) is incremental change in generator
output (p.u. MW), DXg(t) is incremental change in governor position in p.u. MW
and DE(t) is incremental change in integral control. The system parameters are TG,
the governor time constant, TT, turbine time constant, TP, plant model time con-
stant, KP, plant model gain, R, speed regulation due to governor action and KE,
integral control gain.

The values of the continuous-time system parameters were randomly picked
within specified ranges so that

A ¼
�0:0665 8 0 0

0 �3:663 3:663 0
�6:86 0 �13:736 �13:736

0:6 0 0 0

2
664

3
775;

B ¼ 0 0 13:7355 0½ �

The discrete-time dynamics is obtained using the zero-order hold method with
sampling period of T¼ 0.01 s. The solution to the discrete-time ARE

AT PA � P þ Q � AT PBðBT PB þ RÞ�1BT PA ¼ 0

with cost function weights Q¼ I, R¼ I and g¼ 1 is

PDARE ¼
0:4750 0:4766 0:0601 0:4751
0:4766 0:7831 0:1237 0:3829
0:0601 0:1237 0:0513 0:0298
0:4751 0:3829 0:0298 2:3370

2
664

3
775

In this simulation, only the time constant TG of the governor, which appears in
the B matrix, is considered to be known, while the values for all the other para-
meters appearing in the system A matrix are not known. That is, the A matrix is
needed only to simulate the system and obtain the data, and is not needed by the
control algorithm.

For the discrete-time LQR, the value is quadratic in the states V (x) ¼ 1
2 xT Px as

in (2.89). Therefore, the basic functions for the critic neural network in (2.92) are
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selected as the quadratic polynomial vector in the state components. Since there are
n¼ 4 states, this vector has n(n þ 1)=2 ¼ 10 components. The control is linear in
the states u¼ –Kx; hence, the basic functions for the actor neural network (2.99) are
taken as the state components.

The online implementation of value iteration can be done by setting up a batch
least-squares problem to solve for the 10 critic neural-network parameters, that is
the Riccati solution entries pjþ1 � Wjþ1 in (2.97) for each step j. In this simulation
the matrix P jþ1 is determined after collecting 15 points of data (xk, xkþ1, r(xk, uk))
for each least-squares problem. Therefore, a least-squares problem for the critic
weights is solved each 0.15 s. Then the actor neural-network parameters, that is the
feedback gain matrix entries, are updated using (2.100). The simulations were
performed over a time interval of 60 s.

The system states trajectories are given in Figure 2.5, which shows that the
states are regulated to zero as desired. The convergence of the Riccati matrix
parameters is shown in Figure 2.6. The final values of the critic neural-network
parameter estimates are

Pcritic NN ¼
0:4802 0:4768 0:0603 0:4754
0:4768 0:7887 0:1239 0:3834
0:0603 0:1239 0:0567 0:0300
0:4754 0:3843 0:0300 2:3433

2
664

3
775
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Figure 2.5 System states during the first 6 s. This figure shows that even though
the A matrix of the power system is unknown, the adaptive controller
based on value iteration keeps the states stable and regulates them
to zero
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Thus, the optimal adaptive control value iteration algorithm converges to the
optimal control solution as given by the ARE solution. This solution is performed
in real time without knowing the system A matrix. &

2.5.5 Online solution of Lyapunov and Riccati equations
Note that the policy iteration and value iteration adaptive optimal control algorithms
just given solve the Belman equation (2.81) and the HJB equation (2.79) online in
real time by using data measured along the system trajectories. The system drift
function f (xk), or the A matrix in the LQR case, is not needed in these algorithms.
That is, in the DT LQR case these algorithms solve the Riccati equation

AT PA � P þ Q � AT PBðBT PB þ RÞ�1BT PA ¼ 0 ð2:101Þ

online in real time without knowledge of the A matrix.
Moreover, at each step of policy iteration, the Lyapunov equation

0 ¼ ðA � BKjÞT P jþ1ðA � BKjÞ � Pjþ1 þ Q þ ðKjÞT RKj ð2:102Þ

is solved without knowing matrices A or B. At each step of value iteration the
Lyapunov recursion

Pjþ1 ¼ ðA � BKjÞT P jðA � BKjÞ þ Q þ ðKjÞT RKj ð2:103Þ

is solved without knowing either A or B.
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Figure 2.6 Convergence of selected algebraic Riccati equation solution
parameters. This figure shows that the adaptive controller based on
value iteration converges to the ARE solution in real time without
knowing the system A matrix
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2.5.6 Actor–critic implementation of discrete-time optimal
adaptive control

Two algorithms for optimal adaptive control of discrete-time systems based on rein-
forcement learning have just been described. They are implemented by using two
approximators to approximate respectively the value and the control action. The
implementation of reinforcement learning using two neural networks, one as a critic
and one as an actor, yields the actor–critic reinforcement learning structure shown in
Figure 2.4. In this two-loop control system, the critic and the actor are tuned online
using the observed data (xk , xkþ1, r(xk , hj(xk))) along the system trajectory. The critic
and actor are tuned sequentially in both the policy iteration and the value iteration
algorithms. That is, the weights of one neural network are held constant while the
weights of the other are tuned until convergence. This procedure is repeated until both
neural networks have converged. Thus, this learning controller learns the optimal
control solution online. This procedure amounts to an online adaptive optimal control
system wherein the value function parameters are tuned online and the convergence is
to the optimal value and control. The convergence of value iteration using two neural
networks for the discrete-time non-linear system (2.75) is proven in Al-Tamimi et al.
(2008).

2.5.7 Q learning for optimal adaptive control
It has just been seen that actor–critic implementations of policy iteration and value
iteration based on value function approximation yield adaptive control methods
that converge in real time to optimal control solutions by measuring data along the
system trajectories. The system drift dynamics f (xk) or A is not needed, but
the input-coupling function g(xk) or B must be known. It is now shown that the
Q learning–reinforcement learning method gives an adaptive control algorithm that
converges online to the optimal control solution for completely unknown systems.
That is, it solves the Bellman equation (2.81) and the HJB equation (2.79) online in
real time by using data measured along the system trajectories, without any
knowledge of the dynamics f (xk), g(xk).

Q learning was developed by Watkins (1989), Watkins and Dayan (1992) for
MDP and by Werbos (1991, 1992, 2009) for discrete-time dynamical systems. It is a
simple method for reinforcement learning that works for systems with completely
unknown dynamics. Q learning is called action-dependent heuristic dynamic pro-
gramming (ADHDP) by Werbos as the Q function depends on the control input.
Q learning learns the Q function (2.56) using temporal difference methods by per-
forming an action uk and measuring at each time stage the resulting data experience
set (xk, xkþ1, rk) consisting of the current state, the next state, and the resulting stage
cost. Writing the Q function Bellman equation (2.58) along a sample path gives

Qpðxk ; ukÞ ¼ rðxk ; ukÞ þ gQpðxkþ1; hðxkþ1ÞÞ ð2:104Þ
which defines a temporal difference error

ek ¼ �Qpðxk ; ukÞ þ rðxk ; ukÞ þ gQpðxkþ1; hðxkþ1ÞÞ ð2:105Þ
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The value iteration algorithm using Q function is given as (2.65). Based on this, the
Q function is updated using the algorithm

Qkðxk ; ukÞ ¼ Qk�1ðxk ; ukÞ

þak rðxk ; ukÞþ g min
u

Qk�1ðxkþ1; uÞ�Qk�1ðxk ; ukÞ
h i

ð2:106Þ

This algorithm is developed for finite MDP and the convergence proven by Watkins
(1989) using stochastic approximation methods. It is shown the algorithm converges
for finite MDP provided that all state–action pairs are visited infinitely often and

X1
k¼1

ak ¼ 1;
X1
k¼1

a2
k < 1 ð2:107Þ

that is standard stochastic approximation conditions. On convergence, the temporal
difference error is approximately equal to zero.

The requirement that all state-action pairs are visited infinitely often translates
to the problem of maintaining sufficient exploration during learning.

The Q learning algorithm (2.106) is similar to stochastic approximation
methods of adaptive control or parameter estimation used in control systems. Let us
now derive methods for Q learning for dynamical systems that yield adaptive
control algorithms that converge to optimal control solutions.

Policy iteration and value iteration algorithms are given using the Q function
in (2.61)–(2.65). A Q learning algorithm is easily developed for discrete-time
dynamical systems using Q function approximation (Werbos, 1989, 1991, 1992;
Bradtke et al., 1994). It is shown in Example 2.3 that, for the discrete-time LQR the
Q function is a quadratic form in terms of zk � ½ xT

k uT
k �T . Assume therefore that

for non-linear systems the Q function is parameterized as

Qðx; uÞ ¼ W TfðzÞ ð2:108Þ

for some unknown parameter vector W and basis set vector f(z). Substituting the Q
function approximation into the temporal difference error (2.105) yields

ek ¼ �W TfðzkÞ þ rðxk ; ukÞ þ gW Tfðzkþ1Þ ð2:109Þ
on which either policy iteration or value iteration algorithms can be based. Considering
the policy iteration algorithm (2.61), (2.62) yields the Q function evaluation step

W T
jþ1ðfðzkÞ � gfðzkþ1ÞÞ ¼ rðxk ; hjðxkÞÞ ð2:110Þ

and the policy improvement step

hjþ1ðxkÞ ¼ arg min
u

ðW T
jþ1fðxk ; uÞÞ; for all x 2 X ð2:111Þ

Q learning using value iteration (2.63) is given by

44 Optimal adaptive control and differential games by RL principles

Ch002 13 September 2012; 15:31:45



W T
jþ1fðzkÞ ¼ rðxk ; hjðxkÞÞ þ gW T

j fðzkþ1Þ ð2:112Þ

and (2.111). These equations do not require knowledge of the dynamics f (	), g(	).
For instance, it is seen in Example 2.3 that for the discrete-time LQR case the
control can be updated knowing the Q function without knowing A, B.

For online implementation, batch least-squares or RLS can be used to
solve (2.110) for the parameter vector Wjþ1 given the regression vector (f(zk)�
gf(zkþ1)), or (2.112) using regression vector f(zk). The observed data at each time
instant are (zk, zkþ1, r(xk, uk)) with zk � ½ xT

k uT
k �T . Vector zkþ1 � ½ xT

kþ1 uT
kþ1 �T

is computed using ukþ1¼ hj(xkþ1) with hj(	) the current policy. Probing noise must
be added to the control input to obtain persistence of excitation. On convergence,
the action update (2.111) is performed. This update is easily accomplished without
knowing the system dynamics due to the fact that the Q function contains uk as an
argument, therefore @(W T

jþ1f(xk , u))=@u can be explicitly computed. This is illu-
strated for the DT LQR in Example 2.3.

Due to the simple form of action update (2.111), the actor neural network is not
needed for Q learning; Q learning can be implemented using only one critic neural
network for Q function approximation.

Example 2.5. Adaptive controller for online solution of discrete-time
LQR using Q learning

This example presents an adaptive control algorithm based on Q learning that
converges online to the solution to the discrete-time LQR problem. This is accom-
plished by solving the algebraic Riccati equation in real time without knowing the
system dynamics (A, B) by using data measured along the system trajectories.

Q learning is implemented by repeatedly performing the iterations (2.110) and
(2.111). In Example 2.3, it is seen that the LQR Q function is quadratic in the states
and inputs so that Q(xk , uk) ¼ Q(zk) � 1

2 zT
k Szk , where zk ¼ xT

k uT
k

� �T
. The kernel

matrix S is explicitly given by (2.68) in terms of the system parameters A and B.
However, matrix S can be estimated online without knowing A and B by using sys-
tem identification techniques. Specifically, write the Q function in parametric form as

Qðx; uÞ ¼ QðzÞ ¼ W Tðz � zÞ ¼ W TfðzÞ ð2:113Þ
with W the vector of the elements of S and � the Kronecker product. Function
f(z) ¼ (z � z) is the quadratic polynomial basis set in terms of elements of z, which
contains state and input components. Redundant entries are removed so that W is
composed of the (nþm)(nþm þ1)/2 elements in the upper half of S, with
xk 2 Rn, uk 2 Rm

Now, for the LQR, the Q learning Bellman equation (2.110) can be written as

W T
jþ1ðfðzkÞ � fðzkþ1ÞÞ ¼ 1

2
xT

k Qxk þ uT
k Ruk

� � ð2:114Þ

Note that the Q matrix here is the state weighting matrix in the performance index;
it should not be confused with the Q function Q(xk, uk). This equation must be
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solved at each step j of the Q learning process. Note that (2.114) is one equation in
(nþm)(nþm þ1)/2 unknowns, namely, the entries of vector W. This is exactly the
sort of equation encountered in system identification, and is solved online using
methods from adaptive control such as recursive least-squares (RLS).

Therefore, Q learning is implemented as follows.

Algorithm 2.8. Optimal adaptive control using Q learning.

Initialize.
Select an initial feedback policy uk ¼ �K0xk at j ¼ 0. The initial gain matrix need
not be stabilizing and can be selected equal to zero.

Step j.
Identify the Q function using RLS.
At time k, apply control uk based on the current policy uk¼ –Kjxk and measure the
data set (xk, uk, xkþ1, ukþ1), where ukþ1 is computed using ukþ1¼ –Kjxkþ1. Compute
the quadratic basis sets f(zk),f(zkþ1). Now perform a one-step update in the
parameter vector W using RLS on equation (2.114). Repeat at the next time kþ 1
and continue until RLS converges and the new parameter vector Wjþ1 is found.

Update the control policy.
Unpack vector Wjþ1 into the kernel matrix

Qðxk ; ukÞ � 1
2

xk

uk

� �T

S
xk

uk

� �
¼ 1

2
xk

uk

� �T
Sxx Sxu

Sux Suu

� �
xk

uk

� �
ð2:115Þ

Perform the control update using (2.111), which is

uk ¼ �S�1
uu Suxxk ð2:116Þ

Set j¼ jþ 1. Go to Step j.

Termination. This algorithm is terminated when there are no further updates to the
Q function or the control policy at each step.

This is an adaptive control algorithm implemented using Q function identifi-
cation by RLS techniques. No knowledge of the system dynamics A, B is needed
for its implementation. The algorithm effectively solves the algebraic Riccati
equation online in real time using data (xk, uk, xkþ1, ukþ1) measured in real time at
each time stage k. It is necessary to add probing noise to the control input to
guarantee persistence of excitation to solve (2.114) using RLS. &

2.6 Reinforcement learning for continuous-time systems

Reinforcement learning is considerably more difficult for continuous-time (CT)
systems than for discrete-time systems, and fewer results are available. Therefore, RL
adaptive learning techniques for CT systems have not been developed until recently.
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To see the problem with formulating policy iterations and value iterations for CT
systems. Consider the time-invariant affine-in-the-input dynamical system given by

_xðtÞ ¼ f ðxðtÞÞ þ gðxðtÞÞuðxðtÞÞ; xð0Þ ¼ x0 ð2:117Þ
with state x(t) 2 Rn, drift dynamics f (x(t)) 2 Rn, control input function g(x(t)) 2
Rn�m and control input u(t) 2 Rm. Given a stabilizing control policy define the
infinite-horizon integral cost

V uðxðtÞÞ ¼
ð1

t
rðxðtÞ; uðtÞÞ dt ð2:118Þ

Using Leibniz’ formula, the infinitesimal version of (2.118) is found to be

0 ¼ rðx; mðxÞÞ þ ðrV m
x ÞT ðf ðxÞ þ gðxÞmðxÞÞ; V mð0Þ ¼ 0 ð2:119Þ

where rV m
x (a column vector) denotes the gradient of the cost function V m with

respect to x.
In analogy with the development for discrete-time systems in Section 2.5,

(2.119) should be considered as a Bellman equation for CT systems. Unfortunately,
this CT Bellman equation does not share any of the beneficial properties of the DT
Bellman equation (2.81). Specifically, the dynamics ( f (	), g(	)) do not appear in the
DT Bellman equation, whereas they do appear in the CT Bellman equation. This
makes it difficult to formulate algorithms such as Q learning, which do not require
knowledge of the system dynamics. Moreover, in the DT Bellman equation there
are two occurrences of the value function, evaluated at different times k and kþ 1.
This allows the formulation of value iteration, or heuristic dynamic programming,
for DT systems. However, with only one occurrence of the value in the CT Bellman
equation, it is not at all clear how to formulate any sort of value iteration procedure.
Several studies have been made about reinforcement learning and ADP for CT
systems, including those of Baird (1994), Doya (2000), Hanselmann et al. (2007),
Murray et al. (2002) and Mehta and Meyn (2009). These involve either approx-
imation of derivatives by Euler’s method, integration on an infinite horizon or
manipulations of partial derivatives of the value function.

In the remainder of this book we shall show how to apply reinforcement learning
methods for optimal adaptive control of continuous-time systems. See Abu-Khalaf
et al. (2006), Vamvoudakis and Lewis (2010a), Vrabie and Lewis (2009) for the
development of a policy iteration method for continuous-time systems. Using a
method known as integral reinforcement learning (IRL) (Vrabie et al., 2008, 2009;
Vrabie, 2009; Vrabie and Lewis, 2009) allows the application of reinforcement
learning to formulate online optimal adaptive control methods for continuous-time
systems. These methods find solutions to optimal HJ design equations and Riccati
equations online in real time without knowing the system drift dynamics, that is, in
the LQR case without knowing the A matrix.
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Chapter

Optimal adaptive control using reinforcement
learning structures

This book shows how to use reinforcement learning (RL) methods to design
adaptive controllers of novel structure that learn optimal control solutions for
continuous-time systems. We call these optimal adaptive controllers. They stand in
contrast to standard adaptive control systems in the control systems literature,
which do not normally converge to optimal solutions in terms of solving a
Hamilton–Jacobi–Bellman equation.

RL is a powerful technique for online learning in a complex decision-making
system that is based on emulating naturally occurring learning systems in nature.
RL is based on an agent selecting a control action, observing the consequences of
this action, evaluating the resulting performance and using that evaluation to update
the action so as to improve its performance. RL has been used for sequential
decisions in complicated stochastic systems, and it has been applied with great
effect in the online real-time control of discrete-time dynamical systems. Chapter 2
provides a background on RL and its applications in optimal adaptive control
design for discrete-time systems. The applications of RL to continuous-time sys-
tems have lagged due to the inconvenient form of the continuous-time Bellman
equation, which contains all the system dynamics. In this book, we show how to
apply RL to continuous-time systems to learn optimal control solutions online in
real time using adaptive tuning techniques.

In Part I of the book we lay the foundations for RL applications in continuous-
time systems based on a form of the continuous-time Bellman equation known as
the integral reinforcement learning (IRL) Bellman equation, as developed in Vrabie
et al. (2008, 2009), Vrabie (2009), Vrabie and Lewis (2009). It is shown how to use
IRL to formulate policy iterations and value iterations for continuous-time systems.
The result is a family of online adaptive learning systems that converge to optimal
solutions in real time by measuring data along the system trajectories.

The optimal adaptive controllers in Part I are based on the standard RL actor–
critic structure, with a critic network to evaluate the performance base on a selected
control policy, and a second actor network to update the policy so as to improve the
performance. In these controllers, the two networks learn sequentially. That is,
while the critic is performing the value update for the current policy, that policy is
not changed. Policy updates are performed only after the critic converges to the

Part I
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value update solution. The proofs of performance in Part I are based on the methods
in general use from the perspective of RL.

The controllers developed in Part I learn in the usual RL manner of updating
only one of the two learning networks at a time. This strategy seems a bit odd for
the adaptive feedback control systems’ practitioner. These two-loop sequential
reinforcement learning structures are not like standard adaptive control systems
currently used in feedback control. They are hybrid controllers with a continuous
inner action control loop and an outer learning critic loop that operates on a
discrete-time scale.

In Part II of the book, we adopt a philosophy more akin to that of adaptive
controllers in the feedback control literature (Ioannou and Fidan, 2006; Astrom and
Wittenmark, 1995; Tao, 2003). To learn optimal control solutions, we develop
novel structures of adaptive controllers based on RL precepts. The resulting con-
trollers have multi-loop learning networks, yet they are continuous-time controllers
that are more in keeping with adaptive methods such as direct and indirect adaptive
control. The controllers of Part II operate as normally expected in adaptive control
in that the control loops are not tuned sequentially as in Part I, but the parameter
tuning in all control loops is performed simultaneously through time. We call this
synchronous tuning of the critic and actor networks. In contrast to Part I that uses
proof techniques standard in RL, in Part II the convergence proofs are carried out
using methods standard in adaptive control, namely, Lyapunov energy-based
techniques.

In Part III of the book we develop adaptive controllers that learn optimal
solutions in real time for several differential game problems, including zero-sum
and multiplayer non–zero-sum games. The design procedure is to first formulate
RL policy iteration algorithms for these problems, then use the structure of
policy iteration to motivate novel multi-loop adaptive controller structures. Then,
tuning laws for these novel adaptive controllers are determined by adaptive control
Lyapunov techniques or, in Chapter 11, by RL techniques.
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Chapter 3

Optimal adaptive control using integral
reinforcement learning for linear systems

This chapter presents a new algorithm based on policy iterations that provide an
online solution procedure for the optimal control problem for continuous-time (CT),
linear, time-invariant systems having the state-space model _x(t) ¼ Ax(t) þ Bu(t). This
is an adaptive learning algorithm based on reinforcement learning (RL) that
converges to the optimal control solution to the linear quadratic regulator problem.
We term this an optimal adaptive controller. The algorithm is partially model-free in
the sense that it does not require full knowledge of the system dynamics. Specifi-
cally, the drift dynamics or system matrix A is not required, but the input-coupling
matrix B must be known. It is well known that solving the optimal control problem
for these systems is equivalent to finding the unique positive definite solution of the
underlying algebraic Riccati equation (ARE). The algorithm in this chapter provides
an online optimal adaptive learning algorithm that solves the ARE online in real time
without knowing the A matrix by measuring state and input data (x(t), u(t)) along the
system trajectories. The algorithm is based on policy iterations and as such has an
actor–critic structure consisting of two interacting adaptive learning structures.

Considerable effort has been devoted to solving ARE, including the following
approaches:

● Backward integration of the differential Riccati equation or Chandrasekhar
equations (Kailath, 1973),

● Eigenvector-based algorithms (MacFarlane, 1963; Potter, 1966) and the
numerically advantageous Schur vector-based modification (Laub, 1979),

● Matrix sign-based algorithms (Balzer, 1980; Byers, 1987; Hasan et al., 1999), and
● Newton’s method (Kleinman, 1968; Gajic and Li, 1988; Moris and Navasca,

2006; Banks and Ito, 1991).

All of these methods, and their more numerically efficient variants, are offline
procedures that have been proved to converge to the solution of the ARE. However,
all of these techniques require exact knowledge of the state-space description (A, B)
of the system to be controlled, since they either operate on the Hamiltonian matrix
associated with the ARE (eigenvector and matrix sign-based algorithms) or require
solving Lyapunov equations (Newton’s method). In either case a model of the
system is required. For unknown systems, this means that a preliminary system
identification procedure is necessary. Furthermore, even if a model is available, the
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state-feedback controller obtained based on it will only be optimal for the model
approximating the actual system dynamics.

Reinforcement learning for discrete-time systems. RL policy iteration and value
iteration methods have been used for many years to provide methods for solving the
optimal control problem for discrete-time (DT) systems. These methods are outlined
in Chapter 2. Methods were developed by Watkins for Q learning for finite-state,
discrete-time systems (Watkins and Dayan, 1992). Bertsekas and Tsitsiklis devel-
oped RL methods based on policy iteration and value iteration for infinite-state dis-
crete-time dynamical systems in Bertsekas and Tsitsiklis (1996). This approach,
known as neurodynamic programming, used value function approximation to
approximately solve the Bellman equation using iterative techniques. Offline solu-
tion methods were developed in (Bertsekas and Tsitsiklis (1996). Werbos (1989,
1991, 1992, 2009)) presented RL techniques based on value iteration for feedback
control of discrete-time dynamical systems using value function approximation.
These methods, known as approximate dynamic programming (ADP) or adaptive
dynamic programming, are suitable for online learning of optimal control techniques
for DT systems online in real time. As such, they are true adaptive learning techni-
ques that converge to optimal control solutions by observing data measured along
the system trajectories in real time. A family of four methods was presented under the
aegis of ADP, which allowed learning of the value function and its gradient (e.g. the
costate), and the Q function and its gradient. The ADP controllers are actor–critic
structures with one learning network for the control action and one learning network
for the critic. The ADP method for learning the value function is known as heuristic
dynamic programming (HDP). Werbos called his method of online learning of the
Q function for infinite-state DT dynamical systems ‘action-dependent HDP’.

Reinforcement learning for continuous-time systems. Applications of RL in
feedback control for continuous-time dynamical systems _x ¼ f (x) þ g(x)u have
lagged. This is due to the fact that the Bellman equation for DT systems
V (xk) ¼ r(xk ,uk) þ gV (xkþ1) does not depend on the system dynamics, whereas the
Bellman equation 0 ¼ r(x,u) þ (rV )T ( f (x) þ g(x)u) for CT systems does depend
on the system dynamics f (x), g(x). See the discussion in Section 2.6. In this chapter,
a new method known as integral reinforcement learning (IRL) presented in Vrabie
et al. (2008, 2009), Vrabie (2009), Vrabie and Lewis (2009) is used to circumvent
this problem and formulate meaningful policy iteration algorithms for CT systems.

The integral reinforcement learning policy iteration technique proposed in this
chapter solves the linear quadratic regulator problem for continuous-time systems
online in real time, using only partial knowledge about the system dynamics
(i.e. the drift dynamics A of the system need not be known), and without requiring
measurements of the state derivative. This is in effect a direct (i.e. no system
identification procedure is employed) adaptive control scheme for partially
unknown linear systems that converges to the optimal control solution. It will be
shown that the optimal adaptive control scheme based on IRL is a dynamic con-
troller with an actor–critic structure that has a memory whose state is given by the
cost or value function.
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The IRL method for continuous-time policy iteration for linear time-invariant
systems (Vrabie et al., 2008, 2009; Vrabie, 2009; Vrabie and Lewis, 2009) is given in
Section 3.1. Equivalence with iterations on underlying Lyapunov equations is proved.
It is shown that IRL policy iteration is actually a Newton method for solving the
Riccati equation, so that convergence to the optimal control is established. In Section
3.2, an online optimal adaptive control algorithm is developed that implements IRL in
real time, without knowing the plant matrix A, to find the optimal controller. Extensive
discussions are given about the dynamical nature and structure of the IRL optimal
adaptive control algorithm. To demonstrate the capabilities of the proposed IRL policy
iteration scheme, in Section 3.3 are presented simulation results of applying the algo-
rithm to find the optimal load-frequency controller for a power plant (Wang et al.,
1993). It is shown that IRL optimal adaptive control solves the algebraic Riccati
equation online in real time, without knowing the plant matrix A, by measuring data (x
(t), u(t)) along the system trajectories.

3.1 Continuous-time adaptive critic solution for the linear
quadratic regulator

This section develops the Integral Reinforcement Learning (IRL) approach to sol-
ving online the linear quadratic regulator (LQR) problem (Lewis et al., 2012)
without using knowledge of the system matrix A. IRL solves the algebraic Riccati
equation online in real time, without knowing the system A matrix, by measuring
data (x(t), u(t)) along the system trajectories.

Consider the linear time-invariant dynamical system described by

_xðtÞ ¼ AxðtÞ þ BuðtÞ ð3:1Þ

with state x(t) 2 R
n, control input u(t) 2 R

m and (A, B) stabilizable. To this system
associate the infinite-horizon quadratic cost function

V ðxðt0Þ; t0Þ ¼
ð1

t0

ðxTðtÞQxðtÞ þ uTðtÞRuðtÞÞ dt ð3:2Þ

with Q � 0, R > 0 such that (Q1=2, A) is detectable. The LQR optimal control
problem requires finding the control policy that minimizes the cost

u�ðtÞ ¼ arg min
uðtÞ

t0�t�1

Vðt0; xðt0Þ; uðtÞÞ ð3:3Þ

The solution of this optimal control problem, determined by Bellman’s
optimality principle, is given by the state feedback u(t) ¼ –Kx(t) given by

K ¼ R�1BT P ð3:4Þ
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where the matrix P is the unique positive definite solution of the algebraic Riccati
equation (ARE)

AT P þ PA � PBR�1BT P þ Q ¼ 0 ð3:5Þ

Under the detectability condition for (Q1=2, A ) the unique positive semidefinite
solution of the ARE determines a stabilizing closed-loop controller given by (3.4).

It is known that the solution of the infinite-horizon optimization problem can
be obtained using the dynamic programming method. This amounts to solving
backward in time a finite-horizon optimization problem while extending the hor-
izon to infinity. The following Riccati differential equation must be solved

� _P ¼ AT P þ PA � PBR�1BT P þ Q

Pðtf Þ ¼ Ptf

ð3:6Þ

Its solution will converge to the solution of the ARE as tf ! 1.
It is important to note that, in order to solve (3.5), complete knowledge of the

model of the system is needed, that is both the system matrix A and the control
input matrix B must be known. Thus, a system identification procedure is required
prior to solving the optimal control problem, a procedure that most often ends with
finding only an approximate model of the system. For this reason, developing
algorithms that converge to the solution of the optimization problem without per-
forming prior system identification or using explicit models of the system dynamics
is of particular interest from the control systems point of view.

3.1.1 Policy iteration algorithm using integral reinforcement
This section presents a new policy iteration algorithm that solves online for
the optimal control gain (3.4) without using knowledge of the system matrix A
(Vrabie et al., 2008, 2009; Vrabie, 2009; Vrabie and Lewis, 2009). The result is an
adaptive controller that converges to the state-feedback optimal controller. The
algorithm is based on an actor–critic structure and consists of a two-step iteration,
namely, the critic update and the actor update. The update of the critic structure
results in calculating the infinite-horizon cost associated with a given stabilizing
controller. The actor parameters (i.e. the controller feedback gain matrix K ) are
then updated in the sense of reducing the cost compared to the present control
policy. The derivation of the algorithm is given in Section 3.1.1. An analysis is
done and proof of convergence is provided in Section 3.1.2.

Let K be a stabilizing state-feedback gain for (3.1) such that _x ¼ (A � BK)x is
a stable closed-loop system. Then the corresponding infinite-horizon quadratic cost
or value is given by

V ðxðtÞÞ ¼
ð1

t
xTðtÞðQ þ KT RKÞxðtÞ dt ¼ xTðtÞPxðtÞ ð3:7Þ
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where P is the real symmetric positive definite solution of the Lyapunov matrix
equation

ðA � BKÞT P þ PðA � BKÞ ¼ �ðKT RK þ QÞ ð3:8Þ

Then, V(x(t)) serves as a Lyapunov function for (3.1) with controller gain K.
The value function (3.7) can be written in the following form.

3.1.1.1 Integral reinforcement form of value function:
IRL Bellman equation

V ðxðtÞÞ ¼
ðtþT

t
xT ðtÞðQ þ KT RKÞxðtÞ dtþ V ðxðt þ TÞÞ ð3:9Þ

This is a Bellman equation for the LQR problem of the same form as the DT Bell-
man equation in Section 2.5. Using the IRL Bellman equation, one can circumvent
the problems noted in Section 2.6 of applying RL to continuous-time systems.

Denote x(t) by xt and write the value function as V (xt) ¼ xT
t Pxt. Then, based on

the IRL Bellman equation (3.9) one can write the following RL algorithm.

Algorithm 3.1. Integral reinforcement learning policy iteration algorithm

xT
t Pixt ¼

ðtþT

t
xT

t ðQ þ KT
i RKiÞxt dtþ xT

tþT PixtþT ð3:10Þ

Kiþ1 ¼ R�1BT Pi ð3:11Þ

Equations (3.10) and (3.11) formulate a new policy iteration algorithm for con-
tinuous-time systems. An initial stabilizing control gain K1 is required. Note that
implementing this algorithm does not involve the plant matrix A.

Writing the cost function as in (3.9) is the key to the optimal adaptive control
method developed in this chapter. This equation has the same form as the Bellman
equation for discrete-time systems discussed in Section 2.5. In fact, it is a Bellman
equation for CT systems that can be used instead of the Bellman equation given in
Section 2.6 in terms of the Hamiltonian function. We call

rðxðtÞ; t;TÞ �
ðtþT

t
xT ðtÞðQ þ KT RKÞxðtÞdt ð3:12Þ

the integral reinforcement, and (3.9) the integral reinforcement form of the
value function. Then, (3.10), (3.11) is the IRL form of policy iterations for CT
systems. &

3.1.2 Proof of convergence
The next results establish the convergence of the IRL algorithm (3,10), (3.11).
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Lemma 3.1. Assuming that the system x ¼ Aix, with Ai ¼ A – BKi, is stable, solving
for Pi in (3.10) is equivalent to finding the solution of the underlying Lyapunov
equation

AT
i Pi þ PiAi ¼ �ðKT

i Rki þ QÞ ð3:13Þ

Proof: Since Ai is a stable matrix and KT
i RKi þ Q > 0 then there exists a unique

solution of the Lyapunov equation (3.13), Pi> 0. Also, since Vi(xt) ¼ xT
t Pixt,8xt is

a Lyapunov function for the system x ¼ Aix and

dðxT
t PixtÞ
dt

¼ xT
t ðAT

i Pi þ PiAiÞxt ¼ xT
t ðKT

t RKi þ QÞxt ð3:14Þ

then, 8T > 0 the unique solution of the Lyapunov equation satisfies

ðtþT

t
xT
t ðQ þ KT

i RKiÞxtdt ¼ �
ðtþT

t

dðxT
t PixtÞ
dt

dt ¼ xT
t Pixi � xT

tþT Pixt þ T

that is (3.10). That is, provided that the system _x ¼ Aix is asymptotically stable, the
solution of (3.10) is the unique solution of (3.13). &

Remark 3.1. Although the same solution is obtained whether solving (3.13)
or (3.10), (3.10) can be solved without using any knowledge of the system
matrix A.

From Lemma 3.1 it follows that the iterative algorithm on (3.10), (3.11) is
equivalent to iterating between (3.13), (3.11), without using knowledge of the
system drift dynamics, if _x ¼ Aix is stable at each iteration. The algorithm (3.13),
(3.11) is the same as Kleinman’s algorithm, whose convergence was proven in
Kleinman (1968). &

Lemma 3.2. Assume that the control policy Ki is stabilizing at iteration i with
Vi(xt) = xt

TPixt the associated value. Then, if (3.11) is used to update the control
policy, the new control policy Kiþ1 is stabilizing.

Proof: Take the positive definite cost function Vi(xt) as a Lyapunov function can-
didate for the state trajectories generated while using the controller Kiþ1. Taking
the derivative of Vi(xt) along the trajectories generated by Kiþ1 one obtains

ViðxtÞ ¼ xT
t ½PiðA � BKiþ1Þ þ ðA � BKiþ1ÞT Pi�xt

¼ xT
t ½PiðA � BKiÞ þ ðA � BKiÞT Pi�xt

þ xT
t ½PiBðKi � kiþ1Þ þ ðKi � kiþ1ÞT BT Pi�xt ð3:15Þ
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The second term, using the update given by (3.11) and completing the squares, can
be written as

xT
t Kiþ1

T R ki � Kiþ1ð Þ þ Ki � Kiþ1ð ÞT RKiþ1

h i
xt ¼

xT
t � Ki � Kiþ1ð ÞT R Ki � Kiþ1ð Þ � Kiþ1

T RKiþ1 þ KT
t RKi

h i
xt

Using (3.13) the first term in (3.15) can be written as �xT
t ½KT

i RKi þ Q�xt and
summing up the two terms one obtains

_V iðxtÞ ¼ �xT
t ½ðKi �Kiþ1ÞT RðKi �Kiþ1Þ�xt� xT

t ½QþKT
iþ1RKiþ1�xt ð3:16Þ

Thus, under the initial assumptions from the problem setup Q � 0, R > 0, Vi(xt) is a
Lyapunov function proving that the updated control policy u ¼ –Kiþ1x, with Kiþ1

given by (3.11), is stabilizing. &

Remark 3.2. Based on Lemma 3.2, one can conclude that if the initial control
policy given by K1 is stabilizing, then all policies obtained using the iteration
(3.10)–(3.11) are stabilizing for each iteration i.

Denote by Ric(Pi) the matrix-valued function defined as

RicðPiÞ ¼ AT Pi þ PiA þ Q � PiBR�1BT Pi ð3:17Þ

and let Ric0Pi
denote the Fréchet derivative of Ric(Pi) taken with respect to Pi. The

matrix function Ric0Pi
evaluated at a given matrix M is given by

Ric0pi
ðMÞ ¼ ðA � BR�1BT PiÞT M þ MðA � BR�1BT PiÞ &

Lemma 3.3. The iteration (3.10), (3.11) is equivalent to the Newton’s method

Pi ¼ Pi�1 � ðRic0Pi�1
Þ�1RicðPi�1Þ ð3:18Þ

Proof: Equations (3.13) and (3.11) can be compactly written as

AT
i Pi þ PiAi ¼ �ðPi�1BR�1BT Pi�1 þ QÞ ð3:19Þ

Subtracting AT
t Pi�1 þ Pi�1Ai on both sides gives

AT ðPi � Pi�1Þ þ ðPi � Pi�1ÞAi ¼� ðPi�1A þ AT Pi�1

� Pi�1BR�1BT Pi�1 þ QÞ
ð3:20Þ
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which, making use of the introduced notations Ric(Pi) and Ric0Pi
, is the Newton

method formulation (3.18). &

Theorem 3.1. (Convergence) Assume stabilizability of (A, B) and detectability of
(Q1/2, A). Let the initial controller K1 be stabilizing. Then the policy iteration
(3.10), (3.11) converges to the optimal control solution given by (3.4) where the
matrix P satisfies the ARE (3.5).

Proof: In Kleinman (1968) it has been shown that Newton’s method, that is the
iteration (3.13) and (3.11), conditioned by an initial stabilizing policy will con-
verge to the solution of the ARE. Also, if the initial policy is stabilizing, all the
subsequent control policies will be stabilizing (as by Lemma 3.2). Based on the
proven equivalence between (3.13) and (3.11), and (3.10) and (3.11), we can
conclude that the proposed new online policy iteration algorithm will converge to
the solution of the optimal control problem (3.2) with the infinite-horizon quad-
ratic cost (3.3) – without using knowledge of the drift dynamics of the controlled
system (3.1). &

Note that the only requirement for convergence of IRL (3.10), (3.11) to the
optimal controller is that the initial policy be stabilizing. This guarantees a finite
value for the cost V1(xt) ¼ xT

t P1xt. Under the assumption that the system is stabi-
lizable, it is reasonable to assume that a stabilizing (though not optimal) state-
feedback controller is available to begin the IRL iteration (Kleinman, 1968; Moris
and Navasca, 2006). In fact in many cases the system to be controlled is itself
stable; then, the initial control gain can be chosen as zero.

3.2 Online implementation of IRL adaptive optimal control

In this section we present an online adaptive learning algorithm to implement the
IRL policy iteration scheme (3.10), (3.11) in real time. This algorithm performs the
IRL iterations in real time by measuring at times t the state x(t) and the next state
x(tþT ), and measuring or computing the control u(t). For this procedure, one only
requires knowledge of the B matrix because it explicitly appears in the policy
update (3.11). The system A matrix does not appear in IRL and so need not be
known. This is because information regarding the system A matrix is embedded in
the measured states x(t) and x(tþT), which are observed online.

3.2.1 Adaptive online implementation of IRL algorithm
The parameters of the value function Vi(x(t)) ¼ xT(t)Pix(t) at iteration i of IRL are
the elements of the symmetric kernel matrix Pi. These must be found at each
iteration i by measuring the data (x(t), x(tþT ), u(t)) at times t along the system
trajectories. To compute these parameters, the term xT(t)Pix(t) is written as

xTðtÞPixðtÞ ¼ pT xðtÞ ð3:21Þ
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where x(t) denotes the Kronecker product quadratic polynomial basis vector having
elements {xi (t)xj (t)}i=1,n;j=i,n. The parameter vector pi contains the elements of the
matrix Pi ordered by columns and with the redundant elements removed. Removing
the elements of Pi below the diagonal, for instance, pi is obtained by stacking the
elements of the diagonal and upper triangular part of the symmetric matrix Pi into a
vector where the off-diagonal elements are taken as 2Pij (see Brewer, 1978). Using
(3.21), (3.10) is rewritten as

pT
i ðxðtÞ � xðt þ TÞÞ ¼

ðtþT

t
xT ðtÞðQ þ KT

i RKiÞxðtÞ dt ð3:22Þ

Here pi is the vector of unknown parameters and x(t) � x(t þ T ) acts as a regres-
sion vector. The right-hand side

dðxðtÞ;KiÞ ¼
ðtþT

t
xT ðtÞðQ þ Ki

T RKiÞxðtÞ dt

is a desired value or target function to which pi
T (x(t) � x(t þ T )) is equal when the

parameter vector pi contains the correct parameters.
Note that d(x(t),Ki) is the integral reinforcement (3.12) on the time interval

[t, tþ T ]. To compute it efficiently, define a controller state V(t) and add the state
equation

_V ðtÞ ¼ xTðtÞQxðtÞ þ uTðtÞRuðtÞ ð3:23Þ

to the controller dynamics. By measuring V(t) along the system trajectory, the value
of d(x(t),Ki) can be computed by using d(x(t),Ki) ¼ V (t þ T) � V (t). This new
state signal V(t) is simply the output of an analog integration block having as input
the quadratic terms xT(t)Qx(t) and uT(t)Ru(t) that can also be obtained using an
analog processing unit.

Equation (3.22) is a scalar equation involving an unknown parameter vector.
As such, it is a standard form encountered in adaptive control and can be solved
using methods such a recursive least-squares (RLS) or gradient descent. Then, a
persistence of excitation condition is required.

A batch solution method for (3.22) can also be used. At each iteration step i,
after a sufficient number of state-trajectory points are collected using the same
control policy Ki, a least squares method can be employed to solve for the para-
meters pi of the function Vt(xt) (i.e. the critic), which are the elements of matrix Pi.
The parameter vector pi is found by minimizing, in the least-squares sense, the
error between the target function, d(x(t),Ki), and the parameterized left-hand side
of (3.22). Matrix Pi has n(nþ 1)/2 independent elements.

Therefore, the right-hand side of (3.22) must be computed at N � n(n þ 1)=2
points xi in the state space, over time intervals T. Then, the batch least-squares
solution is obtained as

pi ¼ ðXX TÞ�1XY ð3:24Þ
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where
X ¼ ½ x1

D x2
D . . . xN

D �
xi
D ¼ xiðtÞ � xiðt þ TÞ

Y ¼ ½ dðxi;KiÞ dðx2;KiÞ . . . dðxN;KiÞ �T

The least-squares problem can also be solved in real time after a sufficient
number of data points are collected along a single state trajectory, under the pre-
sence of an excitation requirement.

A flowchart of this online adaptive IRL algorithm is presented in Figure 3.1.

Implementation issues. Concerning the convergence speed of this algorithm, it has
been proven in Kleinman (1968) that Newton’s method has quadratic convergence.
According to the equivalence proven in Theorem 3.1, the online adaptive IRL
algorithm converges quadratically in the iteration step i. To capitalize on this, the
value function (3.10) associated with the current control policy should be computed
using a method such as the batch least squares described by (3.24). For the case in
which the solution of (3.10) is obtained iteratively online using a method such as
RLS or gradient descent, the convergence speed of the online algorithm proposed in
this chapter will decrease. Such algorithms generally have exponential convergence.
From this perspective one can resolve that the convergence speed of the online
algorithm will depend on the technique selected for solving (3.10). Analyses along
these lines are presented in detail in the adaptive control literature (see, e.g. Ioannou
and Fidan, 2006).

Start

Stop

pi pi�1� < e
i←i�1

Yes

No

Initialisation
P0 � 0; i � 1; K1, s (A�BK1) < 0

Solving for the cost using least squares

Policy update
Ki � R�1 BT Pi�1

X � [x1
Δ Δ

Y � [d(x1, Ki) d(x2, Ki) ... d(xN, Ki)]T

(XX T)�1 XY�pi

x2 ... ΔxN]�

� �

��

Figure 3.1 Flowchart for online IRL policy iteration algorithm for continuous-
time linear systems
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In relation with the choice of the value of the sample time T used for acquiring
the data necessary in the iterations, it must be specified that this parameter does not
affect in any way the convergence property of the online algorithm. It is, however,
related to the excitation condition (see Section 3.2.2) necessary in the setup of a
numerically well-posed least-squares problem to obtain the batch least-squares
solution (3.24).

The RL integration period T is not a sample period in the normal sense used in
sampled data systems. In fact, T can change at each measurement time. The data
acquired to set up the batch least squares could be obtained by using different
values of the sample time T for each element in the vectors X and Y, as long as the
information relating the target elements in the Y vector is consistent with the state
samples used for obtaining the corresponding elements in the X vector.

The adaptive IRL policy iteration procedure requires only data measurements
(x(t), x(tþT )) of the states at discrete moments in time, t and tþ T, as well as
knowledge of the observed value over the time interval [t, tþ T ], which is
d(x(t), Ki) and can be computed using the added controller state equation (3.23).
Therefore, no knowledge about the system A matrix is needed in this algorithm.
However, the B matrix is required for the update of the control policy using (3.11),
and this makes the tuning algorithm partially model free.

3.2.2 Structure of the adaptive IRL algorithm
The structure of the IRL adaptive controller is presented in Figure 3.2. It is
an actor–critic structure with the critic implemented by solving the IRL
Bellman equation (3.10) and the actor implemented using the policy update (3.11)
(see Vrabie et al., 2008, 2009; Vrabie, 2009; Vrabie and Lewis, 2009). It is
important to note that the system is augmented by an extra state V(t), namely, the
value defined as _V ¼ xT Qx þ uT Ru, in order to extract the information regarding
the cost associated with the given policy. This newly introduced value state is part
of the IRL controller, thus the control scheme is actually a dynamic controller with
the state given by the cost function V. One can observe that the IRL adaptive optimal
controller has a hybrid structure with a continuous-time internal state V(t) followed
by a sampler and discrete-time control policy update rule. The RL integration period

xu

V

ZOH T

System
x � Ax �Bu; x0

V � xT Qx � uT Ru

Critic

Actor
�K

T T

Figure 3.2 Hybrid actor–critic structure of the IRL optimal adaptive controller
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T is not a sample period in the normal sense used in sampled data systems. In fact, T
can change at each measurement time.

The IRL controller only requires data measurements (x(t), x(tþT )) and
information about the value V(t) at discrete-time values. That is, the algorithm uses
only the data samples x(t), x(tþT ) and V(tþT ) – V(t) over several time samples.
Nevertheless, the critic is able to evaluate the performance of the system associated
with the given control policy. The control policy is improved after the solution
given by (3.24) is obtained. In this way, by using state measurements over a single
state trajectory the algorithm converges to the optimal control policy.

It is observed that the updates of both the actor and the critic are performed at
discrete moments in time. However, the control action is a full-fledged continuous-
time control, only that its constant gain is updated at certain points in time.
Moreover, the critic update is based on the observations of the continuous-time cost
over a finite sample interval. As a result, the algorithm converges to the solution of
the continuous-time optimal control problem, as proven in Section 3.1.

The hybrid nature of the IRL optimal adaptive controller is illustrated in
Figure 3.3. It is shown there that the feedback gain or policy is updated at discrete-
times using (3.11) after the solution to (3.10) has been determined. On the other
hand, the control input is a continuous-time signal depending on the state x(t) at
each time t.

Persistence of excitation. It is necessary that sufficient excitation exists to guar-
antee that the matrix XXT in (3.24) is non-singular. Specifically, the difference
signal f(t) ¼ x(t) � x(t þ T ) in (3.22) must be persistently exciting (PE). Then the
matrix XXT in (3.24) is invertible. The PE condition is that there exist constants
b1,b2 > 0 such that

b1I �
ðtþT

t
fðtÞfT ðtÞdt � b2I

Control gain update (policy)

Ki

0 1

1

2

Control input
u2 (t) � �Ki x(t)

3 4
Policy iteration steps

5 t

t

Figure 3.3 Hybrid nature of control signal. The control gains are updated at
discrete times, but the control signal is piecewise continuous

62 Optimal adaptive control and differential games by RL principles

CH003 13 September 2012; 17:11:28



This condition depends on the selection of the period of integration T. Generally,
for larger T the constant b1 can be selected larger.

This persistence of excitation condition is typical of adaptive controllers that
require system identification procedures (Ioannou and Fidan, 2006). The algorithm
iterates only on stabilizing policies, so that the state goes exponentially to zero. In
the case that excitation is lost prior to obtaining the convergence of the algorithm, a
new experiment needs to be conducted with a new non-zero initial state x(0). The
policy for this new run can be selected as the last policy from the previous experiment.

In contrast to indirect adaptive control methods that require identification of
the full system dynamics (3.1), the adaptive IRL algorithm identifies the value
function (3.2). As such, the PE condition on f(t) ¼ x(t) � x(t þ T ) is milder than
the PE condition required for system identification.

Adaptive IRL for time-varying systems. The A matrix is not needed to implement
the IRL algorithm. In fact, the algorithm works for time-varying systems. If the A
matrix changes suddenly, as long as the current controller is stabilizing for the new A
matrix, the algorithm will converge to the solution to the corresponding new ARE.

Online operation of the adaptive IRL algorithm. The next two figures provide a
visual overview of the IRL online policy iteration algorithm. Figure 3.4 shows that
over the time intervals ½Ti,Tiþ1� the system is controlled using a state-feedback
control policy that has a constant gain Ki. During this time interval a reinforcement
learning procedure, which uses data measured from the system, is employed to
determine the value associated with this controller. The value is described by the
parametric structure Pi. Once the learning procedure results in convergence to the
value Pi, this result is used for calculating a new gain for the state-feedback con-
troller, namely, Kt. The length of the interval [Ti, Tiþ1] is given by the end of the
learning procedure, in the sense that Tiþ1 is the time moment when convergence of
the learning procedure has been obtained and the value Pi has been determined. In
view of this fact, we must emphasize that the time intervals ½Ti,Tiþ1� need not be
equal with each other and their length is not a design parameter.

At every step in the iterative procedure it is guaranteed that the new controller
Kiþ1 will result in a better performance, that is smaller associated cost, than the
previous controller. This will result in a monotonically decreasing sequence of cost
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Figure 3.4 Representation of the IRL online policy iteration algorithm
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functions, {Pi}, that converges to the smaller possible value, that is optimal cost P*,
associated with the optimal control policy K*.

Figure 3.5 presents sets of data (x(t), x(tþT )) that are required for online
learning of the value described by Pi. We denoted by T the smallest sampling time
that can be used to make measurements of the state of the system. A data point that
will be used for the online learning procedure is given, in a general notation, by the
quadruple (xk ,xkþj,Vk ,Vkþj). Denoting with d(xk ,xkþj,Ki) ¼ Vkþj � Vk the reinfor-
cement over the time interval, where J 2 N�, then (xk ,xkþj,d(xk ,xkþj,Ki)) is a data
point of the sort required for setting up the solution given by (3.24). It is empha-
sized that the data that will be used by the learning procedure need not be collected
at fixed sample time intervals.

3.3 Online IRL load-frequency controller design
for a power system

In this section are presented the results that were obtained in simulation while
finding the optimal controller for a power system. The plant is the linearized model
of the power system presented in Wang et al. (1993).

Even though power systems are characterized by non-linearities, linear state-
feedback control is regularly employed for load-frequency control at certain nom-
inal operating points that are characterized by small variations of the system load
around a constant value. Although this assumption seems to have simplified the
design problem of a load-frequency controller, a new problem appears from the fact
that the parameters of the actual plant are not precisely known and only the range of
these parameters can be determined. For this reason it is particularly advantageous
to apply model-free methods to obtain the optimal LQR controller for a given
operating point of the power system.

The state vector of the system is

x ¼ Df DPg DXg DE½ �T

where the state components are the incremental frequency deviation Df (Hz),
incremental change in generator output DPg (p.u. MW), incremental change in

Vk Vk�1

xk xk�1

Vkj
Vkj � j

xkj
xkj � j

Sets of data used for one step in the online learning procedure

j samples

Ti
Ti � kT Ti � kjT Ti � (kj � j)T

Ti�1

Ti � (k � 1)T
T � sample time

Figure 3.5 Data measurements used for learning the value described by Pi over
the time interval [Ti, Ti+1], while the state-feedback gain is Ki
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governor value position DXg (p.u. MW) and the incremental change in integral
control DE. The matrices of the linearized nominal model of the plant, used in
Wang et al. (1993), are

Anom ¼
�0:0665 8 0 0

0 �3:663 3:663 0
�6:86 0 �13:736 �13:736

0:6 0 0 0

2
664

3
775

B ¼ ½ 0 0 13:736 0 �T
ð3:25Þ

Having the model of the system matrices one can easily calculate the LQR con-
troller that is

K ¼ 0:8267 1:7003 0:7049 0:4142 �½ ð3:26Þ

The iterative algorithm can be started while using this controller, which was
calculated for the nominal model of the plant. The parameters of the controller will
then be adapted in an online procedure, using reinforcement learning, to converge
to the parameters of the optimal controller for the real plant.

For this simulation it was considered that the linear drift dynamics of the real
plant is given by

A ¼
�0:0665 11:5 0 0

0 �2:5 2:5 0
�9:5 0 �13:736 13:736
0:6 0 0 0

2
664

3
775 ð3:27Þ

Notice that the drift dynamics of the real plant, given by (3.27), differ from the
nominal model used for calculation of the initial stabilizing controller, given in
(3.25). In fact it is the purpose of the reinforcement learning adaptation scheme to
find the optimal control policy for the real plant while starting from the ‘optimal’
controller corresponding to the nominal model of the plant.

The simulation was conducted using data obtained from the system at every
0.05 s. For the purpose of demonstrating the algorithm the closed-loop system was
excited with an initial condition of 0.1 MW incremental change in generator output,
the initial state of the system being X0 ¼ 0 0:1 0 0 �½ . The cost function
parameters, namely, the Q and R matrices, were chosen to be identity matrices of
appropriate dimensions.

To solve online for the values of the P matrix that parameterizes the cost
function, before each iteration step a least-squares problem of the sort described
in Section 3.2.1, with the solution given by (3.24), was setup. Since there are
10 independent elements in the symmetric matrix P the setup of the least-squares
problem requires at least 10 measurements of the cost function associated with the
given control policy and measurements of the system’s states at the beginning and
the end of each time interval, provided that there is enough excitation in the system.
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In this case, since the system states are not continuously excited and because
resetting the state at each step is not an acceptable solution for online imple-
mentation, in order to have consistent data necessary to obtain the solution given by
(3.24) one has to continue reading information from the system until the solution
of the least-squares problem is feasible. A least-squares problem was solved after
20 sample data were acquired and thus the controller was updated every 1 s. The
trajectory of the state of the system for the duration of the online experiment is
presented in Figure 3.6.

The critic parameters (i.e. the elements of the value kernel matrix P) obtained
from the IRL algorithm are presented in Figure 3.7. It is clear that the cost function
(i.e. critic) parameters converged to the optimal ones – indicated in the figure with
star-shaped points, which were placed for ease of comparison at t ¼ 5 s. The values
of the P matrix parameters at t ¼ 0 s correspond to the solution of the Riccati
equation that was solved, considering the approximate model of the system, to find
the initial controller (3.26).

The P matrix obtained online using the adaptive critic algorithm, without
knowing the plant internal dynamics, is

P ¼
0:4599 0:6910 0:0518 0:4641
0:6910 1:8665 0:2000 0:5798
0:0518 0:2000 0:0532 0:0300
0:4641 0:5798 0:0300 2:2105

2
664

3
775 ð3:28Þ
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Figure 3.6 State trajectories of the linear closed-loop power system over the
duration of the experiment
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The solution that was obtained by directly solving the algebraic Riccati
equation considering the real plant internal dynamics (3.27) is

P ¼
0:4600 0:6911 0:0519 0:4642
0:6911 1:8668 0:2002 0:5800
0:0519 0:2002 0:0533 0:0302
0:4642 0:5800 0:0302 2:2106

2
664

3
775 ð3:29Þ

One can see that the error difference between the parameters of the two matrices is
in the range of 10–4.

In practice, the convergence of the algorithm is considered to be achieved
when the difference between the measured cost and the expected cost crosses below
a designer-specified threshold value. It is important to note that after the con-
vergence to the optimal controller was attained, the algorithm need not continue to
be run and subsequent updates of the controller need not be performed.

Figure 3.8 presents a detail of the system state trajectories for the first two
seconds of the simulation. The state values that were actually measured and sub-
sequently used for the critic update computation are represented by the points on
the state trajectories. Note that the control policy was updated at time t ¼ 1 s.

Although in this case a nominal model of the system was available, and this
allowed us to calculate a stabilizing controller to initialize the adaptive algorithm, it
is important to point out that in the case when the system is itself stable this allows
starting the iteration while using no controller (i.e. the initial controller is zero and
no identification procedure needs to be performed).

0 1 2 3 4 5
0

0.5

1

1.5

2

2.5 P matrix parameters

Time (s)

P(1,1)
P(2,3)
P(2,4)
P(4,4)
P(1,1)-optimal
P(2,3)-optimal
P(2,4)-optimal
P(4,4)-optimal

Figure 3.7 Evolution of the parameters of the P matrix for the duration of the
experiment
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Figure 3.9 presents the parameter convergence result for the case the adaptive
optimal control algorithm was initialized with no controller. The critic parameters
converged to the optimal ones at time t ¼ 7 s after seven updates of the controller
parameters. The P matrix calculated with the adaptive algorithm is

0 0.5 1 1.5 2
�0.15

�0.1

�0.05

0

0.05

0.1

Time (s)

System states

x(1)
x(2)
x(3)
x(4)

Figure 3.8 System state trajectories (lines), and state information that was
actually used for the critic update (dots on the state trajectories)
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P(1,1)-optimal
P(2,3)-optimal
P(2,4)-optimal
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Figure 3.9 Evolution of the parameters of the P matrix for the duration of the
experiment when the adaptive algorithm was started without
controller for the power system
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P ¼
0.4601 0.6912 0.0519 0.4643
0.6912 1.8672 0.2003 0.5800
0.0519 0.2003 0.0533 0.0302
0.4643 0.5800 0.0302 2.2107

2
664

3
775 ð3:30Þ

The error difference between the parameters of the solution (3.30) obtained itera-
tively and the optimal solution (3.29) is in the range of 10�4.

3.4 Conclusion

This chapter presented a new policy iteration technique that solves the continuous-
time LQR problem online without using knowledge about the system’s internal
dynamics (system matrix A). The algorithm was derived by writing the value
function in integral reinforcement form to yield a new form of Bellman equation
for CT systems. This allows the derivation of an integral reinforcement learning
(IRL) algorithm, which is an adaptive controller that converges online to the
solution of the optimal LQR controller. IRL is based on an adaptive critic scheme
in which the actor performs continuous-time control while the critic incrementally
corrects the actor’s behavior at discrete moments in time until best performance is
obtained. The critic evaluates the actor performance over a period of time and
formulates it in a parameterized form. Based on the critic’s evaluation the actor
behavior policy is updated for improved control performance.

The result can be summarized as an algorithm that solves online in real time
the algebraic Riccati equation associated with the optimal control problem without
using knowledge of the system matrix A. Convergence to the solution of the opti-
mal control problem, under the condition of initial stabilizing controller, was
established by proving equivalence with the algorithm presented by Kleinman in
Kleinman (1968). A simulation for load-frequency optimal control of a power
system generator shows that the IRL algorithm learns the solution to the optimal
control problem online in real time by measuring data along the system trajectories.
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Chapter 4

Integral reinforcement learning (IRL) for
non-linear continuous-time systems

This chapter presents an adaptive method based on actor–critic reinforcement
learning (RL) for solving online the optimal control problem for non-linear con-
tinuous-time systems in the state space form _xðtÞ ¼ f ðxÞ þ gðxÞuðtÞ. The algorithm,
first presented in Vrabie et al. (2008, 2009), Vrabie (2009), Vrabie and Lewis
(2009), solves the optimal control problem without requiring knowledge of the drift
dynamics f (x). The method is based on policy iteration (PI), a RL algorithm that
iterates between the steps of policy evaluation and policy improvement. The PI
method starts by evaluating the cost of a given admissible initial policy and then
uses this information to obtain a new control policy, which is improved in the sense
of having a smaller associated cost compared with the previous policy. These two
steps are repeated until the policy improvement step no longer changes the present
policy, indicating that the optimal control behavior has been obtained.

Section 2.6 discusses the difficulties of implementing RL methods for con-
tinuous-time systems. These difficulties stem from the fact that the continuous-time
Bellman equation 0 ¼ rðx; uðxÞÞ þ ðrVxÞT ðf ðxÞ þ gðxÞuðxÞÞ, with rVx the gra-
dient and r(x, u(x)) the cost function integrand, contains the full system dynamics,
unlike the discrete-time Bellman equation in Section 2.5. This chapter uses a new
method known as integral reinforcement learning (IRL) to write an alternative form
of the Bellman equation that has the same form as the discrete-time (DT) Bellman
equation. The IRL form of the Bellman equation does not contain the system
dynamics.

A PI algorithm was first developed for non-linear continuous-time systems by
Leake and Liu (1967), but at that time the mathematical techniques required for real-
time implementation had not been developed. Three decades later continuous-time
PI was revisited and presented in Beard et al. (1997) as a feasible adaptive solution
to the continuous-time (CT) optimal control problem. The main contribution of
Beard et al. (1997) resides in the fact that the CT Bellman equation was solved using
successive Galerkin approximation algorithms. A neural-network–based approach
was developed for the cases of H2 and H-infinity control in Abu-Khalaf and Lewis
(2005). Neural-network-based actor–critic structures with neural-network update
laws are given in Hanselmann et al. (2007). All of these methods are offline solution
methods. They require complete knowledge of the system dynamics since they are
based on the CT Bellman equation 0 ¼ rðx; uðxÞÞ þ ðrVxÞTðf ðxÞ þ gðxÞuðxÞÞ.
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This chapter gives a formulation of the PI algorithm for continuous-time non-linear
systems, known as IRL, that does not depend on the system drift dynamics f (x). The
algorithm was first presented in Vrabie et al. (2008, 2009), Vrabie (2009), Vrabie and
Lewis (2009). The structure of the IRL algorithm allows development of an online
adaptive IRL algorithm that converges to the solution of the optimal control problem in
real time by measuring data along the system trajectories. Knowledge of the system drift
dynamics f (x) is not required. We call this an optimal adaptive control algorithm, since
it is an adaptive controller that converges to the optimal control solution. This adaptive
IRL controller has an actor–critic structure and is a hybrid combination between a
continuous-time controller and a learning structure that operates based on discrete
sampled data from the system. The continuous-time controller is dynamic, and has a
memory whose state is the value or cost. This hybrid continuous/sampled date structure
is unlike any of the standard forms of controllers appearing in the literature.

Section 4.1 gives an overview of the optimal control problem for non-linear
continuous-time systems. The Bellman equation and the Hamilton–Jacobi–Bellman
(HJB) equation are derived. Section 4.2 presents an IRL policy iteration algorithm
that solves the HJB equation without requiring knowledge of the drift dynamics f (x).
It is based on an alternative IRL form of the Bellman equation that does not contain
the system dynamics. Convergence of the IRL algorithm is proved by showing
equivalence with the general PI algorithm for non-linear systems. Section 4.3 pre-
sents a practical method to implement IRL policy iterations based on approximating
the value function. Convergence of this approximate IRL PI algorithm, considering
the error between the cost function and its approximation, is then proven. Section 4.4
discusses the online implementation on an actor–critic structure, while commenting
also on the relations between the proposed online algorithm and certain learning
mechanisms in the mammal brain. Section 4.5 presents simulation results considering
two non-linear systems with quadratic and quartic cost functions.

4.1 Non-linear continuous-time optimal control

This section presents the formulation of the non-linear optimal control problem for
continuous-time systems. Consider the time-invariant affine-in-the-input dynami-
cal system given by

_xðtÞ ¼ f ðxðtÞÞ þ gðxðtÞÞuðxðtÞÞ; xð0Þ ¼ x0 ð4:1Þ

with state xðtÞ 2 R
n, f ðxðtÞÞ 2 R

n, gðxðtÞÞ 2 R
n�m and control input uðtÞ 2 U � R

m.
It is assumed that f (0) ¼ 0, that f (x)þ g(x)u is Lipschitz continuous on a set
W 
 R

n that contains the origin, and that the dynamical system is stabilizable on W,
that is there exists a continuous control function uðtÞ 2 U such that the closed-loop
system is asymptotically stable on W.

We note here that although global asymptotic stability is guaranteed in a linear
system case, it is generally difficult to guarantee in a general continuous-time
non-linear system problem setting. This is due to the possible non-smooth nature of
the non-linear system dynamics. At points where there exist discontinuities in _x,
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there will also exist discontinuities of the gradient of the cost function. For this
reason, the discussion here is restricted to the case in which asymptotic stability
is sought only in a region W 
 R

n in which the cost function is continuously
differentiable.

Define an infinite-horizon integral cost associated with the control input
fuðtÞ; t � tg. as

V ðxðtÞÞ ¼
ð1

t
rðxðtÞ; uðtÞÞ dt ¼

ð1
t
ðQðxÞ þ uT RuÞ dt ð4:2Þ

where xðtÞ denotes the solution of (4.1) for initial condition xðtÞ 2 W and input
fuðtÞ; t � tg. The cost integrand is taken as rðx; uÞ ¼ QðxÞ þ uT Ru with Q(x)
positive definite (i.e. 8x 6¼ 0;QðxÞ > 0 and x ¼ 0 ) QðxÞ ¼ 0) and R 2 R

m�m a
symmetric positive definite matrix.

Definition 4.1. Beard et al. (1997) (Admissible (stabilizing) policy) A control
policy u(t) ¼ m(x) is defined as admissible with respect to (4.2) on W, denoted by
m 2 YðWÞ, if mðxÞ is continuous on W, mð0Þ ¼ 0; mðxÞ stabilizes (4.1) on W and
V(x0) is finite 8x0 2 W.

The cost function or value associated with any admissible control policy
mðtÞ ¼ mðxðtÞÞ 2 YðWÞ is

V mðxðtÞÞ ¼
ð1

t
rðxðtÞ; mðxðtÞÞÞ dt ð4:3Þ

where V mðxÞ is C1. Using Leibniz’s formula, the infinitesimal version of (4.3) is
found to be the following.

CT Bellman equation

0 ¼ rðx; mðxÞÞ þ ðrVxmÞT ðf ðxÞ þ gðxÞmðxÞÞ; V mð0Þ ¼ 0 ð4:4Þ

Here, rV m
x (a column vector) denotes the gradient of the cost function V m with

respect to x. That is rV m
x ¼ @V m=@x. Equation (4.4) is a Bellman equation for non-

linear continuous-time (CT) systems, which, given the control policy mðxÞ 2 YðWÞ,
can be solved for the value V mðxÞ associated with it. Given that mðxÞ is an admissible
control policy, if V mðxÞ satisfies (4.4), with rðx; mðxÞÞ � 0, then it can be shown that
V mðxÞ is a Lyapunov function for the system (4.1) with control policy mðxÞ.

The optimal control problem can now be formulated: given the continuous-
time system (4.1), the set u 2 YðWÞ of admissible control policies, and the infinite-
horizon cost functional (4.2), find an admissible control policy such that the value
(4.3) is minimized.

Defining the Hamiltonian

Hðx; u;VxÞ ¼ rðxðtÞ; uðtÞÞ þ ðrVxÞT ð f ðxðtÞÞ þ gðxðtÞÞuðtÞÞ ð4:5Þ
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the optimal cost function V �ðxÞ satisfies the Hamilton–Jacobi–Bellman (HJB)
equation

0¼ min
u2YðWÞ

½Hðx; u;rV �
x Þ�

Assuming that the minimum on the right-hand side of this equation exists and
is unique, then the optimal control function is

u�ðxÞ ¼ � 1
2

R�1gT ðxÞ rV �
x ð4:6Þ

Inserting this optimal control policy in the Hamiltonian we obtain the formulation
of the HJB equation

0 ¼ QðxÞ þ ðrV �
x ÞT f ðxÞ � 1

4
ðrV �

x ÞT gðxÞR�1gT ðxÞ rV �
x ; V �ð0Þ ¼ 0 ð4:7Þ

This is a necessary condition for the optimal cost function. For the linear system
case with a quadratic cost functional, the equivalent of this HJB equation is the
algebraic Riccati equation discussed in Chapter 3.

To find the optimal control solution for the problem one can solve the HJB
equation (4.7) for the cost function and then substitute the solution in (4.6) to obtain
the optimal control. However, solving the HJB equation is generally difficult, and
analytic solutions may not exist. Explicitly solving the HJB also requires complete
knowledge of the system dynamics f ðxÞ; gðxÞ.

4.2 Integral reinforcement learning policy iterations

The development of RL methods such as policy iteration and value iteration for CT
systems has lagged their development for discrete-time systems. This is because the
CT Bellman equation (4.4) does not share any of the beneficial properties of the DT
Bellman equation in Section 2.5, which is as follows

DT Bellman equation

V xkð Þ ¼ r xk ; ukð Þ þ gV xkþ1ð Þ ¼ Q xkð ÞuT
k Ruk þ gV xkþ1ð Þ

with k the discrete-time index and r � 1 the discount factor. Specifically, the
dynamics ( f(	), g(	)) do not appear in the DT Bellman equation, whereas they do
appear in the CT Bellman equation (4.4). This makes it difficult to formulate
algorithms such as Q learning, which do not require knowledge of the system
dynamics. Moreover, in the DT Bellman equation there are two occurrences of the
value function, evaluated at different times k and kþ 1. This allows the formulation
of value iteration, or heuristic dynamic programming, for DT systems. However,
with only one occurrence of the value in the CT Bellman equation, it is not at all
clear how to formulate any sort of value iteration procedure.
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Based on the CT Bellman equation (4.4), one could write a policy iteration
algorithm for CT systems as follows. Index i is the iteration step number.

Algorithm 4.1. Policy iteration algorithm for continuous-time systems

Select mð0ÞðxðtÞÞ 2 YðWÞ as an admissible policy.

1. (Policy evaluation step) Solve for the value V mðiÞ ðxðtÞÞ using the CT Bellman
equation

0 ¼ rðx; mðiÞðxÞÞ þ ðrV mðiÞ
x ÞT ðf ðxÞ þ gðxÞmðiÞðxÞÞ with V mðiÞ ð0Þ ¼ 0

2. (Policy improvement step) Update the control policy using

mðiþ1Þ ¼ arg min
u2YðWÞ

½Hðx; u;rV mðiÞ
x Þ�

&

The PI Algorithm 4.1 solves the non-linear HJB equation by iterations on
equations linear in the value function gradient. The algorithm was proven to con-
verge in Abu-Khalaf and Lewis (2005), Leake and Liu (1967), Beard et al. (1997).
Algorithm 4.1 has an undesirable feature in that it requires full knowledge of the
system dynamics ( f (	), g(	)) to solve the CT Bellman equation at each iteration
step. This is fixed in Section 4.2.1.

Example 4.1. Policy iteration for continuous-time linear quadratic regulator

For the continuous-time linear quadratic regulator (LQR), policy iteration Algorithm
4.1 is a familiar algorithm in control theory. Consider the linear time-invariant
dynamical system

_x ¼ Ax þ Bu

with state xðtÞ 2 R
n, control input uðtÞ 2 R

m and (A, B) stabilizable. To this system
associate the infinite-horizon quadratic cost function or value

V ðxðt0Þ; t0Þ ¼
ð1

t0

ðxT ðtÞQxðtÞ þ uT ðtÞRuðtÞÞ dt

with Q � 0, R � 0 such that ðQ1=2;AÞ is detectable. For the LQR, the value is
quadratic so that

V ðxðtÞÞ ¼ xT ðtÞPxðtÞ

Then, the gradient of the value is

rVx ¼ @V

@x
¼ 2Px
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The HJB equation (4.7) therefore becomes the algebraic Riccati equation (ARE)

AT P þ PA � PBR�1BT P þ Q ¼ 0

The optimal control (4.6) is given as u(t) ¼ –Kx(t) with optimal feedback gain

K ¼ R�1BT P

where the matrix P is the unique positive definite solution of the ARE. Under the
detectability condition for ðQ1=2;AÞ the unique positive semidefinite solution of the
ARE determines a stabilizing closed-loop controller K.

For admissible feedback controls u(t) ¼ –Kx(t), the Bellman equation (4.4) is
the Lyapunov equation

ðA � BKÞT P þ PðA � BKÞ þ KT RK þ Q ¼ 0

Policy iteration Algorithm 4.1 is then given as

AT
i Pi þ PiAi ¼ �ðKT

i RKi þ QÞ

Kiþ1 ¼ R�1BT Pi

with Ai ¼ A � BKi. This is exactly Kleinman’s Algorithm (Kleinman, 1968),
known in feedback control theory since the 1960s. Kleinman proved that if the
algorithm is started with an initial stabilizing gain K0, then all subsequent gains are
stabilizing and the algorithm converges to the solution to the ARE.

The importance of Kleinman’s Algorithm is that it solves the quadratic ARE
by iterations on solving Lyapunov equations, which are linear. In the early days,
there were no good numerical algorithms for solving ARE, whereas the Lyapunov
equation can be solved by linear equation methods.

Compare this discussion to the development in Chapter 3. &

4.2.1 Integral reinforcement learning policy iteration algorithm
To improve upon Algorithm 4.1, we now present a new formulation of the CT
Bellman equation based on integral reinforcement learning (IRL). The IRL form
allows development of novel policy iteration algorithms for CT systems. This leads
in turn to an online adaptive algorithm that solves the optimal control problem
without using knowledge of the drift dynamics f (x). Given an admissible policy and
an integration time interval T> 0, write the value function (4.3) as the following
equivalent form Vrabie et al. (2008, 2009), Vrabie (2009), Vrabie and Lewis (2009).

Integral reinforcement form of value function: IRL Bellman equation

V mðxðtÞÞ ¼
ðtþT

t
rðxðtÞ; mðxðtÞÞÞ dtþ V mðxðt þ TÞÞ ð4:8Þ
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Note that this form does not contain the system dynamics ( f (	), g(	)). Lemma 4.1
shows that this equation is equivalent to Bellman equation (4.4) in the sense that
both equations have the same solution. Therefore, using the IRL Bellman equation
(4.8) allows the formulation of continuous-time PI algorithms that share the bene-
ficial features of discrete-time PI algorithms. The integrand

rðxðtÞ; t; t þ TÞ ¼
ðtþT

t
rðxðtÞ; mðxðtÞÞÞ dt

is known as the integral reinforcement on the time interval [t, t + T ].
Let mð0ÞðxðtÞÞ 2 YðWÞ be an admissible policy, select T> 0 such that, if

xðtÞ 2 W, then also xðt þ TÞ 2 W. The existence of such a time period T> 0 is
guaranteed by the admissibility of mð0Þð	Þ on W. Define the following PI algorithm
based on the IRL Bellman equation.

Algorithm 4.2. Integral reinforcement learning policy iteration algorithm

Select mð0ÞðxðtÞÞ 2 YðWÞ as an admissible policy.

1. (Policy evaluation step) Solve for the value V mðiÞ ðxðtÞÞ using the IRL Bellman
equation

V mðiÞ ðxðtÞÞ ¼
ðtþT

t
rðxðsÞ; mðiÞðxðsÞÞÞ ds þ V mðiÞ ðxðt þ TÞÞ with V mðiÞ ð0Þ ¼ 0

ð4:9Þ

2. (Policy improvement step) Update the control policy using

mðiþ1Þ ¼ arg min
u2YðWÞ

½Hðx; u;rV mðiÞ
x Þ� ð4:10Þ

which explicitly is

mðiþ1ÞðxÞ ¼ � 1
2

R�1gT ðxÞ rV mðiÞ
x ð4:11Þ

&

Algorithm 4.2 gives a new formulation for the policy iteration algorithm that
allows solution of the optimal control problem without requiring knowledge of the
drift dynamics f (x). This IRL PI algorithm is an online version of the offline algo-
rithms proposed in Abu-Khalaf and Lewis (2005), Beard et al. (1997), and is
motivated by the success of the online adaptive critic techniques proposed by
computational intelligence researchers (Prokhorov and Wunsch, 1997; Bertsekas
and Tsitsiklis, 1996; Murray et al., 2002).

The IRL Bellman equation (4.9) is a discretized version of V mðiÞ ðxðtÞÞ ¼Ð1
t rðxðtÞ; mðiÞðxðtÞÞÞ dt and it can be viewed as a Lyapunov equation for non-linear

systems. In this chapter, we shall refer to it also as
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LEðV mðiÞðxðtÞÞÞ ¼D
ðtþT

t
rðxðsÞ; mðiÞðxðsÞÞÞ ds þ V mðiÞ ðxðt þ TÞÞ � V mðiÞ ðxðtÞÞ

with V mðiÞ ð0Þ ¼ 0.
The convergence of the new PI algorithm is proven in Section 4.2.2. The

implementation of the algorithm using value function approximation structures is
discussed in Section 4.3.

4.2.2 Convergence of IRL policy iteration
It is now shown that the IRL PI algorithm converges to the optimal control policy
m� 2 YðWÞ with corresponding cost V �ðx0Þ ¼ minm

Ð1
0 rðxðtÞ; mðxðtÞÞÞ dt

� �
.

It has been proven that if mðiÞ 2 YðWÞ and V mðiÞ ðxðtÞÞ 2 C1ðWÞ satisfy (4.9)
then the new control policy mðiþ1Þ, determined based on (4.10), is also admissible
for the system (4.1) (for proof see Abu-Khalaf and Lewis, 2005; Leake and Liu,
1967; Beard et al., 1997).

The following result is required in order to prove the convergence of the IRL
policy iteration algorithm.

Lemma 4.1. Solving for V mðiÞ in (4.9) is equivalent to finding the solution of

0 ¼ rðx; mðiÞðxÞÞ þ ðrV mðiÞ
x ÞTð f ðxÞ þ gðxÞmðiÞðxÞÞ; V mðiÞ ð0Þ ¼ 0 ð4:12Þ

Proof: See appendix. &

Remark 4.1. Although the same solution is obtained solving either (4.9) or (4.12),
solving (4.9) does not require any knowledge of the drift dynamics f(x), which does
appear explicitly in (4.12). From Lemma 4.1, it follows that Algorithm 4.2 is
equivalent to Algorithm 4.1. &

Theorem 4.1. (Convergence) The IRL policy iteration Algorithm 4.2 converges
uniformly to the optimal control solution on trajectories originating in W, that is

8e > 09i0 : 8i � i0
sup

x 2 W
jV mðiÞ ðxÞ � V �ðxÞj < e;

sup
x 2 W

jmðiÞðxÞ � u�ðxÞj < e
ð4:13Þ

Proof: In Abu-Khalaf and Lewis (2005), Beard et al. (1997) it was shown that in
Algorithm 4.1, if the admissible policy mð0ÞðxÞ is admissible then all policies are
admissible at each iteration. Moreover, the algorithm converges to the solution of
the HJB equation, that is (4.13) is satisfied.

Based on the equivalence shown in Lemma 1 between the (4.9) and (4.12), one
concludes that IRL Algorithm 4.2 converges to the solution of the optimal control
problem (4.2), on W. &

For the implementation of the IRL policy iteration Algorithm 4.2, one only
needs knowledge of the input-to-state dynamics g(x), which is required for the
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policy update in (4.11). One can see that knowledge of the drift dynamics f (x) is not
required. This is due to the fact that information regarding the system f (x) matrix is
embedded in the states x(t) and x(tþ T ) that are measured online and are required
to solve (4.9). Thus, it will be seen that IRL policy iteration can be implemented in
real time without requiring any system identification procedure.

4.3 Implementation of IRL policy iterations using value
function approximation

This section shows how to implement IRL policy iterations in a practical fashion by
using an approximator structure to approximate the value function. This is known
as value function approximation (VFA).

4.3.1 Value function approximation and temporal difference error
The IRL Bellman equation (4.9) is difficult to solve, and may not have an analytic
solution. It can be approximately solved by practical means by making use of a
structure to approximate the value function solution for any x 2 W.

Consider an infinite set of linearly independent basis functions ffjðxÞg11 , such
that fjðxÞ 2 C1ðWÞ; fjð0Þ ¼ 0; j ¼ 1;1. Let ffjðxÞg11 satisfy the completeness
property. That is, any function f ðxÞ 2 C1ðWÞ; f ð0Þ ¼ 0 can be represented as a
linear combination of a finite subset of ffjðxÞg11 . Then the exact solution of
Bellman equation (4.9) can be expressed as

V mðiÞ ðxÞ ¼
X1
j¼1

cm
ðiÞ

j fjðxÞ ¼ ðcmðiÞ1 ÞTj1ðxÞ ð4:14Þ

where j1ðxÞ is the vector of basis functions and c1mðiÞ denotes a weight vector.
Assume now that a linear combination of a finite set of basis functions can be

determined that closely approximates the value function V mðiÞ ðxÞ, for x 2 W. That is,
assume the value function can be approximately represented as

V mðiÞ
L ðxÞ ¼

XL

j¼1

wmðiÞ
j fjðxÞ ¼ ðwL

mðiÞ ÞTjLðxÞ ð4:15Þ

where L is the number of retained basis functions, jLðxÞ is the vector of corre-
sponding basis function, and wmðiÞ

L is a vector of unknown weights to be
determined.

Using this VFA for the cost function, the IRL Bellman equation (4.9) can be
written as

wmðiÞT
L jLðxðtÞÞ ¼

ðtþT

t
rðx; mðiÞðxÞÞ dtþ wmðiÞT

L jLðxðt þ TÞÞ ð4:16Þ
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Because the cost function is replaced by its approximation, (4.16) will have the
residual error

dm
ðiÞ

L ðxðtÞ;TÞ ¼
ðtþT

t
rðx;mðiÞðxÞÞ dtþ wmðiÞT

L ½jLðxðt þ TÞÞ � jLðxðtÞÞ� ð4:17Þ

From the perspective of temporal difference learning methods (e.g. Doya, 2000;
Baird, 1994; see Section 2.4) this error can be viewed as a temporal difference
residual error for continuous-time systems.

To determine the parameters w mðiÞ
L in the VFA that best approximate the cost

function V mðiÞ
L in the least-squares sense, we use the method of weighted residuals.

Thus, the parameters w mðiÞ
L of the cost function approximation V mðiÞ

L are adapted such
that to minimize the objective

S ¼
ð
W
dm

ðiÞ
L ðx; TÞdmðiÞL ðx;TÞ dx ð4:18Þ

This amounts to
Ð
Wððddm

ðiÞ
L ðx;TÞÞ=dwmðiÞ

L ÞdmðiÞL ðx; TÞ dx ¼ 0. Using the inner product
notation for the Lebesgue integral one can write

ddm
ðiÞ

L ðx;TÞ
dwmðiÞ

L

di
Lðx; TÞ

* +
W

¼ 0 ð4:19Þ

which is

½jLðxðt þ TÞÞ � jLðxðtÞÞ�; ½jLðxðt þ TÞÞ � jLðxðtÞÞ�T
D E

W
wmðiÞ

L

þ ½jLðxðt þ TÞÞ � jLðxðtÞÞ�;
Ð tþT

t rðxðsÞ; mðiÞðxðsÞÞÞ ds
D E

W
¼ 0

ð4:20Þ

Conditioned on F¼ h½jLðxðt þ TÞÞ�jLðxðtÞÞ�; ½jLðxðt þ TÞÞ�jLðxðtÞÞ�T iW
being invertible, then the solution is

wmðiÞ
L ¼�F�1 ½jLðxðtþTÞÞ�jLðxðtÞÞ�;

ðtþT

t
rðxðsÞ;mðiÞðxðsÞÞÞ ds

	 

W

ð4:21Þ

To show that F can be inverted the following technical results are needed.

Definition 4.2. (Linearly independent set of functions) Kolmogorov and Fomin
(1999) A set of functions ffjgN

1
is said to be linearly independent on a set W ifPN

j¼1 cjfjðxÞ ¼ 0 a.e. on W implies that c1 ¼ . . . ¼ cN ¼ 0.

Lemma 4.2. If the set ffjgN
1

is linearly independent and u 2 YðWÞ then the set
frfT

j ðf þ guÞgN

1
is also linearly independent.
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The proof is given in Beard et al. (1997).
The next lemma shows that F can be inverted.

Lemma 4.3. Let mðxÞ 2 YðWÞ such that f ðxÞ þ gðxÞmðxÞ is asymptotically stable.
Given that the set ffjgN

1
is linearly independent then 9T > 0 such that

8xðtÞ 2 W� f0g, the set fjðxðtÞ;TÞ ¼ fjðxðt þ TÞÞ � fjðxðtÞÞ
� �N

1
is also linearly

independent.

Proof: See appendix. &

IRL policy iteration with VFA. Based on Lemma 4.3, there exist values of T such
that F is invertible and the parameters wmðiÞ

L that solve (4.16) can be computed using
(4.21). The value function V mðiÞ

L at each step can be calculated using (4.15). Having
solved (4.16) for the value function parameters wmðiÞ

L , the policy update step can be
executed according to

mðiþ1Þ
L ðxÞ ¼ � 1

2
R�1gT ðxÞ rjT

LðxÞwmðiÞ
L ð4:22Þ

Equation (4.22) gives the output of the actor structure. Note that in this imple-
mentation the controller (actor) can be seen as an approximation structure, which
has the same weight parameters as the critic, but whose basis set of functions are
the gradients of those in the critic.

In summary, the IRL policy iteration using VFA is given by the following.

Algorithm 4.3. IRL policy iteration algorithm using value function
approximation

Select mð0ÞL ðxðtÞÞ 2 YðWÞ as an admissible policy.

1. (Policy evaluation step.) Solve for the weights wmðiÞ
L approximating the value

function using the approximate IRL Bellman equation

wmðiÞT
L ½jLðxðtÞÞ � jLðxðt þ TÞÞ� ¼

ðtþT

t
rðx; mðiÞL ðxÞÞ dt

2. (Policy improvement step.) Update the control policy using

mðiþ1Þ
L ðxÞ ¼ � 1

2
R�1gTðxÞ rjT

LðxÞwmðiÞ
L

At each step one has V mðiÞ
L ðxÞ ¼ ðwmðiÞ

L ÞTjLðxÞ. &

4.3.2 Convergence of approximate value function to solution
of the Bellman equation

This section shows that as the number of retained basis functions L becomes large,
the solution to the VFA equation (4.16) converges to the solution to the IRL
Bellman equation (4.9).
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Definition 4.3. (Convergence in the mean.) A sequence of Lebesgue integrable
functions on a set W; ffnðxÞg 2 L2ðWÞ, is said to converge in the mean to
f ðxÞ 2 L2ðWÞ; if 8e > 0; 9NðeÞ such that

8n > NðeÞ; jjfnðxÞ � f ðxÞjjL2ðWÞ < e; where jj f ðxÞjj2L2ðWÞ ¼ f ; fh i

Equation (4.9) can be written using a linear operator A defined on the Hilbert
space of continuous and differentiable functionals on W

V mðxðtÞÞ � V mðxðt þ TÞÞ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{AV m

¼
ðtþT

t
rðxðsÞ; mðxðsÞÞÞ ds

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{dðx; mðxÞ; TÞ

ð4:23Þ

Function approximators, which are defined such that the basis functions are
power series of order m, are differentiable and can uniformly approximate a con-
tinuous function with all its partial derivatives, up to order m, by differentiating the
series term wise. This type of series is m-uniformly dense as shown in Lemma 4.4.

Lemma 4.4. (Higher-order Weierstrass approximation theorem (Hornik et al., 1990)).
Let f ðxÞ 2 CmðWÞ, then there exists a polynomial P(x) such that it converges uni-
formly to f(x), and all its partial derivatives up to order m converge uniformly.

The following facts hold under the stated standard conditions in optimal
control.

Fact 4.1 The solution of (4.9) is positive definite. This is guaranteed when the
system has stabilizable dynamics and when the performance functional satisfies
zero-state observability (i.e. observability of the system state through the cost
function) (Van Der Schaft 1992).

Fact 4.2 The system dynamics and the performance integrand rðxðsÞ; mðxðsÞÞÞ are
such that the solution of (4.9) is continuous and differentiable on W.

Fact 4.3 A complete set ffjg11 2 C1ðWÞ can be chosen such that the solution
V 2 C1ðWÞ and rV can be uniformly approximated by the infinite series built
based on ffjg11 .

Fact 4.4 The sequence ffjðxðtÞ;TÞ ¼ fjðxðt þ TÞÞ � fjðxðtÞÞg11 is linearly inde-
pendent and complete.

Proof: The linear independence results from Lemma 4.3, being conditioned
by certain values of the sample time T. The completeness relies on the high-order
Weierstrass approximation theorem.

8V ; e 9L;wL such that jVL � V j < e. This implies that as L ! 1 supx2W
jAVL�AV j! 0)jjAVL �AV jjL2ðWÞ ! 0 that proves completeness of ffjðxðtÞ;TÞ ¼
¼ Afjg11 .
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The first three facts are taken as standard assumptions in optimal control, and
we have proven the fourth. The next result is required.

Lemma 4.5. Given a set of N linearly independent functions f fjðxÞN
1 g defined on

W then

jjaT
N fN jj2L2ðWÞ ! 0 , jjaN jj2l2 ! 0 ð4:24Þ

Proof: See Abu-Khalaf and Lewis (2005). &
The next main result shows convergence in the mean of the VFA solutions of

(4.16) to the solution to the IRL Bellman equation (4.9) as the number of retained
basis functions L becomes large.

Theorem 4.2. Given that the Facts 4.1–4.4 hold, then approximate solutions
exist for (4.9) using the method of least-squares and are unique for each L. In
addition, as L ! 1

R1:kLEðV mðiÞ
L ðxÞÞ � LEðV mðiÞ ðxÞÞkL2ðWÞ ! 0

where LE(V(x)) is defined in Section 4.2.1, and

R2:kV mðiÞ
L ðxÞ � V mðiÞ ðxÞkL2ðWÞ ! 0

R3:krV mðiÞ
L ðxÞ � rV mðiÞ ðxÞkL2ðWÞ ! 0

R4:kmðiÞL ðxÞ � mðiÞðxÞkL2ðWÞ ! 0

Proof: The least-squares solution V mðiÞ
L of (4.9) is the solution of the minimization

problem

kAV mðiÞ
L � dðx; mðiÞ;TÞk2 ¼ min

wL

kwT
LjðxÞ � dðx; mðiÞ;TÞk2 ð4:25Þ

The uniqueness of the solution follows directly from the linear independence of
ffjðxðtÞ;TÞgL

1
. R1 follows from the completeness of ffjðxðtÞ;TÞ ¼ Afjg11 .

R2 is next proved.

LEðV mðiÞ
L ðxÞÞ � LEðV mðiÞ ðxÞÞ ¼ wT

LjLðx;TÞ � cT
1j1ðx;TÞ ¼ eLðx;TÞ ð4:26Þ

ðwL � cLÞTjLðx;TÞ ¼ eLðx;TÞþ
X1

j¼Lþ1

cjfjðx;TÞ ¼ eLðx;TÞþ eLðx;TÞ ð4:27Þ
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where eLðx;TÞ converges uniformly to zero due to the high-order Weierstrass
approximation theorem (this implies convergence in the mean) and eLðx;TÞ con-
verges in the mean to zero due to R1. Then

kðwL�cLÞTjLðx;TÞk2
L2ðWÞ ¼keLðx;TÞþeLðx;TÞk2

L2ðWÞ

�2keLðx;TÞk2
L2ðWÞ þ2keLðx;TÞk2

L2ðWÞ!0 ð4:28Þ

Since jLðx; TÞ is linearly independent then, based on Lemma 4.5, one sees
that jjðwL � cLÞjj2l2 ! 0. As the set ffjgL

1
is linearly independent, it follows

from Lemma 4.5 that jjðwL � cLÞTjLðxÞjj2L2ðWÞ ! 0. It thus follows that, as
L ! 1; jjV mðiÞ

L � V mðiÞ jj2L2W ! 0.
Similarly, since fdfj=dxgL

1
is linearly independent, from Lemma 4.5 results that

kðwL�cLÞTrjLðxÞk2
L2ðWÞ! 0, from which follows R3, krV mðiÞ

L �rV mðiÞk2
L2ðWÞ ! 0.

R4 follows immediately from R3 given that

kmðiÞL ðxÞ�mðiÞðxÞk2
L2ðWÞ¼k�R�1gT ðxÞðrV mði�1Þ

L ðxÞ�rV mði�1Þ
L ðxÞÞk2

L2ðWÞ

�k�R�1gT ðxÞk2
L2ðWÞkrV mði�1Þ

L ðxÞ�rV mði�1Þ ðxÞk2
L2ðWÞ!0

ð4:29Þ
&

Based on Theorem 4.2 the following stronger result of uniform convergence
can be shown.

Corollary 4.1. If the results from Theorem 4.2 hold, then

sup
x2W

jV mðiÞ
L ðxÞ � V mðiÞ ðxÞj ! 0

sup
x2W

jrV mðiÞ
L ðxÞ � rV mðiÞ ðxÞj ! 0

sup
x2W

jmmðiÞL ðxÞ � mðiÞðxÞj ! 0

Proof: See Abu-Khalaf and Lewis (2005). &
The IRL policy iteration algorithm with VFA is given by Algorithm 4.3. The

next result shows that, given an initial admissible control policy, mð0ÞðxÞ, the control
policy mðiÞL ðxÞ at each step of this algorithm is admissible provided that the number
of the basis functions L in the approximation structure is sufficiently large.

Corollary 4.2. (Admissibility of mL
ðiÞðxÞÞ9L0 such that 8L > L0; mL

ðiÞ 2 YðWÞ.
Proof: See appendix.

Corollary 4.3. supx2W jmðiÞL ðxÞ � mðiÞðxÞj ! 0 ) supx2W jV ðiÞ
L ðxÞ � V ðiÞðxÞj ! 0
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4.3.3 Convergence of approximate IRL policy iteration to solution
of the HJB equation

The IRL policy iteration algorithm with value function approximation is given as
Algorithm 4.3. This section shows that this algorithm converges to the solution of
the HJB equation (4.7).

Theorem 4.3. Under the assumptions of Theorem 4.2 the following is satisfied
8i � 0

(i) supx2W jV ðiÞ
L ðxÞ � V ðiÞðxÞj ! 0

(ii) supx2W jmðiþ1Þ
L ðxÞ � mðiþ1ÞðxÞj ! 0

(iii) 9L0 : 8L � L0 m
ðiÞ
L ðxÞ 2 YðWÞ

Proof: See Abu-Khalaf and Lewis (2005). &

Theorem 4.4.

8e � 0; 9i0;L0 : 8i � i0;L � L0

(i) supx2W jV ðiÞ
L ðxÞ � V �ðxÞj < e

(ii) supx2W jmðiþ1Þ
L ðxÞ � m�ðxÞj < e

(iii) mðiÞL ðxÞ 2 YðWÞ
Proof: The proof follows directly from Theorems 4.1 and 4.3. &

4.4 Online IRL actor–critic algorithm for optimal
adaptive control

This section discusses the online implementation of the IRL policy iteration
algorithm on the actor–critic structure. The main features of the online adaptive
IRL structure are presented while noting similarities with learning mechanisms in
the mammal brain. Section 3.2 about the implementation and structure of the IRL
optimal adaptive controller for the LQR is also germane.

4.4.1 Actor–critic structure for online implementation of adaptive
optimal control algorithm

IRL policy iteration is given by Algorithm 4.2. This can be implemented in practice
using IRL policy iterations with value function approximation given as Algorithm
4.3. To implement this, one measures the data set (x(t), x(t + T )) along the system
trajectory at the sample times t, t + T, t + 2T, . . . . The integral reinforcement in
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(4.9) and (4.16) can be evaluated by introducing a controller state

_V ¼ rðx; uÞ ¼ QðxÞ þ uT Ru

This provides a dynamic memory that enables one to extract the information
regarding the value associated with the given policy. If one resets V(t) to zero at the
beginning of each sample interval [t, t + T ), then the measurement V(t + T ) gives
the integral reinforcement over time interval [t, t + T ) required to implement the
policy evaluation step in (4.9), that is V(t + T ) gives the integral reinforcement term
in (4.9). Thus, the IRL adaptive controller result is a dynamic controller whose
memory is exactly the value V(t) of using the current policy.

The structure of the IRL adaptive controller is presented in Figure 4.1. The
policy iteration technique in this chapter has led us to adaptive control system
that converges in real time to an optimal control solution by measuring data along
the system trajectories and without knowing the drift dynamics of the system. We
term this optimal adaptive control. The IRL optimal adaptive controller has an
actor–critic structure, where the critic solves (4.9) for the value and the actor
computes (4.11) for the new policy at each iteration. The controller dynamics
is the value state equation _V ¼ rðx; uÞ ¼ QðxÞ þ uT Ru. This structure is not a
standard one in the control systems literature. It is a hybrid continuous-time/
discrete-time adaptive control structure that has continuous-time controller
dynamics and a discrete-time sampled data portion for policy evaluation and
policy updates.

In another non-standard feature, the integration period T is not a sample
period in the standard sense. The integration period T can change and need not
be constant. According to Lemma 4.3, T is related to the non-singularity of F
in (4.21) and hence to the persistence of excitation of the regression vector
½jLðxðt þ TÞÞ � jLðxðtÞÞ� in (4.17). See the discussion on PE in Section 3.2.

One can consider the two approximation structures as neural networks. Then,
the critic NN is (4.15) and the actor control NN is (4.22). These are implemented

u

T

x

V

ZOH T

System
x � f (x) � g(x)u; x0

Cost function V (x)

Actor

T

Controller
μ (x)

Critic

V � Q(x) � uT Ru

Figure 4.1 Hybrid actor–critic structure of IRL optimal adaptive controller
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with the basis or activation functions jLðxÞ and rjLðxÞ, respectively. The weights
are updated by solving (4.16) at discrete instants of time, yet the actor NN operates
in continuous time and generates a continuous control signal. See the figures and
discussion in Section 3.2.

The flowchart of the online IRL algorithm is presented in Figure 4.2. All the
calculations involved are performed at a supervisory level that operates based on
discrete-time data (x(t), x(t + T), V(t + T)) measured in real time along the system
trajectories. This high-level intelligent control structure implements the IRL policy
iteration algorithm and uses the critic neural network to solve (4.16) to para-
meterize the performance of the continuous-time control system associated with a
certain control policy. The high-level supervisory structure makes the decisions
relative to the discrete-time moments at which both the actor and the critic para-
meters will be updated. The actor neural network (4.22) is part of the control sys-
tem structure and performs continuous-time control, while its constant gain is
updated at discrete moments in time. The algorithm converges to the solution of the
continuous-time optimal control problem, as proved in Section 4.3, since the crit-
ic’s update is based on the observations of the continuous-time cost over a finite
sample interval. The net result is a continuous-time controller incorporated in a
continuous-time/discrete-time adaptive structure, which includes the continuous-
time dynamics of the cost function and operates based on sampled data, to perform
the policy evaluation and policy update steps at discrete moments in time.

The cost function solution, given by (4.21), can be obtained in real time after a
sufficient number of data points are collected along state trajectories in the region
of interest W. In practice, the matrix inversion in (4.21) is not performed, the
solution of the equation being obtained using algorithms that involve techniques

Start

Stop

i←i�1
Yes

No

Initialisation
i � 1; μ0 (x) ∈Ψ (Ω)

Solving for the cost using least 

ε<
Policy

μ(i) (x) � �R�1gT (x)    ∂jL (x)
∂x

T
wL

μ(i�1) wL
μ(i�1)

wL
μ(i)

wL
μ(i)

� �Φ�1 [jL (x(t�T )) �jL (x(t))], ∫ r(x(s), μ(i) (x(s)))ds
Ω

t�T

t

�

Figure 4.2 Flowchart of the online IRL policy iteration algorithm
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such as Gaussian elimination, back substitution and Householder reflections. Also,
the least-squares method for finding the parameters of the cost function can be
replaced with any other suitable, recursive or not recursive, method of parameter
identification.

The iterations will be stopped (i.e. the critic will stop updating the control
policy) when the error between the system performance evaluated at two con-
secutive steps will cross below a designer-specified threshold. Also, when this error
becomes bigger than the above-mentioned threshold, indicating a change in the
system dynamics, the critic will take again the decision to start tuning the actor
parameters.

We note again that there is no required knowledge about the system dynamics
f (x) for the evaluation of the cost or the update of the control policy. However,
knowledge on the g(x) function is required for the update of the control policy,
using (4.22), and this makes the online tuning algorithm only partially model free.

4.4.2 Relation of adaptive IRL control structure to learning
mechanisms in the mammal brain

It is interesting to note the rough similarity between the IRL optimal adaptive con-
troller structure and learning mechanisms in the mammal brain. The critic structure
learns, in an episodic manner and based on samples of the reward signal from the
environment, the parameters of a function that describes the actor performance.
Once a performance evaluation episode was completed, the critic passes this infor-
mation to the actor structure, which uses it to adapt for improved performance. At all
times the actor must perform continuous-time control for the system (the environ-
ment in which optimal behavior is sought). This description of the way in which the
actor–critic structure works while searching for continuous-time optimal control
policies points out the existence of two time scales for the mechanisms involved:

● a fast time scale that characterizes the continuous-time control process, and
● a slower time scale that characterizes the learning processes at the levels of the

critic and the actor.

Thus, the actor and critic structures perform tasks at different operation fre-
quencies in relation with the nature of the task to be performed (i.e. learning or
control). Evidence regarding the oscillatory behavior naturally characterizing bio-
logical neural systems is presented in a comprehensive manner in Levine et al.
(2000). Different oscillation frequencies are connected with the way in which dif-
ferent areas of the brain perform their functions of processing the information
received from the sensors. Low-level control structures must quickly react to new
information received from the environment while higher level structures slowly
evaluate the results associated with the present behavior policy. Low-level control
in the human nervous system corresponds to the muscle motor control system,
which operates at a sample period of about 200 Hz. On the other hand, higher level
control functions may operate in the hippocampus and thalamus, where they might
be characterized by theta rhythms of 4–10 Hz.

88 Optimal adaptive control and differential games by RL principles

Ch004 13 September 2012; 15:56:36



Section 4.3 showed that though it has only limited information (x(t), x(t + T ),
V(t + T )) measured at discrete times about the system states and the controller state,
that is V(t), the critic is able to evaluate the infinite-horizon continuous-time per-
formance of the system associated with a given control policy described in terms of
the actor parameters. The critic learns the cost function associated with a certain
control behavior by solving (4.16) based on a computed temporal difference (TD)
error signal, given by V(t + T ) � V(t).

It is interesting to mention here that in a number of reports (for example
Sandberg (1998), Schultz et al. (1997)) it is argued that the temporal difference
error between the received and the expected rewards is physically encoded in the
dopamine signal produced by basal ganglia structures in the mammal brain. At the
same time, it is known that the dopamine signal encoding the temporal error dif-
ference favors the learning process by increasing the synaptic plasticity of certain
groups of neurons.

4.5 Simulation results

In this section, the adaptive optimal control algorithm is tested in simulation con-
sidering two non-linear systems for which the optimal cost function and optimal con-
troller are known. These examples were constructed using the converse HJB approach
(Nevistic and Primbs, 1996), which allows one to construct systems for which the
solution to the HJB equation is known. This allows verification that the IRL adaptive
controller converges to the correct value function and optimal control solution.

4.5.1 Non-linear system example 1
The first non-linear system is given by

_x1 ¼ �x1 þ x2

_x2 ¼ f ðxÞ þ gðxÞu
�

ð4:30Þ

with f ðxÞ ¼ �1
2 ðx1 þ x2Þ þ 1

2 x2 sin2ðx1Þ; gðxÞ ¼ sinðx1Þ. The cost function is
V uðxðtÞÞ ¼ Ð1t ðQðxÞ þ u2Þ dt with QðxÞ ¼ x2

1 þ x2
2. Then, the optimal value for

this system is V �ðxÞ ¼ 1
2 x2

1 þ x2
2 and the optimal controller is u�ðxÞ ¼ �sinðx1Þx2.

The simulation was conducted using data obtained from the system at every
0.1 s. We note here that the value of this sample time is not relevant for the cost
function identification procedure. In fact data does not have to be measured with a
fixed sample time, as long as it is suitable for learning (i.e. caries new information
on the cost function to be identified). In this sense, as long as the measured signals
did not reach steady-state values, meaning that the measured data is not redundant,
the sampling could be executed as fast as the hardware permits it. At the same time,
as we used a batch method for identifying the cost function parameters in the least-
squares sense a larger number of samples will lead to better approximation of the
cost function. However, this batch procedure can be replaced with a recursive one,
or a recursive procedure on time windows, such that the parameters of the cost
function will be adapted over time as more data is acquired.
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For the purpose of demonstrating the algorithm the initial state of the system is
taken to be different than zero. For each iteration we considered data measured
along five trajectories defined by five different initial conditions chosen randomly
in W ¼ f�1 � xi � 1; i ¼ 1; 2g. The initial stabilizing controller was taken as
mð0ÞðxÞ ¼ �3

2 sinðx1Þðx1 þ x2Þ. The cost function V mðiÞ ðxÞ was approximated by the

following smooth function, for x 2 W; V mðiÞ
L ðxÞ ¼ ðwmðiÞ

L ÞTjLðxÞ with

L ¼ 3;wmðiÞ
3 ¼ wmðiÞ

1 wmðiÞ
2 wmðiÞ

3

h iT
and j3ðxÞ ¼ x2

1 x1x2 x2
2 �T

h
.

To solve online for the parameters w mðiÞ
3 of the cost function, at each iteration

step we setup a least-squares problem with the solution given by (4.21). At each
iteration step we solved for wmðiÞ

3 using 30 data points consisting of the measured
cost function associated with a given control policy over 30 time intervals T ¼ 0.1
s, the initial state and the system state at the end of each time interval, 6 points
measured over each of the 5 trajectories in the state space. In this way, every 3 s,
the cost function was solved for and a policy update was performed. The result of
applying the algorithm is presented in Figure 4.3.

One can see from the figure that the parameters of the critic con-
verged to the coefficients of the optimal cost function: V �ðxÞ ¼ 1

2x2
1 þ x2

2, that is
wm�

3 ¼ 0:5 0 1 �T
h

.

4.5.2 Non-linear system example 2
In this example, we present the results obtained for a system that has stronger
non-linearities and quartic cost. We consider the non-linear system given by

_x1 ¼ �x1 þ x2 þ 2x3
2

_x2 ¼ f ðxÞ þ gðxÞu
�

ð4:31Þ
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Figure 4.3 Convergence of the critic parameters

90 Optimal adaptive control and differential games by RL principles

Ch004 13 September 2012; 15:56:37



with f ðxÞ ¼ �1
2 ðx1 þ x2Þ þ 1

2x2ð1 þ 2x2
2Þ sin2ðx1Þ; gðxÞ ¼ sinðx1Þ. Define

QðxÞ ¼ x2
1 þ x2

2 þ 2x4
2 and the cost function V uðxðtÞÞ ¼ Ð1t ðQðxÞ þ u2Þ dt. Then the

optimal value for this system is V �ðxÞ ¼ 1
2x

2
1 þ x2

2 þ x4
2 and the optimal controller is

u�ðxÞ ¼ �sinðx1Þðx2 þ 2x3
2Þ.

The simulation was conducted using data obtained from the system at
every 0.1 s. For each iteration we considered data measured along five tra-
jectories defined by five different initial conditions chosen randomly in
W ¼ f�1 � xi � 1; i ¼ 1; 2g. The initial stabilizing controller was taken as
mð0ÞðxÞ ¼ �1

2 sinðx1Þð3x2 � 0:2x2
1x2 þ 12x3

2Þ. The cost function V mðiÞ ðxÞ was

approximated on W as V mðiÞ
L ðxÞ ¼ ðwmðiÞ

L ÞTjLðxÞ with L ¼ 8; wmðiÞ
8 ¼

wmðiÞ
1 . . . wmðiÞ

8

h iT
and j8ðxÞ ¼ x2

1 x1x2 x2
2 x4

1 x3
1x2 x2

1x2
2 x1x3

2 x4
2

� �T
.

At each iteration step we solved for wmðiÞ
8 using 40 data points, that is 8 points

measured on each of the 5 trajectories in W. Each data point consists of the mea-
sured cost function associated with the present control policy, over a time interval
T ¼ 0.1 s, and the system state at both ends of this interval. In this way, at every 4
s, the cost function was solved for and a policy update was performed. One notes
that each data point set measured on each trajectory is sufficient to identify the
parameters of the cost function corresponding to that given trajectory. However, it
is often not the case that cost function parameters associated with one trajectory are
equal to the cost function parameters associated with another trajectory. The result
of applying the algorithm is presented in Figure 4.4.

The figure clearly shows that the parameters of the critic neural network con-
verged to the coefficients of the optimal cost function V �ðxÞ ¼ 1

2x2
1 þ x2

2 þ x4
2, that

is wu�
8 ¼ 0:5 0 1 0 0 0 0 1½ �. One observes that after three iteration

steps the parameters of the controller, obtained based on the update equation
(4.22), are very close to the parameters of the optimal controller
u�ðxÞ ¼ �sinðx1Þðx2 þ 2x3

2Þ.
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Figure 4.4 Convergence of the critic parameters
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4.6 Conclusion

This chapter presents a continuous-time adaptive controller, based on policy
iteration, which adapts online to learn the continuous-time optimal control policy
without using knowledge about the drift dynamics of the non-linear system. The
controller is based on the integral reinforcement learning (IRL) form of the CT
Bellman equation, which does not contain the system dynamics and shares the
beneficial properties of the discrete-time Bellman equations. Convergence of the
IRL policy iteration algorithm, under the condition of an initial stabilizing con-
troller, to the solution of the optimal control problem was established. A practical
method was given for implementing the algorithm based on value function
approximation (VFA). Proof of convergence for the IRL policy iteration algorithm
using VFA, taking into account the approximation error, was also provided. The
resulting IRL optimal adaptive controller is a hybrid continuous/discrete control
structure with an actor–critic structure that converges online to the optimal control
solution. Knowledge of the drift dynamics is not needed. The simulation results
support the effectiveness of the online adaptive optimal controller.
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Chapter 5

Generalized policy iteration for
continuous-time systems

As discussed in Chapter 2, reinforcement learning methods have been applied for
many years in the optimal feedback control of discrete-time (DT) systems. Appli-
cations of policy iteration and value iteration to continuous-time (CT) dynamical
systems _x ¼ f ðxÞ þ gðxÞu have lagged due to the fact that the CT Bellman equation
0 ¼ rðx; uÞ þ ðrVxÞTð f ðxÞ þ gðxÞuÞ explicitly contains the system dynamics. (In
this equation, the cost function integrand is r(x, u) and rVx is the gradient vector.)
The DT Bellman equation, on the other hand, is V ðxkÞ ¼ rðxk ; ukÞ þ gVðxkþ1Þ,
which does not contain the system dynamics.

Chapter 4 gives a policy iteration algorithm for non-linear CT systems that does
not rely on knowing the full system dynamics. This algorithm is based on the integral
reinforcement learning (IRL) form of the CT Bellman equation (Vrabie et al., 2008,
2009; Vrabie, 2009; Vrabie and Lewis, 2009) that is V ðxðtÞÞ ¼ Ð tþT

t rðxðtÞ;
mðxðtÞÞÞ dtþ Vðxðt þ TÞÞ and does not contain the system dynamics. In fact, the
IRL form of the CT Bellman equation has the same structure as the DT Bellman
equation. Algorithm 4.1 is the standard form of policy iterations for CT systems,
while Algorithm 4.2 is the IRL form and Algorithm 4.3 shows how to implement IRL
policy iterations practically by using value function approximation.

A further difficulty with the CT Bellman equation 0 ¼ rðx; uÞþ
ðrVxÞTð f ðxÞ þ gðxÞuÞ is that it has only one occurrence of the value function.
Therefore, it is not easy to imagine extending generalized policy iterations (GPIs)
and value iterations as described in Chapter 2 to CT systems. These algorithms rely
on the special form of the DT Bellman equation V ðxkÞ ¼ rðxk ; ukÞ þ gVðxkþ1Þ,
which has two occurrences of the value function evaluated at two times k and kþ1.

Chapter 2 discusses generalized policy iteration (GPI) for DT systems. The
chapter gives a class of algorithms for GPI for CT systems (Vrabie et al., 2008, 2009;
Vrabie, 2009; Vrabie and Lewis, 2009). These algorithms rely on the structure of the
IRL Bellman equation VðxðtÞÞ ¼ Ð tþT

t rðxðtÞ; mðxðtÞÞÞ dtþ Vðxðt þ TÞÞ. The prac-
tical usefulness of GPI is that it avoids the explicit solution of the IRL Bellman
equation in IRL Algorithm 4.2 by developing a set of simplified iterations that
converges to its solution. It is shown in this chapter that GPI provides a spectrum of
iterative algorithms that includes at one end the PI Algorithm 4.2. At the other end of
the spectrum GPI becomes the value iteration algorithm for CT systems presented in
Chapter 6, where it is shown how to extend value iterations to CT systems using IRL.
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The development of GPI for CT systems in this chapter is based on the IRL
Bellman equation. The analysis is based on contraction maps and the Banach fixed-
point theorem. Section 5.1 reviews the standard policy iteration (PI) approach to the
solution of the infinite-horizon optimal control problem for non-linear systems, that
is the optimal control problem discussed in Section 4.1, and IRL is reviewed.
Section 5.2 presents the main result: a new formulation for the PI algorithm, with
convergence proof, followed by the extension of GPI to CT systems. Section 5.3
briefly discusses the implementation aspects of the GPI algorithms using function
approximators in an actor–critic structure. Section 5.4 presents simulation results
obtained, first for a linear quadratic regulator (LQR) problem and second for the
case of a non-linear system. It is shown that GPI solves the Riccati equation, or the
Hamilton–Jacobi–Bellman (HJB) equation for the non-linear case, online in real
time without knowing the full system dynamics.

5.1 Policy iteration algorithm for optimal control

The setup in this chapter is the non-linear CT system dynamics and cost function
given in Section 4.1. Thus, consider the time-invariant affine-in-the-input dyna-
mical system given by

_xðtÞ ¼ f ðxðtÞÞ þ gðxðtÞÞuðxðtÞÞ; xð0Þ ¼ x0

with state xðtÞ 2 R
n; f ðxðtÞÞ 2 R

n; gðxðtÞÞ 2 R
n�m and control input uðtÞ 2 U �

R
m. Assumptions on this system are as given in Section 4.1.

The cost function or value function associated with any admissible control
policy uðtÞ ¼ mðxðtÞÞ is

V mðxðtÞÞ ¼
ð1

t
rðxðtÞ; mðxðtÞÞÞ dt

Take here the cost integrand as r(x, u) ¼ Q(x)þ uTRu with Q(x) positive definite
(i.e. 8x 6¼ 0; QðxÞ > 0 and x ¼ 0 ) QðxÞ ¼ 0) and R 2 R

m�m a symmetric posi-
tive definite matrix. The value V mðxÞ is C1.

A control policy uðtÞ ¼ mðxÞ is defined as admissible with respect to this
system on a set W � R

n, denoted by m 2 YðWÞ, if mðxÞ is continuous on
W; mð0Þ ¼ 0; mðxÞ stabilizes (4.1) on W, and V(x0) is finite 8x0 2 W.

In the optimal control problem it is desired to select an admissible control
policy that minimizes the value.

5.1.1 Policy iteration for continuous-time systems
Using Leibniz’s formula, the infinitesimal version of the infinite integral value
function is found to be the following.

CT Bellman equation

0 ¼ rðx; mðxÞÞ þ ðrV m
x ÞT ðf ðxÞ þ gðxÞmðxÞÞ; V mð0Þ ¼ 0 ð5:1Þ
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Here, rV m
x (a column vector) denotes the gradient of the cost function V m with

respect to x. The CT Hamiltonian function is defined as

Hðx; u;rVxÞ ¼ rðxðtÞ; uðtÞÞ þ ðrVxÞT ðf ðxðtÞÞ þ gðxðtÞÞuðtÞÞ

Based on Bellman equation and Hamiltonian, the standard policy iteration algo-
rithm for CT systems is described as follows.

Algorithm 5.1. Continuous-time policy iteration

1. Select u0 2 YðWÞ.
2. (Policy evaluation step.) Solve for Vi using the Bellman equation

Hðx; ui�1;rV i
xÞ ¼ rðxðtÞ; ui�1ðtÞÞ þ ðrV i

xÞTðf ðxðtÞÞ þ gðxðtÞÞui�1ðtÞÞ ¼ 0

ð5:2Þ

3. (Policy improvement step.) Find ui that satisfies

ui ¼ arg min
v2YðWÞ

½Hðx; v;rV i
xÞ� ð5:3Þ

which is explicitly

uiðxÞ ¼ � 1
2

R�1gT ðxÞ rV i
x ð5:4Þ

&

The convergence of this algorithm has been proven in Leake and Liu (1967) for
the case that (5.2) is exactly solved. This is an offline algorithm. It is further deficient
in that the full system dynamics are needed to solve the Bellman equation (5.2). It is
not clear how to provide online learning mechanisms to solve (5.2) in real time.

Conditioned by a suitable initialization, that is an admissible initial policy, PI
provides the solution of the optimal control problem based on recursively solving
(5.2) and (5.3) as the index i ! 1. The solution Vi of (5.2) represents the value
function associated with using the control policy ui–1.

5.1.2 Integral reinforcement learning for continuous-time systems
To avoid the requirement in Algorithm 5.1 for knowing the drift dynamics of the
system, f (x), and to allow online implementation, Chapter 4 developed an equiva-
lent formulation of CT policy iteration based on IRL.

Write the value function as the following equivalent form.

Integral reinforcement form of value function: IRL Bellman equation

V mðxðtÞÞ ¼
ðtþT

t
rðxðtÞ; mðxðtÞÞÞ dtþ V mðxðt þ TÞÞ
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Note that this form of the Bellman equation does not contain the system dynamics
(f (	), g(	)). Lemma 4.1 showed that this equation is equivalent to the CT Bellman
equation (5.1) in the sense that both equations have the same solution. The integral

rðxðtÞ; t; t þ TÞ ¼
ðtþT

t
rðxðtÞ; mðxðtÞÞÞ dt

is known as the integral reinforcement on the time interval [t, tþ T].
Based on the IRL form of the Bellman equation one can write the following

algorithm.

Algorithm 5.2. CT policy iteration using integral reinforcement learning

1. Select u0 2 YðWÞ.
2. (Policy evaluation step.) Solve for Vi using IRL Bellman equationðtþT0

t
rðx; ui�1Þ dtþ V iðxtþT0Þ � V iðxtÞ ¼ 0; V ið0Þ ¼ 0 ð5:5Þ

3. (Policy improvement step.) Find ui that satisfies

ui ¼ arg min
v2YðWÞ

½Hðx; v;rV i
xÞ� ð5:6Þ

&

In (5.5), xt and xtþT0 are shorthand notations for x(t) and x(tþ T0).
It was proven in Chapter 4 that (5.2) and (5.5), corresponding to the policy

evaluation step, have the same solution. The advantage of using (5.5) is that this
equation can be solved online based on real-time measurements, without any
requirement for knowing the system drift dynamics f(x). Online approaches to
policy iterations were given in Section 4.3 using value function approximators to
solve (5.5) and (5.6). Implementation is further discussed in Section 5.3 and is
similar to the structure discussed in Section 4.4.

5.2 Generalized policy iteration for continuous-time systems

Methods for solving the Bellman equation (5.5) were given in Section 4.3. Nevertheless,
(5.5) is a system of equations that must be solved either for the value (as in Algorithm 4.2)
or (as in Algorithm 4.3) for the coefficients in a basis function expansion that approx-
imates the value function. GPI was introduced for DT systems in Chapter 2 as a sim-
plified method for solving the Bellman equation that uses iterations instead of requiring
solution of a set of equations. Development of GPI methods for CT systems has been
hindered by the inconvenient structure of the CT Bellman equation (5.1).

This section formulates the GPI algorithms for CT systems (Vrabie et al.,
2008, 2009; Vrabie, 2009; Vrabie and Lewis, 2009). These algorithms are based on
the IRL Bellman equation. The analysis is based on contraction maps and the
Banach fixed-point theorem. Section 5.1.1 introduces the mathematical tools that
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provide the mechanisms for the PI and GPI algorithm formulations given in Sec-
tions 5.2.2 and 5.2.3.

5.2.1 Preliminaries: Mathematical operators for policy iteration
Let X denote the space of bounded functionals Vð	Þ : W ! R with
VðxtÞ > 0; 8xt 2 W; Vð0Þ ¼ 0. X is a Banach space with the norm
kVk ¼ sup

x2W
jV ðxÞj. Define the dynamic programming operator Tm : X ! X

TmVðxtÞ ¼
ðtþT0

t
rðx; mÞ dtþ VðxtþT0Þ ð5:7Þ

where xtþT0 is the value of x(t) at t ¼ tþ T0, with x(t) the solution of (3.1) for
initial condition x(t) (denoted xt) and input fmðtÞ; t � tg. Also, define the operator
T : X ! X

TVðxtÞ ¼ min
u2YðWÞ

ðtþT0

t
rðx; uÞ dtþ V ðxtþT0Þ

� �
ð5:8Þ

The first operator, Tm : X ! X , maps the cost functional Vð	Þ 2 X into the cost
functional denoted TmV ð	Þ 2 X , while using the control policy m 2 YðWÞ over the
time interval [t, tþ T0]. The sample period T0 must be chosen such that 8xt 2 W the
solution of (3.1) at time tþ T0, using the control policy m, satisfies xtþT0 2 W1 
 W.
Note that if m 2 YðWÞ there exists a lower bound Tl such that 8T0 � Tl and 8xt 2 W
then xtþT0 2 W.

The formulation of the operator Tm when the state-feedback optimal control
problem for linear systems with quadratic performance index, that is LQR, is
considered is given now. Using the parametric description of the value function
VðxÞ ¼ xT Px; 8x 2 R

n and TmVðxÞ ¼ xT P m
1 x; 8x 2 R

n and the control policy
mðxÞ ¼ �Kmx, this operator can be written as

xT
t Pm

1xt ¼
ðtþT0

t
xTðtÞ½Qþ ðKmÞT RKm�xðtÞ dtþ xT

t eðA�BKmÞT T0 PeðA�BKmÞT0 xt

ð5:9Þ

It is interesting to note that this has a structure similar to the DT Lyapunov
equation. We shall show these DT-like Lyapunov recursions converge to solutions
to (5.5), which is equivalent in the LQR case to a CT Lyapunov equation.

Let XP denote the set of all positive definite matrices that can serve as para-
metric representations of quadratic value functions. Denoting by AT0

d ¼D eðA�BKmÞT0

the discrete version of the CT dynamics of the linear system, when a sampling
period of T0 is used, and writing the integral term as

xT
t Mmxt �

ðtþT0

t
xT ðtÞ½Q þ ðKmÞT RKm�xðtÞ dt
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with Mm > 0, introduce the operator T 0
m : X P ! X P defined as

T 0
mP ¼ Pm

1 ¼ Mm þ ðAT0
d ÞT PAT0

d ð5:10Þ

where Pm
k denotes the composition of k copies of T 0

m applied on the parametric
representation of the quadratic cost function V ðxÞ ¼ xT Px; x 2 R

n, that is matrix P.
The operator defined by (5.8), T : X ! X , maps the cost functional V ð	Þ 2 X

into the cost functional denoted TVð	Þ 2 X , while using over the time interval
½t; t þ T0� the control policy u that is solution to the finite-horizon optimal control
problem defined by the right-hand side of (5.8).

It is important to see that the control solution of (5.8) is not the same as
u ¼ arg min

v2YðWÞ½Hðx; v; rVxÞ�; in the first case a time-varying control policy is obtained

while in the latter case the resulting policy is time-invariant. For example, in a linear
system case with quadratic cost function the control solution given by (5.8) is
uðt; xÞ ¼ �R�1BT PðtÞx, where PðtÞ is the solution of the differential Riccati equa-
tion over the time interval ½t; t þ T0� with final condition PtþT0 ¼ P. On the other
hand, the solution obtained using u ¼ arg min

v2YðWÞ½Hðx; v; rVxÞ�; is uðxÞ ¼ �R�1BT Px.
Thus, one can see that using (5.8) as basis for the policy improvement step would lead

to a significant modification of the policy iteration algorithm.
Using the introduced operators we can also write

TVðxtÞ ¼ min
u2YðWÞ

fTuV ðxtÞg ð5:11Þ

Also, Bellman’s optimality principle can be formulated as

TV �ðxtÞ ¼ min
u2YðWÞ

fTuV �ðxtÞg ¼ V �ðxtÞ ð5:12Þ

In the following Tk and Tk
u will denote the composition of k copies of T and Tu.

5.2.2 Contraction maps for policy iteration
Two equivalent formulations of continuous-time PI were given as Algorithm 5.1,
equations (5.2), (5.3), and Algorithm 5.2, equations (5.5), (5.6). This section
presents results that allow a third formulation of the policy iteration algorithm based
on the functional mapping operators introduced in the previous section. The analysis
is based on contraction maps and the Banach fixed-point theorem. The following
results are required.

Lemma 5.1. Let m 2 YðWÞ. Then V m 2 X is a fixed point of the mapping
Tm : X ! X .

Proof: Let V m denote the cost associated with the policy m. Then, using the defi-
nition in (5.7), we have

TmV mðxtÞ ¼
ðtþT0

t
rðx; mÞ dtþ V mðxtþT0Þ ð5:13Þ
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which is

TmV mðxtÞ ¼ V mðxtÞ ð5:14Þ

thus V mðxtÞ is a fixed point of the mapping Tm.
Note that the equation

TmVðxtÞ ¼
ðtþT0

t
rðx; mÞ dtþ VðxtþT0Þ ¼ V ðxtÞ ð5:15Þ

has a unique solution denoted by V mðxtÞ, which is also the solution of
Hðx; m; rVxÞ ¼ 0. &

Lemma 5.2. Let m 2 yðWÞ. Then Tm : X ! X is a contraction mapping on X .

Proof: Let V ; W 2 X , then

TmVðxtÞ ¼
ðtþT0

t
rðx; mÞ dtþ VðxtþT0Þ ð5:16Þ

TmWðxtÞ ¼
ðtþT0

t
rðx; mÞ dtþ WðxtþT0Þ ð5:17Þ

Subtracting the two equations one gets

TmVðxtÞ � TmWðxtÞ ¼ V ðxtþT0Þ � WðxtþT0Þ ð5:18Þ

T0 is chosen such that 8xt 2 W and xtþT0 2 W1 
 W.
Then

sup
W
ðjV � W jÞðxÞ � sup

W
ðjV � W jÞðxÞ ð5:19Þ

which together with (5.16) gives

sup
W1

ðjTmV � TmW jÞðxÞ � sup
W
ðjV � W jÞðxÞ

This is

kTmV � TmWk � kV � Wk ð5:20Þ

This proves the lemma. &

Subtracting (5.13) from (5.16), and making use of (5.14), one obtains

TmVðxtÞ � V mðxtÞ ¼ V ðxtþT0Þ � V mðxtþT0Þ
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resulting in

kTmV � V mk � kV � V mk; 8V 2 X ð5:21Þ

The next corollary of Lemma 5.2 considers the formulation of the infinite-
horizon optimal control problem for linear systems with quadratic performance
index, that is the LQR problem. In this case it is known that the value function
associated with a given admissible state-feedback policy can be exactly repre-
sented by the parametric description V ðxÞ ¼ xT Px; 8x 2 R

n. The operator T 0
m

defined by (5.10) is now used. XP, equipped with the spectral radius matrix
norm defined as rðAÞ � kAkr ¼D max

i
ðjlijÞ, where li, the eigenvalue of A, is a

Banach space.

Corollary 5.1. T 0
m: X P ! X P is a contraction map on XP.

Proof: See appendix.

Lemma 5.3. The mapping Tm : X ! X has a unique fixed point on X that can be
obtained using

V m xtð Þ ¼ lim
k!1

Tk
mVðxtÞ; 8VðxtÞ 2 X ð5:22Þ

Proof: Using the Banach fixed-point theorem, since Tm : X ! X is a contraction on
X (Lemma 5.2) then its fixed point V m 2 X (Lemma 5.1) is the unique fixed point.
Moreover, the unique fixed point can be determined as the limit of the iterative
sequence defined by V m

k ð	Þ ¼ TmV m
k�1ð	Þ ¼ Tk

mV m
0 ð	Þ; k � 1;V m

0 ð	Þ ¼ V ð	Þ 2 X ;

that is V mðxtÞ ¼ lim
k!1Tk

mVðxtÞ; 8V ðxtÞ 2 X . &

5.2.3 A new formulation of continuous-time policy iteration:
Generalized policy iteration

Using the result in Lemma 5.3 is now given a third formulation for the policy iteration
algorithm that makes use of the operator defined by (5.7). This algorithm is known as
iterative or GPI and replaces solution of the IRL Bellman equation by an iterative
procedure that converges to its solution. This simplifies the computations required.

Algorithm 5.3. CT generalized policy iteration using IRL

1. Select u0 2 YðWÞ
2. (Policy evaluation step.) Solve for V ui�1ðxtÞ (denoted with V iðxtÞ) using the

iteration

V iðxtÞ ¼ lim
k!1

Tk
ui�1

V ðxtÞ ð5:23Þ
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starting with any VðxtÞ 2 X , and Tm defined by (5.7).

3. (Policy improvement step.) Find ui that satisfies

ui ¼ arg min
n2YðWÞ

½Hðx; v; rV i
xÞ� ð5:24Þ

&

A variant of the above policy iteration algorithm is obtained when one starts the
policy evaluation step for V ui�1ðxtÞ ¼ V iðxtÞ with the cost functional obtained at the
previous step

V ui�2ðxtÞ ¼ V i�1ðxtÞ, that is (5.23) becomes

V iðxtÞ ¼ lim
k!1

Tk
ui�1

V i�1ðxtÞ ð5:25Þ

5.2.4 Continuous-time generalized policy iteration
The formulation of the GPI algorithm for CT systems with continuous state and
action space is now given.

Algorithm 5.4. Generalized policy iteration

1. Select u0 2 YðWÞ.
2. (Approximate policy evaluation step.) Approximately solve the Bellman

equation for V iðxtÞ using the iteration

V iðxtÞ ¼D V i
kðxtÞ ¼ Tk

ui�1
VðxtÞ ð5:26Þ

starting with any VðxtÞ 2 X , for some k � 1.
Note that this step can also be replaced by

V iðxtÞ ¼D V i
kðxtÞ ¼ Tk

ui�1
V i�1ðxtÞ ð5:27Þ

3. (Policy improvement step.) Find ui that satisfies

ui ¼ arg min
n2YðWÞ

½Hðx; v;rV i
xÞ� ð5:28Þ

&

One clearly sees that when k ! 1 in (5.22) we encounter the regular PI algorithm
with the policy evaluation step given by (5.23). For the case 1 > k � 1, one
obtains the so-called optimistic policy iteration (Sutton and Barto, 1998), with the
policy evaluation step given by

V i
0ðxtÞ ¼ Tk

ui�1
V ðxtÞ ð5:29Þ

In this ‘optimistic’ case the policy update step is executed prior to the con-
vergence to the true value associated with the current control policy. In (5.29), the
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notation V i
0ð	Þ was used to make the point that the value resulting from (5.26) is not

the true value associated with the current control policy ui�1ðxÞ, that is V ið	Þ.
When k ¼ 1, the GPI becomes the next algorithm.

Algorithm 5.5. CT value iteration variant with initial stabilizing policy

1. Select u0 2 YðWÞ.
2. (Value function update step.) Solve for V iðxtÞ using only one value update step

V iðxtÞ ¼ Tui�1 V i�1ðxtÞ ð5:30Þ

3. (Policy update step.) Find ui that satisfies

ui ¼ arg min
v2YðWÞ

½Hðx; v;rV i
xÞ� ð5:31Þ

&

This algorithm is similar in form to the value iteration algorithm given for DT
systems in Chapter 2. A key difference between Algorithm 5.5 and the DT value
iteration algorithm discussed in Chapter 2 is that, in the case of true value iteration, the
requirement for a stabilizing initial policy u0 2 YðWÞ is removed. This is a significant
improvement, since for non-linear systems it may be difficult to find stabilizing
controls. Chapter 6 presents a VI algorithm for CT systems that does not require
a stabilizing initial policy.

The flowchart of the GPI Algorithm 5.4 is presented in Figure 5.1.

Yes

Start

Stop

Yes

No

No

Solving for the cost update
Vj (xt) � Tui�1

 Vj�1 (xt)

Choose k ≥ 1
j � 0, V0 (xt) � V i (xt)

i←i � 1

j←j � 1

Initialisation
i � 1; μ0 (x) ∈Ψ (Ω)

<V i�V i�1 ε

j < k

Policy update
ui � arg min [H (x,u, ∇V i)]x

u ∈Ψ(Ω)

Figure 5.1 Flow chart of the generalized policy iteration (GPI) Algorithm 5.3
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5.3 Implementation of generalized policy iteration algorithm

The online learning GPI Algorithm 5.4 is implemented on an actor–critic structure.
In a general case the two structures can be neural networks (NNs) that are universal
approximators (Hornik et al., 1990). See Section 4.4 about implementation of IRL
policy iterations for CT systems. Those remarks are germane here.

For value function approximation the cost V iðxÞ 2 X will be represented as

V iðxÞ ¼
XL

j¼1

wi
jfjðxÞ ¼ ðwi

LÞTjLðxÞ ð5:32Þ

This can be interpreted as a neural network with L neurons in the hidden layer
and activation functions fjðxÞ 2 C1ðWÞ; fjð0Þ ¼ 0. jLðxÞ denotes the vector of
activation functions and wi

L denotes the vector of the parameters of the neural
network, with wi

j the weights of the neural network. The activation functions should
be selected to provide a complete basis for the space of value functions over W.

To solve for the cost function V iðxÞ in (5.27), the jth step of the value function
update, which is

V i
j ðxtÞ ¼ Tui�1 V i�1

j�1 ðxtÞ; V i
0 ¼ V i�1; 1 � j � k ð5:33Þ

can be written as

ðw j
LÞTjLðxtÞ ¼

ðtþT0

t
rðx; uiðxÞÞ dtþ ðw j�1

L ÞTjLðxtþT Þ ð5:34Þ

with V iðxtÞ ¼ ðwk
LÞTjLðxtÞ. The parameters of the value function approximation

will be tuned, at each iterative step (5.33) of (5.27), to minimize, in the least-
squares sense, the objective

S ¼
ð
Wui

fx0gn

d j
LðxÞd j

LðxÞ dx ð5:35Þ

In (5.35), Wui

fx0gn
denotes a set of trajectories generated by the policy ui, from the

initial conditions x0f gn � W, and

d j
LðxtÞ ¼

ðtþT0

t
rðx; uiðxÞÞ dtþ ðwj�1

L ÞTjLðxtþT Þ � ðwj
LÞTjLðxtÞ

The quantity d j
LðxtÞ can be viewed as the temporal difference residual error.

Using the inner product notation for the Lebesgue integral, the least-squares
solution of (5.34) is

w j
L ¼ �F�1 jLðxtÞ;

ðtþT0

t
rðx; uiðxÞ dtþ ðwj�1

L ÞTjLðxtþT Þ
	 


Wui

fx0gn
ð5:36Þ

where F ¼ jLðxtÞ; jLðxtÞT
D E

Wui
fx0gn

:
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After updating the value function to solve equation (5.34)k times, that is once
the approximate solution of (5.27) had been obtained, the policy update step, given
by (5.28), is

uiþ1ðxÞ ¼ �R�1gT ðxÞ @jLðxÞ
@x

� �T

wi
L ð5:37Þ

Note that in this implementation, after the policy update step is executed, the
parameters of the two approximation structures, namely, actor and critic, are the same.

Finally, it is noted that all approximate dynamic programming (ADP) algorithms
are developed on the assumption that correct estimation of the value function is
possible. This means that, in order to successfully apply the online learning algorithm,
enough excitation must be present in the system to guarantee correct estimation of the
value function at each value update step. In relation with this, one must also note that
the greedy policies obtained at the policy update steps are admissible policies and thus
not excitatory. This is the well known exploration/exploitation dilemma (Sutton and
Barto, 1998), which characterizes adaptive controllers that have simultaneous con-
flicting goals such as optimal control and fast and effective adaptation/learning.

5.4 Simulation results

This example shows how GPI Algorithm 5.3 can be used to solve the optimal
control problem online in real time without solving the Riccati equation or, in the
non-linear case, the HJB equation. Practically, the GPI algorithm solves these
equations online by measuring data along the system trajectories and without
knowing the system drift dynamics A, or in the non-linear case f ðxÞ.

5.4.1 Example 1: Linear system
This section presents comparative simulation results using the GPI approach to
solving the LQR problem considering the linear model of the F16 short period
dynamics given in Sontag and Sussmann (1995).

The description of the linear system is given by matrices

A ¼
�1:01887 0:90506 �0:00215
0:82225 �1:07741 �0:1755

0 0 �20:2

2
4

3
5; B ¼

0
0

20:2

2
4

3
5

The infinite-horizon quadratic cost function to be minimized is characterized
by the identity matrices Q and R of appropriate dimensions. The optimal value
function obtained by solving the algebraic Riccati equation (ARE) is

P ¼
1:4116 1:1539 �0:0072
1:1539 1:4191 �0:0087
�0:0072 �0:0087 0:0206

2
4

3
5
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Figure 5.2 presents a comparative view of the results obtained with the various GPI
algorithms (for different values of the parameter k) in terms of the norm of the cost
function matrix P, considering the F-16 system.

As the system is stable, the GPI algorithms (applied for different values of k)
were initialized using the state-feedback controller K0 ¼ 0. The simulation was
conducted using data obtained from the system at every 0.05 s. In this way, at each
0.3 s, enough data is collected from the system to solve for the value of the matrix P
and perform a value function update, as there are six independent elements in the
symmetric matrix P, which parameterizes the value function associated with any
admissible state-feedback controller. After a number of k updates the solution given
by (5.27) is used to perform a policy update step.

One can see from Figure 5.2 that the number of iterative steps (i.e. value
function and policy update steps) required for the GPI algorithm to converge is
inversely proportional to the number of iterative updates used to solve the value
function update step (i.e. parameter k of the GPI algorithm).

5.4.2 Example 2: Non-linear system
We now consider the non-linear system described by the equation

_x1 ¼ �x1 þ x2

_x1 ¼ � 1
2

x1 � 1
2

x2ðð1 � ðcosð2x1Þ þ 2Þ2ÞÞ þ ðcosð2x1Þ þ 2Þu

(
ð5:38Þ

0 20 40 60 80 100 120 140 160
0

0.5

1

1.5

2

2.5

Norm of critic parameter matrix P

Time (s)

k � 1
k � 50
k � 150
k � 250
Optimal

Figure 5.2 Comparative view of the results obtained while using the GPI
algorithm for different values of the parameter k in terms of the norm
of the critic parameters given by matrix P; the relevant values are
indicated by the marker points while the connecting lines are only
intended to provide ease of visualization
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This system was designed using the converse HJB approach (Nevistic and
Primbs, 1996), such that, when the cost function to be minimized is described by
rðx; uÞ ¼ xT Qx þ uT Ru, with Q; R identity matrices of appropriate dimensions, the
optimal cost function is V �ðxÞ ¼ 1

2x
2
1 þ x2

2. The critic is given by the equation

VW1ðxÞ ¼ ½w1 w2 w3 �½ x2
1 x1x2 x2

2 �T þ eðxÞ ð5:39Þ

Figures 5.3–5.5 show the convergence of the parameters of the critic when the
sequential GPI algorithm was used. The number of iterative steps to solve for the
value function using iteration (5.27) were K ¼ 1 (i.e. heuristic dynamic program-
ming (HDP) algorithm), K ¼ 5 and K ¼ 50.

All the results were obtained while measuring data from the system using a
sampling time interval T0 ¼ 0:1 s. At each iterative step, (5.34) was solved in the
least-squares sense using 36 DT measurements from the system along six different,
randomly chosen, trajectories in W ¼ fðx1; x2Þ;�1 � x1 � 1; � 1 � x2 � 1g.

The number of points and of trajectories used to solve (5.34) are a matter of
fine tuning the algorithm and depends on the experience of the engineer rela-
tive to the system dynamics, in a similar manner with the choice of the sample
time T0.

Comparing the results in Figures 5.3–5.5, one observes that increasing the
number of steps in the iterative algorithm used at the critic training phase leads to
an increase in the time until the critic converges to the optimal critic. Nonetheless,
in all instances the sequential GPI algorithm leads to convergence to the optimal
cost and optimal control policy.
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Figure 5.3 Convergence of the critic parameters to the optimal values using
sequential GPI with K ¼ 1
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5.5 Conclusion

This chapter gives the formulation of GPI algorithms in a CT framework. This is
based on the IRL form of the Bellman equation, which allows the extension of GPI
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Figure 5.4 Convergence of the critic parameters to the optimal values using
sequential GPI with K ¼ 5
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Figure 5.5 Convergence of the critic parameters to the optimal values using
sequential GPI with K ¼ 50
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to CT systems. It is seen that GPI is in fact a spectrum of iterative algorithms,
which has at one end the policy iteration algorithm and at the other a variant of
the value iteration algorithm. The algorithms can be implemented in a partially
model-free setup using function approximators on an actor–critic structure. That is,
GPI solves the Riccati equation in the LQR case, or the HJB equation for non-linear
optimal control, online in real time without requiring knowledge of the system drift
dynamics f(x).

The new GPI algorithm could lead to a CT formulation of the Q function. This
is an important step that would result in a set of model-free direct adaptive optimal
control algorithms for CT systems.
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Chapter 6

Value iteration for continuous-time systems

The idea of value iteration has been applied to the online learning of optimal con-
trollers for discrete-time (DT) systems for many years (see Chapter 2). In the work of
Werbos (1974, 1989, 1991, 1992, 2009) a family of DT learning control algorithms
based on value iteration ideas has been developed. These techniques are known as
approximate dynamic programming or adaptive dynamic programming (ADP). ADP
includes heuristic dynamic programming (HDP) (which is value iteration), dual
heuristic programming and action-based variants of those algorithms, which are
equivalent to Q learning for DT dynamical system xkþ1 ¼ f ðxkÞ þ gðxkÞuk . Value
iteration algorithms rely on the special form of the DT Bellman equation
VðxkÞ ¼ rðxk ; ukÞ þ gV ðxkþ1Þ, with rðxk ; ukÞ the utility or stage cost of the value
function. This equation has two occurrences of the value function evaluated at two
times k and k þ 1 and does not depend on the system dynamics f ðxkÞ; gðxkÞ.

The extension of value iteration techniques to continuous-time (CT) systems of
the form _x ¼ f ðxÞ þ gðxÞu has been hindered by the form of the CT Bellman
equation 0 ¼ rðx; uÞ þ ðrVxÞT ðf ðxÞ þ gðxÞuÞ. This equation has only one occur-
rence of the value function. Based on this equation, it is not easy to imagine
extending generalized policy iterations (GPIs) or value iterations, as described in
Chapter 2, to CT systems. A further deficiency of the CT Bellman equation is that
the dynamics f ðxÞ þ gðxÞ appears, and so must be known for its solution.

In Chapter 5 was given a class of algorithms for generalized policy iteration
(GPI) for AQ1continuous-time systems. These algorithms were introduced in Vrabie
et al. (2008, 2009), Vrabie (2009), Vrabie and Lewis (2009) and rely on the
structure of the integral reinforcement learning (IRL) Bellman equation
VðxðtÞÞ ¼ Ð tþT0

t rðxðtÞ; mðxðtÞÞÞ dtþ Vðxðt þ TÞÞ, which shares the beneficial
properties of the DT Bellman equation. It was shown in Chapter 5 that CT GPI
provides a family of algorithms that contains policy iteration at one end and a
variant of value iteration at the other.

Based on the IRL Bellman equation, in this chapter is formulated the value
iteration or HDP algorithm for continuous-time systems (Vrabie et al., 2008, 2009;
Vrabie, 2009; Vrabie and Lewis, 2009). The continuous-time linear quadratic
regulation (LQR) problem is considered, where the dynamics have the form
_x ¼ Ax þ Bu. Focusing on the LQR problem allows easy comparison between the
policy iteration algorithm (i.e. Newton’s method) and the HDP (value iteration)
algorithm, while providing some insight relative to the convergence of the HDP
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algorithm. The chapter is short, but this material is given the form of a separate
chapter due to the importance of the extension of value iteration to CT systems.

In this chapter, bringing together concepts from ADP and control systems
theory, and based on the formulation of the GPI algorithm introduced in Chapter 5,
we formulate and analyze an ADP technique that offers solution, obtained online in
a forward-in-time fashion, to the continuous-time infinite-horizon optimal control
problem for linear systems. The online learning method makes use only of partial
knowledge on the system dynamics (i.e. the drift dynamics, specified by the system
matrix A need not be known).

This technique is a continuous-time approach to HDP (CT-HDP) for linear
systems. CT-HDP solves online for the continuous-time optimal value function –
an approach also known as V-learning. It will be shown that the proposed iterative
ADP algorithm is in fact a quasi-Newton method. It solves the algebraic Riccati
equation (ARE) in real time without knowing the system A matrix. Unlike the case
of the policy iteration algorithm, for CT-HDP an initial stabilizing control policy is
not required. CT-HDP yields an online direct adaptive control algorithm that
determines the optimal control solution without knowing the system A matrix. We
call this optimal adaptive control.

The CT-HDP algorithm is presented in Section 6.1. A mathematical formulation
of the algorithm is given in Section 6.2 that proves the equivalence of the CT-HDP
with a certain Quasi-Newton method. The algorithm is then tested in simulation in
Section 6.3. There, the optimal controller for a linear power system model is
obtained. The ARE is effectively solved online in real time without making use of
any knowledge regarding the system matrix A.

6.1 Continuous-time heuristic dynamic programming
for the LQR problem

Consider the LQR problem described in Section 3.1. Thus, consider the con-
tinuous linear time-invariant dynamical system described by

_xðtÞ ¼ AxðtÞ þ BuðtÞ

with state xðtÞ 2 R
n, control input uðtÞ 2 R

m and (A, B) stabilizable. To this system
associate the infinite-horizon quadratic cost or value function

V ðxðt0Þ; t0Þ ¼
ð1

t0

ðxT ðtÞQxðtÞ þ uT ðtÞRuðtÞÞ dt

with Q � 0, R > 0 such that ðQ1=2;AÞ is detectable.
The LQR optimal control problem requires finding the control policy that

minimizes the cost. The solution of this optimal control problem is given by the
state feedback uðtÞ ¼ �KxðtÞ with

K ¼ R�1BT P
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where the matrix P is the unique positive definite solution of the algebraic Riccati
equation (ARE)

AT P þ PA � PBR�1BT P þ Q ¼ 0

Under the detectability condition for ðQ1=2;AÞ the unique positive semidefinite
solution of the ARE determines a stabilizing closed-loop controller.

To solve ARE, complete knowledge of the model of the system is needed, that
is both the system matrix A and control input matrix B must be known.

An offline CT policy iteration iterative algorithm to solve the ARE from
Chapter 3 is as follows. Given K0 such that A0 ¼ A � BK0 is Hurwitz, a sequence
Pif gi�1 is determined by solving successively the Lyapunov equation

0 ¼ AI
i Piþ1 þ Piþ1Ai þ Q þ PiBR�1BT Pi ð6:1Þ

where Ai ¼ A � BR�1BT Pi. Kleinman (1968) showed that the sequence Pif gi�1 is
monotonically decreasing and lower bounded by the unique positive definite
solution of the ARE. This is an offline Policy Iteration (PI) algorithm that requires
knowledge of the dynamics A, B and a stabilizing initial gain.

As seen in Chapter 3, (6.1) can be expressed equivalently in a Newton’s
method-like setting as

Piþ1 ¼ Pi � ðRic0Pi
Þ�1RicðPiÞ ð6:2Þ

where

RicðPiÞ ¼ AT Pi þ PiA þ Q � PiBR�1BT Pi ð6:3Þ

and Ric0Pi
denotes the Frechet derivative of RicðPiÞ taken with respect to Pi. The matrix

function Ric0Pi
evaluated at a given matrix M will thus be Ric0Pi

ðMÞ ¼ Ai
T M þ MAi.

6.1.1 Continuous-time HDP formulation using integral
reinforcement learning

As discussed in Chapter 3, the LQR problem can be solved in real time using online
policy iteration without knowing the A matrix. This is an online version of the
underlying Newton method. In Chapter 3 was given a method based on Integral
Reinforcement Learning (IRL) for implementing the CT policy iteration algorithm
online in real time. It is based on the following.

IRL form of the CT Bellman equation

V ðxðtÞÞ ¼
ðtþT0

t
rðxðtÞ; mðxðtÞÞÞ dtþ V ðxðt þ TÞÞ

This form does not contain the system dynamics. The variable T0 is known as the
integral reward time period. It is not like a typical sampling period, and can vary
with time t. The IRL policy iteration Algorithm 3.1 solves the ARE online without
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knowing the system A matrix by measuring data along the system trajectories. It is
an optimal adaptive control algorithm that converges to the optimal LQR solution.
A drawback is that it requires initialization using a stabilizing feedback gain, which
cannot be determined in complete ignorance of the A matrix.

Based on the IRL formulation, a generalized policy iterations algorithm was
given in Chapter 5 as Algorithm 5.4. This algorithm also required a stabilizing
initial gain. We now formulate value iterations, or the heuristic dynamic program-
ming (HDP) algorithm of ADP, for continuous-time systems. CT-HDP provides an
optimal adaptive control algorithm that converges to the optimal LQR solution
without knowing the A matrix and without knowing an initial stabilizing gain.

Let Tm : X ! X be the dynamic programming operator defined as

TmV ðxtÞ ¼
ðtþT0

t
rðx; mÞ dtþ V ðxtþT0Þ ð6:4Þ

where xtþT0 denotes the value of xðtÞ at t ¼ t þ T0, with xðtÞ the solution of (3.1)
for initial condition xðtÞðdenoted xtÞ and input fmðtÞ; t � tg.

Algorithm 6.1. Heuristic dynamic programming: Value iteration for
CT systems

1. Select V 0ðxtÞ : W ! R;V 0ð	Þ � X; i ¼ 0.

2. (Policy update step.) Find ui, which satisfies

ui ¼ arg min
v2YðWÞ

½Hðx; v;rV i
xÞ� ð6:5Þ

3. (Value function update step.) Solve for V iðxtÞ using

V iþ1ðxtÞ ¼ Tui V
iðxtÞ ð6:6Þ

&

The key difference between Algorithm 5.5, namely, GPI with k = 1, and the
value iteration Algorithm 6.1 is that in the latter case the requirement of u0 2 YðWÞ
is removed, that is the initial policy need not be stabilizing.

For the case of the LQR problem the value iteration scheme is the following.

Algorithm 6.2. Heuristic dynamic programming: Value iteration for CT LQR

1. Select P0 � 0 such that V0ðxtÞ : Rn ! R;V0ðxtÞ ¼ xT
t P0xt � 0; i ¼ 0.

2. (Policy update step.) Find ui, which satisfies

ui ¼ �R�1BT Pix ¼ Kix ð6:7Þ
3. (Value function update step.) Solve for Viþ1ðxtÞ using

Viþ1ðxðtÞÞ ¼
ðtþT0

t
ðxT Qx þ uT

i RuiÞ dtþ Viðxðt þ T0ÞÞ ð6:8Þ

with the V-function parameterized as ViðxÞ ¼ xT Pix, then set i ! i þ 1. &
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Equation (6.8) can be explicitly written in parametric form as

xT ðtÞPiþ1xðtÞ ¼
ðtþT0

t
ðxT Qx þ uT

i RuiÞ dtþ xTðt þ T0ÞPixðt þ T0Þ ð6:9Þ

Then, Algorithm 6.2 amounts to the update of the kernel matrix Pi. A restriction on
the initial matrix P0 such that the corresponding K0 be a stabilizing controller is not
required. In fact the VI algorithm can simply be initialized with P0 ¼ 0.

6.1.2 Online tuning value iteration algorithm for partially
unknown systems

The continuous-time VI algorithms can be implemented online without having any
knowledge about the plant drift dynamics, that is the A matrix need not be known
(matrix B is required), and without starting with an initial stabilizing policy. The
information about the A matrix of the system is embedded in the states xðtÞ and
xðt þ T0Þ, which are observed online.

To find the parameters of Viþ1 in (6.8), the left-hand side of (6.9) is written as

Viþ1ðxðtÞ; piþ1Þ ¼ xTðtÞPiþ1xðtÞ ¼ pT
iþ1xðtÞ ð6:10Þ

where xðtÞ denotes the Kronecker product quadratic polynomial basis vector with
the elements fxiðtÞxjðtÞgi¼1;n; j¼i;n and p ¼ vðPÞ, where vð	Þ is a vector-valued
matrix function that acts on n � n matrices and gives a column vector by stacking
the column elements of the symmetric matrix into a vector with the off-diagonal
elements summed as Pij þ Pji. Then, p ¼ vðPÞ contains the nðn þ 1Þ=2 independent
elements of the kernel matrix, ordered by columns and with redundant symmetric
elements removed. The right-hand side of (6.8), using (6.7), is

dðxðtÞ;PiÞ ¼
ðtþT0

t
xðtÞT ðQ þ PiBR�lBT PiÞxðtÞ dtþ pT

i xðt þ T0Þ ð6:11Þ

Denote the integral reinforcement at time t by

rðtÞ ¼ rðxðtÞ;Pi; T0Þ ¼
ðtþT0

t
xT ðtÞðQ þ PiBR�1BT PiÞxðtÞ dt ð6:12Þ

which is the observed reward over the integral reward time interval ½t; t þ T0�.
Equating (6.10) and (6.11), the iterations (6.7) and (6.8) can be written as AQ2

pT
iþ1xðtÞ ¼ rðxðtÞ;Pi; T0Þ þ pT

i xðt þ T0Þ ð6:13Þ

This is a scalar equation for the nðn þ 1Þ=2 unknown parameters piþ1. This is the
type of equation often confronted in adaptive control (Ljung, 1999). Quadratic vector
xðtÞ is known as the regression vector, and is a known function of observed state data.

At each iteration step, after a sufficient number of state-trajectory points are
collected using the same control policy Ki, a least-squares method is employed to
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solve for the V-function parameters, piþ1, which will then yield the kernel matrix
Piþ1. The parameter vector piþ1 is found by minimizing, in the least-squares sense,
the error between the target function given by (6.11) and the parameterized relation
(6.10) over a compact set W � Rn. Evaluating (6.13) at N � nðn þ 1Þ=2 points xi in
the data space, the least-squares solution is obtained as

piþ1 ¼ ðXX T Þ�1XY ð6:14Þ

where X ¼ x1 x2 . . . xN ��
and Y ¼ ½ dðx1;PiÞ dðx2;PiÞ . . . dðxN ;PiÞ �T .

To obtain a solution for the least-squares problem (6.14) one requires at least
N ¼ nðn þ 1Þ=2 points, which is the number of independent elements in the matrix P.

Equation (6.13) can be solved in real time for the unknown parameters piþ1 by
observing the data sets ðxðtÞ; xðt þ T0Þ; rðtÞÞ along the system trajectories – that is
the current state, the next state and the integral reinforcement for times t. At The
least-squares problem can be solved in real time after a sufficient number of data
points are collected along a single state trajectory. The solution of (6.13) can alter-
natively be obtained using the recursive least-squares algorithm (RLS) (Ljung, 1999).
In either case, a persistence of excitation (PE) condition is required. Specifically, the
quadratic basis vector xðtÞ must be PE, that is there exist b0; b1;T > 0 such that

b0I <

ðtþT

t
xðtÞxT ðtÞ dt < b1I ; 8t > 0

The selection of the integral reward time interval T0 is based on this PE
requirement.

This online solution procedure requires only measurements of the states at
discrete moments in time, t and t þ T0, as well as knowledge of the observed
reward over the sample time interval ½t; t þ T0�. Therefore, there is no required
knowledge about the system A matrix for the update of the critic or the action.
However, the B matrix is required for the update of the control policy (actor), using
(6.7), and this makes the tuning algorithm only partially model-free.

It should be observed that the update of both the actor and the critic is performed
at discrete moments in time. However, the control action (6.7) is a continuous-time
control, with gain updated at the sample points. Moreover, the critic update is based
on the observations of the continuous-time cost over a finite integral reward time
interval. As a result, the algorithm converges to the solution of the continuous-time
optimal control problem.

Further discussion of the actor–critic structure for implementing CT-HDP
online in real time is given in Chapters 3–5.

6.2 Mathematical formulation of the HDP algorithm

In this section, the HDP Algorithm 6.2 is analyzed and placed in relation with
known results and form optimal control theory.
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The first result shows that CT-HDP is equivalent to an underlying quasi-
Newton method.

Lemma 6.1. The ADP iteration between (6.7) and (6.8) is equivalent to the quasi-
Newton method

Piþ1 ¼ Pi � ðRic0Pi
Þ�1ðRicðPiÞ � ðeAiT0ÞT RicðPiÞeAiT0Þ ð6:15Þ

Proof:
Differentiating (6.8) with respect to time one obtains

_V iþ1ðxðtÞÞ ¼ �xTðtÞQxðtÞ � uT
i ðtÞRuiðtÞ þ xT ðt þ T0ÞQxðt þ T0Þ

þ ui
Tðt þ T0ÞRuiðt þ T0Þ þ _V iðxðt þ T0ÞÞ ð6:16Þ

which can be written as

ðA þ BKiÞT Piþ1 þ Piþ1ðA þ BKiÞ þ KT
i RKi þ Q

¼ ðeðAþBKiÞT0ÞT ðAT Pi þ PiA � PiBR�1BT Pi þ QÞeðAþBKiÞT0 ð6:17Þ

Adding and subtracting AT
i Pi þ PiAi and making use of (6.3), (6.17) becomes

AT
i ðPiþ1 � PiÞ þ ðPiþ1 � PiÞAi ¼ �RicðPiÞ þ ðeAiT0ÞT RicðPiÞeAiT0 ð6:18Þ

and can be written in a Quasi-Newton formulation as

Piþ1 ¼ Pi � ðRic0Pi
Þ�1ðRicðPiÞ � ðeAiT0ÞT RicðPiÞeAiT0Þ

&

Remark 6.1. If Ai ¼ A þ BKi is stable and T0 ! 1 one may recover from (6.15) the
standard Newton method, (6.2), to solve ARE, for which Kleinman (1968), proved
convergence conditioned by an initial stabilizing control gain K0. This Newton’s
method is given in Lemma 3.3. It seems that the last term, appearing in the
formulation of the new ADP algorithm, compensates for the need of an initial sta-
bilizing gain.

Equations (6.7) and (6.8) can be written as

Piþ1 ¼
ðT0

0
ðeAitÞT ðQ þ PiBR�1BT PiÞeAit dt þ ðeAiT0ÞT Pie

AiT0 ð6:19Þ

so that we obtain the next result.
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Lemma 6.2. Iteration (6.19) is equivalent to

Piþ1 ¼ Pi þ
ðT0

0
ðeAitÞT RicðPiÞeAit dt ð6:20Þ

Proof: From matrix calculus one may write

Pi � ðeAiT0ÞT Pie
AiT0 ¼ �

ðT0

0
ðeAitÞT ðAi

T Pi þ PiAiÞeAit dt ð6:21Þ

From (6.19) and (6.21) follow (6.20).
Note that (6.20) is just a different way of writing (6.19). &

Remark 6.2. As T0 ! 0, (6.20) becomes

_P ¼ AT P þ PA � PBR�1BT P þ Q ð6:22Þ

Pð0Þ ¼ P0

which is a forward-in-time computation of the ARE solution, with the terminal
boundary condition considered at the starting time, Ptf ¼ P0.

Remark 6.3. The term eAiT0 is the discrete-time version, obtained for the sample
time T0, of the closed-loop system matrix Ai. Therefore, (6.19) is the expression of
a hybrid discrete-time/continuous-time Riccati equation recursion.

Note that CT-HDP Algorithm 6.2, does not require the knowledge of the sys-
tem matrix A, yet has just been shown equivalent to several underlying iterations
given in terms of A and B. The next result shows that, if VI converges, it converges
to the solution of the CT optimal control problem.

Lemma 6.3. Let the ADP algorithm converge so that Pi ! P�. Then P� satisfies
RicðP�Þ ¼ 0, that is P* is the solution of the continuous-time ARE.

Proof:
If {Pi} converges, then taking the limit in (6.20)

lim
Pi!P�ðPiþ1 � PiÞ ¼ lim

Pi!P�

ðT0

0
eAitT RicðPiÞeAit dt ð6:23Þ

This implies
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ðT0

0
ðeA�tÞT RicðP�ÞeA�t dt ¼ 0 ð6:24Þ

with A� ¼ A � BR�1BT P�, and thus RicðP�Þ ¼ 0. &

Algorithm 6.2 is an online algorithm that can be implemented online without
knowing the A matrix or requiring an initial stabilizing gain. Lemma 6.3 shows that
it effectively solves the CT ARE online without knowing A.

6.3 Simulation results for online CT-HDP design

In this section is given a simulation of CT value iteration Algorithm 6.2 for load-
frequency control of an electric power system. It is shown that the algorithm solves
the ARE online in real time without knowing the system matrix A.

6.3.1 System model and motivation
In this section, the continuous-time V-learning ADP Algorithm 6.2 is used to deter-
mine an optimal controller for the power system introduced in Section 3.3. As dis-
cussed there, the non-linearity in the dynamics of such systems is determined by the
load value, which under normal operation is constant. At the same time the values of
the parameters defining the linear model of the actual plant are not precisely known.
In view of these facts the presented HDP design technique is a good candidate for the
design of the desired LQR controller, for a given operating point of the system.

The model of the system (Wang et al., 1993) is

_x ¼ AxðtÞ þ BuðtÞ ð6:25Þ
where

xðtÞ ¼ ½Df ðtÞ DPgðtÞ DXgðtÞ DEðtÞ �T

A ¼

�1=Tp Kp=TPp 0 0

0 �1=TT 1=TT 0

�1=RTG 0 �1=TG �1=TG

KE 0 0 0

2
666664

3
777775

BT ¼ 0 0 1=TG 0½ �

The system states are Df ðtÞ – incremental frequency deviation (Hz), DPgðtÞ –
incremental change in generator output (p.u. MW), DXgðtÞ – incremental change in
governor position (p.u. MW) and DEðtÞ – incremental change in integral control.
The system parameters are TG – the governor time constant, TT – turbine time
constant, Tp – plant model time constant, Kp – plant model gain, R – speed reg-
ulation due to governor action and KE – integral control gain.
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6.3.2 Simulation setup and results
In the simulation, only the time constant TG of the governor, which appears in the B
matrix, is considered to be known, while the values for all the other parameters
appearing in the system A matrix are not known.

The system parameters, necessary for simulating the system behavior are
picked randomly before the simulation is started in some realistic ranges, as spe-
cified in Wang et al. (1993), such that

1=Tp 2 ½0:033; 0:1�
Kp=Tp 2 ½4; 12�
1=TT 2 ½2:564; 4:762�
1=TG 2 ½9:615; 17:857�
1=RTG 2 ½3:081; 10:639�

Note that, even if the values of the parameters are known to be in the above-
mentioned ranges, the algorithm does not make use of any of this knowledge, only
the exact value of TG being necessary. Also, although the values of the controller
parameters KE and R are known, as they are specified by the engineer, this infor-
mation is not used by the CT-HDP algorithm to determine the optimal controller.

The simulation results that are presented next were obtained considering a
randomly picked set of values (in the above-mentioned ranges) for the systems
unknown parameters, that is matrix A. In all the simulations the matrix
B ¼ 0 0 13:7355 0 �½ and it is considered to be known. For the purpose of
demonstrating the CT-HDP algorithm the initial state of the system is taken dif-
ferent than zero, x0 ¼ 0 0:1 0 0 �½ , and the matrix P0 ¼ 0.

The online implementation requires the setup of a least-squares problem of the
kind presented in Section 6.1 to solve for the values of the critic parameters, the
matrix Pi, at each iteration step i. In the simulations the matrix Pi is determined
after collecting 12 points for each least-squares problem. Each such point is cal-
culated after observing the value of the reward over an integral reward time interval
of T0 = 0.1 s. Therefore, a least-squares problem is solved and the critic is updated
at each 1.2 s. The simulations were performed over a time interval of 50 s. As such,
a number of 41 iterations were performed during each simulation experiment.

For the simulation the unknown values of the system parameters were ran-
domly picked in the specified ranges and the system matrix was

A ¼
�0:0596 5:0811 0 0

0 �3:0938 3:0938 0
�10:0912 0 �13:7355 �13:7355

0:6 0 0 0

2
664

3
775

The convergence of few of the critic parameters P(1,1), P(1,3), P(2,4) and
P(4,4) is presented in Figure 6.1.
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The solution of the ARE for this given matrix A and Q = I4, R = 1 is

P ¼
0:6920 0:5388 0:0551 0:6398
0:5388 0:7361 0:1009 0:4173
0:0551 0:1009 0:0451 0:0302
0:6398 0:4173 0:0302 2:3550

2
664

3
775

After 41 iteration steps the critic is characterized by

P41 ¼
0:6914 0:5381 0:0551 0:6371
0:5381 0:8922 0:1008 0:4144
0:0551 0:1008 0:0451 0:0299
0:6371 0:4144 0:0299 2:3442

2
664

3
775

Comparing the values of the two matrices it can be noted that after 41 iteration
steps the error between their parameters is of order 10�3, that is the algorithm
converged to the solution of the ARE. It has solved ARE in real time without
knowing system matrix A.

Figure 6.2, presents the evolution of the states of the system during the simu-
lation. Figure 6.3 shows the system states in detail during the first 6 s, that is the
first 5 iteration steps of the simulation. The control signal that was applied to the
system during the CT-HDP tuning is presented in Figure 6.4.
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Figure 6.1 Convergence of P matrix parameters in online CT-HDP
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6.3.3 Comments on the convergence of CT-HDP algorithm
The relation between the integral reward time period T0 over which the value
function is observed at each step and the algorithm convergence is investigated in
the following.

Figure 6.5 shows the convergence of the critic parameters, in the case of the second
simulation setup, when the time period is taken T0 ¼ 0:2 s. Over the 50 s duration of
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Figure 6.2 System states during the simulation
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Figure 6.3 System states during the first five iteration steps
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the simulation only 20 iterations are performed, the necessary data (12 points) for
solving each least-squares problem being collected over an interval of 2.4 s.

By comparing the results plotted in Figure 6.1 with the ones presented in
Figure 6.5 it becomes clear that the amount of time necessary for convergence is
not dependent on the sample period that is used for observation. However, the
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Figure 6.4 Control signal for simulation of online CT-HDP
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Figure 6.5 Convergence of P matrix parameters in online CT-HDP for T = 0.2 s
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number of iteration steps that are required for convergence is reduced when a
large sample period is considered. The reason is that, in case a larger observation
sample is used, an increased amount of information regarding the system is carried
in the data points collected for the critic update. As such, at each step of the
iteration the critic improvement is larger when the time period is increased.

6.4 Conclusion

This chapter presents a continuous-time ADP scheme that solves the continuous-
time infinite-horizon optimal control problem. The heuristic dynamic programming
(HDP) algorithm, also known as value iteration, is presented.

CT-HDP is implemented on an actor–critic structure as discussed in
Chapters 3–5. The control signal is applied to the system in a continuous-time
fashion. The actor’s continuous-time performance is measured over selected inte-
gral reward time intervals along the trajectories of the system in real time. Based on
this acquired information data, the critic reevaluates the infinite-horizon cost and
updates the actor’s parameters (i.e. the continuous-time system controller), in the
sense of improving the overall system performance (i.e. to minimize the infinite-
horizon continuous-time cost). As such, the system performance informational
loop, which involves the critic entity, handles discrete information regarding the
continuous-time performance while the system control loop, which involves the
actor, operates entirely in continuous time.

The CT-HDP algorithm was shown to be equivalent to a quasi-Newton
method. It solves the continuous-time ARE and obtains the optimal controller in an
online, forward-in-time iteration without using knowledge of the drift dynamics of
the plant and without starting with an initial stabilizing policy.
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Chapter

Adaptive control structures based on
reinforcement learning

This book shows how to use reinforcement learning (RL) methods to design
adaptive controllers that learn optimal control solutions online for continuous-time
systems. We call these optimal adaptive controllers. They stand in contrast to
standard adaptive control systems in the control systems literature, which do not
normally converge to optimal solutions in terms of solving a Hamilton–Jacobi–
Bellman equation. In Part I of the book we laid the foundation for RL applications
in continuous-time systems based on a form of the continuous-time Bellman
equation known as the integral reinforcement learning (IRL) Bellman equation,
originally presented in Vrabie et al. (2008, 2009), Vrabie (2009), Vrabie and Lewis
(2009). It was shown how to use IRL to formulate policy iterations and value
iterations for continuous-time systems.

The controllers of Part I are of the form normally expected in RL and the
convergence proofs are carried out using methods employed in RL. The actor and
critic loops are tuned sequentially, that is the control policy is held fixed while the
critic evaluates its performance. This strategy seems a bit odd for the adaptive
feedback control practitioner. The RL two-loop sequential learning structures are
not like standard adaptive control systems currently used in feedback control. They
are hybrid controllers with a continuous inner action control loop and an outer
learning critic loop that operates on a discrete-time scale.

In Part II of the book, we adopt a philosophy more akin to that of adaptive
controllers in the feedback control literature (Ioannou and Fidan, 2006; Astrom
and Wittenmark, 1995; Tao, 2003). These ideas were originally developed in
Vamvoudakis and Lewis (2010a), Vamvoudakis and Lewis (2010b), Vamvoudakis
and Lewis (2011), Vamvoudakis (2011). Precepts of RL are used to design a novel
form of adaptive controller that has multiple learning loops. These controllers of Part
II operate as normally expected in adaptive control in that the control loops are not
tuned sequentially as in Part I, but the parameter tuning in all control loops is per-
formed simultaneously through time. Since the critic and actor networks learn
and update their parameters simultaneously, we call these structures synchronous
optimal adaptive controllers. Moreover, the convergence proofs are carried out using
methods employed in adaptive control, namely, Lyapunov energy-based techniques.

Nevertheless, in order to learn optimal control solutions, the structures of these
adaptive controllers are of novel forms motivated by RL algorithms that solve

Part 2
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Bellman equations online. To obtain learning structures that convergence to opti-
mal control solutions, policy iteration algorithms are first developed for con-
tinuous-time dynamical systems, and the structure of the policy iteration algorithms
is used to develop novel adaptive control structures. Then, adaptive control type
Lyapunov proofs are used to develop parameter tuning rules and verify the per-
formance of these adaptive controllers. The resulting controllers have novel struc-
tures in that they are multi-loop learning networks, yet they are continuous-time
controllers that are more in keeping with the philosophy of standard adaptive
feedback controllers in that the critic and actor networks are tuned simultaneously
in time. The proofs of performance are based on methods that are in general use
from the perspective of adaptive control, namely Lyapunov methods.

In Part III of the book we develop adaptive controllers that learn optimal
solutions in real time for several differential game theory problems, including zero-
sum and multiplayer non–zero-sum games. The design procedure is to first for-
mulate policy iteration algorithms for these problems, then use the structure of
policy iteration to motivate the structure of multi-loop optimal adaptive controller
structures. Then, tuning laws for these novel adaptive controllers are determined in
Chapters 9 and 10 by adaptive control Lyapunov techniques or, in Chapter 11, by
RL techniques. The result is a family of adaptive controllers that converge to
optimal game theoretic solution online in real time. Methods are given for learning
the solution to game Hamilton–Jacobi–Isaacs equations in real time without
knowing the system drift dynamics.

Ch007 13 September 2012; 17:25:8
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Chapter 7

Optimal adaptive control using synchronous
online learning

This chapter is concerned with developing an online approximate solution method,
based on policy iteration (PI), for the infinite-horizon optimal control problem for
continuous-time (CT) non-linear systems with known dynamics. We present an
online adaptive algorithm developed in Vamvoudakis and Lewis (2010a) whose
structure is based on the actor–critic structure of PI in reinforcement learning (RL).
However, in PI, the critic and actor networks are tuned sequentially, that is the actor
network parameters are held constant while the critic network is tuned. By contrast,
the algorithm presented in this chapter involves simultaneous tuning of both actor
and critic neural networks (i.e. the parameters in both networks are tuned at the same
time). We term this algorithm synchronous PI or synchronous optimal adaptive
control. This approach results in a CT controller that operates more along the lines of
adaptive controllers standard in the literature, yet converges to an optimal control
solution. It can be viewed as an extremal, or simultaneous tuning, version of the
generalized PI introduced for discrete-time systems in Sutton and Barto (1998) and
discussed in Chapter 2, and extended to CT systems in Chapter 5. In this chapter, the
dynamics of the system are assumed known. This is relaxed in Chapter 8, where the
drift dynamics are not needed.

This approach to PI is motivated by work in adaptive control (Ioannou and
Fidan, 2006; Astrom and Wittenmark, 1995; Tao, 2003). Adaptive control is a
powerful tool that uses online tuning of parameters to provide effective controllers
for non-linear or linear systems with modeling uncertainties and disturbances.
Closed-loop stability while learning the parameters is guaranteed, often by using
Lyapunov design techniques. Parameter convergence, however, often requires that
the measured signals carry sufficient information about the unknown parameters
(persistence of excitation (PE) condition).

The design procedure in this chapter is based on Vamvoudakis and Lewis
(2010a) and is as follows. First, an RL (PI) algorithm is formulated that solves the
optimal control problem by online learning. This gives the structure of the critic
and actor networks required to obtain an online optimal control solution using
sequential tuning of the actor and critic networks. In sequential tuning, the standard
learning method of RL, while one network is being tuned, the parameters of
the other network are held fixed. However, it is desired in this chapter to design
optimal adaptive controllers wherein the critic and actor networks are tuned
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simultaneously through time. This gives a learning system that operates more in
line with accepted adaptive control methods. To accomplish this, value function
approximation (VFA) is used to develop a critic structure that approximately solves
the Bellman equation used in PI, and an actor structure that updates the control
action. After the two-loop structure of the adaptive controller has been established
using PI, Lyapunov proofs are used to develop tuning algorithms for the critic and
actor networks that operate simultaneously and continuously in time.

By using RL methods, namely PI, to establish the two-loop structure of the
controller, and adaptive control methods, namely Lyapunov proofs, to derive
simultaneous tuning laws for the two loops, a novel structure of adaptive controller
results that learns the optimal control solution online by solving the Bellman
equation in real time using data measured along the system trajectories.

In this approach, the performance of the synchronous optimal adaptive controller
does not rely on proofs of convergence of the PI algorithm. Instead, PI is used to
establish the structure of the optimal adaptive controller, and adaptive control
Lyapunov proofs are used to develop tuning laws that both stabilize the system and
learn the optimal control solution in real time. These proofs do not rely on convergence
of the underlying PI algorithm. In fact, the design method works even when no proofs
have been provided for the PI algorithm, as we shall see in Part III of the book.

PI algorithms must be initialized with a stabilizing controller. Stabilizing con-
trollers can be difficult to find for non-linear systems. By contrast, the synchronous
optimal adaptive controller does not require an initial stabilizing controller.

The chapter is organized as follows. Section 7.1 reviews the optimal control
problem for non-linear systems from Chapter 4 and its solution using PIs. In Sec-
tion 7.2, PI is used to develop an adaptive control structure that has a critic network
and an actor network. VFA is used in the critic network to provide a practical
means for solving the Bellman equation online as required in PI. In Section 7.3, a
special adaptive tuning algorithm for the critic network parameters is developed
and shown to converge to the approximate Bellman equation solution. Adaptive
control Lyapunov proof techniques are used. In Section 7.4, the structure of the
actor network is developed based on the policy improvement step of PI. Tuning
algorithms are then given to update the parameters of the critic network and actor
network simultaneously in time. This is called synchronous tuning of the actor and
critic, or synchronous PI. It is proven that this novel two-loop adaptive controller
converges to the solution to the Hamilton–Jacobi–Bellman (HJB) equation in real
time and so learns the optimal control solution. While learning, the controller also
keeps the plant stable. Lyapunov techniques are used in the proof. The full plant
dynamics must be known to implement this adaptive controller. Section 7.5 com-
pares the novel structure of the synchronous optimal adaptive controller to other
adaptive control structures appearing in the literature. Finally, Section 7.6 presents
simulation examples that show the effectiveness of the online synchronous optimal
adaptive controller in learning the optimal value and control for both linear systems
and non-linear systems. The synchronous optimal adaptive controller effectively
solves the Riccati equation in the linear case and the HJB equation in the non-linear
case online using data measured along the system trajectories.
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7.1 Optimal control and policy iteration

The optimal adaptive controller in this chapter has a structure that comes from
CT policy iterations (PI). Therefore, first we review the optimal control problem
described in Section 4.1 and its PI solution.

Consider the time-invariant affine-in-the-input non-linear dynamical system
given by

_xðtÞ ¼ f ðxðtÞÞ þ gðxðtÞÞuðxðtÞÞ; xð0Þ ¼ x0

with state xðtÞ 2 R
n; f ðxðtÞÞ 2 R

n; gðxðtÞÞ 2 R
n�m and control input uðtÞ 2

U � R
m. It is assumed that f ð0Þ ¼ 0, that f ðxÞ þ gðxÞu is Lipschitz continuous on

a set W 
 R
n that contains the origin, and that the dynamical system is stabilizable

on W, that is there exists a continuous control function uðtÞ 2 U such that the
closed-loop system is asymptotically stable on W.

The infinite-horizon cost function or value associated with any admissible
control policy uðtÞ ¼ mðxðtÞÞ 2 YðWÞ is

V ðxðtÞÞ ¼
ð1

t
rðxðtÞ; uðtÞÞ dt ¼

ð1
t
ðQðxÞ þ uT RuÞ dt

where V mðxÞ is C1. Recall from Chapter 4 that a control policy uðtÞ ¼ mðxÞ is
admissible on W, denoted by m 2 YðWÞ, if mðxÞ is continuous on W; mð0Þ ¼ 0; mðxÞ
stabilizes the dynamics on W, and the value is finite 8x0 2 W.

Using Leibniz’s formula, the infinitesimal version of the value integral is
found to be the following.

CT Bellman equation

0 ¼ rðx; mðxÞÞ þ ðrV m
x ÞT ð f ðxÞ þ gðxÞmðxÞÞ; V mð0Þ ¼ 0

Here, rV m
x (a column vector) denotes the gradient of the cost function V m with

respect to x. That is, rV m
x ¼ @V m=@x. This is a Bellman equation for non-linear CT

systems that, given the control policy mðxÞ 2 YðWÞ, can be solved for the value
V mðxÞ associated with it.

The optimal control problem is formulated as follows. Given the CT dynamical
system, the set u 2 YðWÞ of admissible control policies, and the value function,
find an admissible control policy such that the value function is minimized.

Defining the Hamiltonian

Hðx; u;VxÞ ¼ rðxðtÞ; uðtÞÞ þ ðrVxÞT ð f ðxðtÞÞ þ gðxðtÞÞuðtÞÞ

the optimal cost function V �ðxÞ satisfies the HJB equation

0 ¼ min
u2YðWÞ

½Hðx; u;rV �
x Þ�
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Assuming that the minimum on the right-hand side of this equation exists and
is unique, then the optimal control function is

u�ðxÞ ¼ � 1
2

R�1gT ðxÞ rV �
x

Inserting this optimal control policy in the Hamiltonian we obtain the HJB
equation in the form

0 ¼ QðxÞ þ ðrV �
x ÞT f ðxÞ� 1

4
ðrV �

x ÞT gðxÞR�1gTðxÞ rVx�x ; V �ð0Þ ¼ 0

This is a necessary condition for the optimal cost function. For the linear
system case with a quadratic cost functional (linear quadratic regulator (LQR)), the
equivalent of this HJB equation is the algebraic Riccati equation (ARE) discussed
in Chapter 3.

To find the optimal control solution for the problem one can solve the HJB
equation for the value function and then compute the optimal control u�ðxÞ. How-
ever, solving the HJB equation is generally difficult, and analytic solutions may not
exist. Therefore, based on the CT Bellman equation, in Chapter 4, we wrote a PI
Algorithm 4.1 to solve the HJB iteratively, reproduced here as follows. Index i is
the iteration step number.

Algorithm 7.1. Policy iteration algorithm for continuous-time systems

Initialize. Select mð0ÞðxðtÞÞ 2 YðWÞ as an admissible policy.

1. (Policy evaluation step) Solve for the value V mðiÞ ðxðtÞÞ using the CT Bellman
equation

0 ¼ rðx; mðiÞðxÞÞ þ ðrV mðiÞ
x ÞTð f ðxÞ þ gðxÞmðiÞðxÞÞ with V mðiÞ ð0Þ ¼ 0

2. (Policy improvement step) Update the control policy using

mðiþ1Þ ¼ arg min
u2YðWÞ

Hðx; u;rV mðiÞ
x Þ

h i
which explicitly is

mðiþ1ÞðxÞ ¼ � 1
2

R�1gT ðxÞ rV mðiÞ
x

&

The PI Algorithm 7.1 solves the non-linear HJB equation by iterations on
Bellman equations linear in the value function gradient. Its importance is that the
linear Bellman equations are easier to solve than the HJB, which is non-linear. The
algorithm was proven to converge in Sutton and Barto (1998), Abu-Khalaf and
Lewis (2005) and Leake and Liu (1967). In the case of the LQR, the HJB is the
Riccati equation, Bellman’s equation is a Lyapunov equation and PI is Kleinman’s
Algorithm (Kleinman, 1968) (see Sections 3.1 and 4.2).
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Note that the full system dynamics f ðxÞ; gðxÞ must be known to implement this
algorithm since they appear in the Bellman equation. Moreover, it is required that a
stabilizing control policy be known to initialize the algorithm. This algorithm is
used in the next sections to motivate a novel adaptive control structure that solves
the optimal control problem online by measuring data along the system trajectories.

7.2 Value function approximation and critic neural network

It was seen in Chapter 4 that PI Algorithm 7.1, as other RL algorithms, can be
implemented on an actor–critic structure. This consists of two network structures
that use value function approximation (VFA) to approximate the solutions of the
two equations in steps 1 and 2 at each iteration. In Part I of the book several
methods were given for developing adaptive learning structures that converge
online in real time to optimal control solutions by measuring data along the system
trajectories. These optimal adaptive controllers were of the sort expected in the RL
literature, with the actor and critic loops being updated sequentially in time. That is,
while the critic loop learns the value function update in Step 1 of Algorithm 7.1, the
actor control policy is not changed. These systems are hybrid controllers where the
action loop is implemented in continuous time but the outer critic loop operates on
a discrete-time scale. This sort of learning system seems odd from the point of view
of standard adaptive control in the feedback control systems literature.

In this chapter, we desire to formulate a multi-loop adaptive controller
that converges to the optimal control solution by updating the parameters in both
control loops simultaneously through time. This is not a hybrid actor–critic
control structure with a continuous inner loop and an outer loop operating on a
discrete-time scale as developed in Chapter 4. Rather, it is a CT controller where
both loops learn simultaneously, or synchronously in time. We call this
synchronous actor–critic learning or synchronous PI. This is more in keeping
with the philosophy of tuning used in standard adaptive feedback control systems
(Ioannou and Fidan, 2006; Astrom and Wittenmark, 1995; Tao, 2003).

Nevertheless, the structure of the synchronous actor–critic controller comes
from PI. This allows it to converge online to optimal control solutions. The
synchronous optimal adaptive controller has two loops based on the structure
provided in PI Algorithm 7.1 In this section, we develop the outer critic control
loop based on VFA. In the next section, we show that the critic converges to the
solution of the Bellman equation for admissible bounded controls. Then, we
develop the structure of the inner actor loop and present the synchronous critic and
actor tuning algorithms for the optimal adaptive controller. In this chapter, we use
proof techniques standard in adaptive control, in contrast to Part I of the book
where we used proof techniques standard in RL.

The critic neural network (NN) is based on VFA. According to the form of the
Bellman equation, the gradient of the value function appears. Therefore, one
desires to approximate the value V ðxÞ as well as its gradient. This requires
approximation in the Sobolev norm (Adams and Fournier, 2003). Therefore, some
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discussion is given next that relates standard NN approximation usage (Hornik
et al., 1990) to the Weierstrass higher-order approximation theorem (Abu-Khalaf
and Lewis, 2005; Finlayson, 1990).

The solutions to the CT Bellman equation may not be smooth for general non-
linear systems, except in a generalized sense (Sontag and Sussmann, 1995). How-
ever, in keeping with other work in the literature we make the following assumptions.

Assumption 7.1. The solution to the Bellman equation is smooth, i.e. V ðxÞ 2 C1ðWÞ.
Assumption 7.2. The solution to the Bellman equation is positive definite. This is
guaranteed for stabilizable dynamics if the performance functional satisfies zero-
state observability, which is guaranteed by the positive definite condition, that is
QðxÞ > 0; x 2 W� f0g; Qð0Þ ¼ 0.

Assumption 7.1 allows us to formally bring in the Weierstrass higher-order
approximation theorem (Abu-Khalaf and Lewis, 2005; Finlayson, 1990) and the
results of Hornik et al. (1990), which state that then there exists a complete inde-
pendent basis set fjiðxÞg such that the solution VðxÞ to the Bellman equation and
its gradient are uniformly approximated, that is there exist coefficients ci such that

V ðxÞ ¼
X1
i¼1

cijiðxÞ ¼
XN

i�1

cijiðxÞ þ
X1

i¼Nþ1

cijiðxÞ

V ðxÞ � CT
1 f1ðxÞ þ

X1
i�Nþ1

cijiðxÞ ð7:1Þ

@V ðxÞ
@ðxÞ ¼

X1
i�1

ci
@jiðxÞ
@x

¼
XN

i�1

ci
@jiðxÞ
@x

þ
X1

i�Nþ1

ci
@jiðxÞ
@x

ð7:2Þ

where f1ðxÞ ¼ ½j1ðxÞ j2ðxÞ . . . jN ðxÞ �T : Rn ! R
N and the last terms in

these equations converge uniformly to zero as the number of retained terms
N ! 1. (Specifically, the basis set is dense in the Sobolev norm W 1;1 (Finlayson,
1990; Adams and Fournier, 2003).) Standard usage of the Weierstrass higher-order
approximation theorem uses polynomial approximation. However, non-polynomial
basis sets have been considered in the literature (e.g. Hornik et al. (1990), Sandberg
(1998).

Thus, it is justified to assume there exists weights W1 of a neural network (NN)
such that the value function VðxÞ is approximated as

VðxÞ ¼ W T
1 f1ðxÞ þ eðxÞ ð7:3Þ

Then f1ðxÞ : Rn ! R
N is called the NN activation function vector, N the number

of neurons in the hidden layer, and eðxÞ the NN approximation error. As per the
above, the NN activation functions fjiðxÞ : i ¼ 1;Ng are selected so that
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fjiðxÞ : i ¼ 1;1g provides a complete independent basis set such that V(x) and its
derivative

@V

@x
¼ @f1ðxÞ

@x

� �T

W1 þ @e
@x

¼ rfT
1 W1 þre ð7:4Þ

are uniformly approximated. Then, as the number of hidden-layer neurons N ! 1,
the approximation errors e ! 0;re ! 0 uniformly (Finlayson, 1990). In addition, for
fixed N , the NN approximation errors eðxÞ, and re are bounded by constants on a
compact set (Hornik et al., 1990).

Using the NN VFA, considering a fixed control policy uðtÞ, the non-linear
Bellman equation becomes

Hðx; u;W1Þ ¼ W T
1 rf1ð f þ guÞ þ QðxÞ þ uT Ru ¼ eH ð7:5Þ

where the residual error due to the function approximation error is

eH ¼ �ðrsÞT ð f þ guÞ

¼ �ðC1 � W1ÞT rf1ð f þ guÞ �
X1

i�Nþ1

ci rjiðxÞð f þ guÞ ð7:6Þ

Under the Lipschitz assumption on the dynamics, this residual error is bounded
on a compact set.

Define jvj as the magnitude of a scalar v; kxk as the vector norm of a vector x
and k k2 as the induced matrix two-norm.

Definition 7.1. (Uniform convergence.) A sequence of functions fpng converges
uniformly to p on a set W if 8e > 0; 9NðeÞ : subx2 W kpnðxÞ � pðxÞk <e; n>
NðeÞ.

The following Lemma has been shown in Abu-Khalaf and Lewis (2005).

Lemma 7.1. For any admissible policy uðtÞ, the least-squares solution to (7.5)
exists and is unique for each N . Denote this solution as W1 and define

V1ðxÞ ¼ W T
1 f1ðxÞ ð7:7Þ

Then, as N ! 1:

a. supx2 W jeH j ! 0
b. kW1 � C1k2 ! 0
c. supx2 W jV1 � V j ! 0
d. supx2 W krV1 �rVk ! 0 &

This result shows that V1ðxÞ converges uniformly in Sobolev norm W 1;1

(Finlayson, 1990; Adams and Fournier, 2003) to the exact solution VðxÞ to the
Bellman equation as N ! 1, and the weights W1 converge to the first N of the
weights, C1, which exactly solves the Bellman equation.
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Since the object of interest in this chapter is finding the solution of the HJB
using the above-introduced function approximator, it is interesting now to look at
the effect of the approximation error on the HJB equation. One has

W T
1 rj1 f � 1

4
W T

1 rj1gR�1gT rjT
1 W1 þ QðxÞ ¼ eHJB ð7:8Þ

where the residual error due to the function approximation error is

eHJB ¼ �reT f þ 1
2

W T
1 rj1gR�1gT reþ 1

4
reT gR�1gT re ð7:9Þ

It was also shown in Abu-Khalaf and Lewis (2005) that this error converges
uniformly to zero as the number of hidden-layer units N increases. That is,
8e > 0; 9NðeÞ : supx2 W keHJBk < e. This is required in the proofs to come.

7.3 Tuning and convergence of critic NN

In this section, we address the issue of tuning and convergence of the critic NN
weights when a fixed admissible and bounded control policy is prescribed. There-
fore, the focus is on the Bellman equation for a fixed, bounded control policy u.
The requirement for bounded controls is removed in Section 7.4.

In fact, this amounts to the design of an observer for the value function known
as ‘cost function’ in the optimal control literature. Therefore, this algorithm is
consistent with adaptive control approaches that first design an observer for the
system state and unknown dynamics, and then use this observer in the design of a
feedback control.

The weights of the critic NN ;W1 that provide the best approximate solution for
(7.5) are unknown. Therefore, the output of the critic neural network is

V̂ ðxÞ ¼ Ŵ
T
1f1ðxÞ ð7:10Þ

where Ŵ 1 are the current estimated values of the ideal critic NN weights W1. Recall
that f1ðxÞ : Rn ! R

N is the vector of activation functions, with N the number of
neurons in the hidden layer. The approximate Bellman equation is then

Hðx; Ŵ 1; uÞ ¼ Ŵ
T
1 rf1ð f þ guÞ þ QðxÞ þ uT Ru ¼ e1 ð7:11Þ

In view of Lemma 7.1, define the critic weight estimation error

~W 1 ¼ W1 � Ŵ 1

Then the residual error in (7.11) is

e1 ¼ � ~W
T
1 rf1ð f þ guÞ þ eH
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Given any admissible control policy u, it is desired to select Ŵ 1 to minimize
the squared residual error

E1 ¼ 1
2

eT
1 e1

Then Ŵ 1ðtÞ ! W1 and e1 ! eH . We select the tuning law for the critic weights as
the normalized gradient descent algorithm

_̂W 1 ¼ �a1
@E1

@Ŵ 1
¼ �a1

s1

ðsT
1s1 þ 1Þ2 sT

1 Ŵ 1 þ QðxÞ þ uT Ru
� � ð7:12Þ

where s1 ¼ rf1ð f þ guÞ. This is a modified gradient descent algorithm, where
ðsT

1s1 þ 1Þ2 is used for normalization instead of ðsT
1s1 þ 1Þ. This is required in the

proofs, where one needs both appearances of s1=ð1 þ sT
1s1Þ in (7.12) to be boun-

ded (Ioannou and Fidan, 2006; Tao, 2003).
Note that, from (7.5)

QðxÞ þ uT Ru ¼ �W T
1 rj1ð f þ guÞ þ eH ð7:13Þ

Substituting (7.13) in (7.12) and, with the notation

s1 ¼ s1=ðsT
1s1 þ 1Þ; ms ¼ 1 þ sT

1s1 ð7:14Þ

we obtain the dynamics of the critic weight estimation error as

_~W 1 ¼ �a1s1sT
1
~W 1 þ a1s1

eH

ms
ð7:15Þ

Though it is traditional to use critic tuning algorithms of the form (7.12),
it is not generally understood when convergence of the critic weights can
be guaranteed. We now address this issue in a formal manner. This develop-
ment is motivated by adaptive control techniques that appear in Ioannou and
Fidan (2006) and Tao (2003).

To guarantee convergence of Ŵ 1 to W1, the next PE assumption and associated
technical lemmas are required.

Persistence of excitation assumption. Let the signal s1 be persistently exciting
over the interval ½t; t þ T �, that is there exist constants b1 > 0; b2 > 0;T > 0 such
that, for all t

b1I � S0 �
ðtþT

t
s1ðtÞsT

1 ðtÞ dt � b2I ð7:16Þ

The PE assumption is needed in adaptive control if one desires to perform
system identification using, for example, RLS (Ioannou and Fidan, 2006; Tao,
2003). It is needed here because one effectively desires to perform value junction
identification, namely, to identify the critic parameters to approximate VðxÞ.

Optimal adaptive control using synchronous online learning 133

Ch007 13 September 2012; 17:25:11



Technical Lemma 7.1. Consider the error dynamics system with output defined as

_~W 1 ¼ �a1s1sJ
1
~W 1 þ a1s1

eH

ms

y ¼ sT
1
_~W 1 ð7:17Þ

Then, the PE condition (7.16) is equivalent to the uniform complete observability
(UCO) (Lewis et al., 1995) of this system, that is there exist constants
b3 > 0; b4 > 0;T > 0 such that, for all t

b3I � S1 �
ðtþT

t
FT ðt; tÞs1ðtÞsT

1 ðtÞFðt; tÞ dt � b4I ð7:18Þ

with Fðt1; t0Þ; t0 � t1 the state transition matrix of (7.17).

Proof: System (7.17) and the system defined by _~W 1 ¼ a1s1u; y ¼ sT
1
~W 1 are

equivalent under the output feedback u ¼ �y þ eH=ms. Note that (7.16) is the
observability gramian of this last system. &

The importance of UCO is that bounded input and bounded output implies that
the state ~W 1ðtÞ is bounded. In Theorem 7.1, we shall see that the critic tuning law
(7.12) indeed guarantees boundedness of the output in (7.17). Assuming the input is
bounded, this in turn implies bounded states ~W 1ðtÞ.
Technical Lemma 7.2. Consider the error dynamics system (7.17). Let the signal
s1 be persistently exciting. Then:

a. The system (7.17) is exponentially stable. In fact, if eH ¼ 0 then jj ~W ðkTÞjj �
e�akT jj ~W ð0Þjj with

a ¼ � 1
T

ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � 2a1b3

p� �
ð7:19Þ

b. Let jjeH jj � emaxj and jyjj � ymax then jj ~W 1jj converges exponentially to the
residual set

~W 1ðtÞ �
ffiffiffiffiffiffiffiffi
b2T

p
b1

½ymax þ db2a1ðemax þ ymaxÞ�f g ð7:20Þ

where d is a positive constant of the order of 1.

Proof: See appendix. &

The next result shows that the tuning algorithm (7.12) is effective under the PE
condition, in that the weights Ŵ 1 converge to the actual unknown weights W1 that
solve the Bellman equation (7.5) for a given control policy uðtÞ. That is, (7.10)
converges close to the actual value function of the current control policy.
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Theorem 7.1. Let uðtÞ be any admissible bounded control policy. Let tuning for the
critic NN be provided by (7.12) and assume that s1 is persistently exciting. Let the
residual error in (7.5) be bounded jjeH jj < emax. Then the critic parameter error
converges exponentially with decay factor given by (7.19) to the residual set

~W 1ðtÞ �
ffiffiffiffiffiffiffiffi
b2T

p
b1

½1 þ 2db2a1�emaxf g ð7:21Þ

&

Proof: Consider the following Lyapunov function candidate

LðtÞ ¼ 1
2

tr ~W
T
1 a�1

1
~W 1

n o
ð7:22Þ

The derivative of L is given by

_L ¼ �tr ~W
T
1

s1

m2
s

sT
1
~W 1 � eH

� �� �

_L ¼ �tr ~W
T
1

s1sT
1

m2
s

~W 1

� �
þ tr ~W

T
1

s1

ms

eH

ms

� �

_L � �k s
T
1

ms

~W 1k2 þ k s
T
1

ms

~W 1kk eH

ms
k

_L � �k s
T
1

ms

~W 1k ks
T
1

ms

~W 1k � k eH

ms
k

� �
ð7:23Þ

Therefore, _L � 0 if

k s
T
1

ms

~W 1k > emax > k eH

ms
k ð7:24Þ

since kmsk � 1.
This provides an effective practical bound for ksT

1
~W 1k, since L(t) decreases if

(7.24) holds.
Consider the estimation error dynamics (7.17) with the output bounded effec-

tively by kyk < emax, as just shown. Now, Technical Lemma 7.2 shows exponential
convergence to the residual set

~W 1ðtÞ �
ffiffiffiffiffiffiffiffi
b2T

p
b1

1 þ 2a1db2½ �emaxf g ð7:25Þ

This completes the proof. &

Remark 7.1. Note that, as N ! 1; eH ! 0 uniformly (Abu-Khalaf and Lewis,
2005). This means that emax decreases as the number of hidden-layer neurons in
(7.10) increases.
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Remark 7.2. This theorem requires the assumption that the control policy uðtÞ is
bounded, since uðtÞ appears in eH . In the upcoming Theorem 7.2 this restriction is
removed.

7.4 Action neural network and online synchronous
policy iteration

We will now present an online adaptive PI algorithm variant that involves simultaneous,
or synchronous, tuning of both the actor and critic neural networks. That is, the weights
of both neural networks are tuned at the same time. This approach can be viewed as a
version of generalized policy iteration (GPI), as introduced for discrete-time systems in
Sutton and Barto (1998) and discussed in Chapter 2. In standard PI, the critic and actor
NN are tuned sequentially, with one network being tuned while the weights of the other
NN being held constant. By contrast, we tune both NN simultaneously in real time.

It is desired to determine a rigorously justified form for the actor NN based on
the structure of PIs in RL. To this end, let us consider one step of the PI Algorithm
7.1. Suppose that the solution VðxÞ 2 ClðWÞ to the Bellman equation in policy
evaluation step 1 for a given admissible policy uðtÞ is given by (7.1). Then,
according to (7.2) and step 2 of the PI algorithm one has for the policy update

u ¼ � 1
2

R�1gTðxÞ
X1
i¼1

ci rjiðxÞ ð7:26Þ

for some unknown coefficients ci. Then one has the following result.

Lemma 7.2. Let the least-squares solution to (7.5) be W1 and define

u1ðxÞ ¼ � 1
2

R�1gT ðxÞ rV1ðxÞ ¼ � 1
2

R�1gT ðxÞ rfT
1 ðxÞW1 ð7:27Þ

with V1 defined in (7.7). Then, as N ! 1:

a. supx2W jju1 � ujj ! 0
b. There exists an N0 such that u1ðxÞ is admissible for N > N0.

Proof: See Abu-Khalaf and Lewis (2005). &

In light of this result, the ideal control policy update in Algorithm 7.1 is taken as
(7.27), with W1 unknown. Therefore, define the control policy in the form of an action
neural network with weights Ŵ 2 and compute the control input in the structured form

u2ðxÞ ¼ � 1
2

R�1gT ðxÞ rfT
1 Ŵ 2 ð7:28Þ

where Ŵ 2 denotes the current estimated values of the ideal NN weights W1. Define
the actor NN weight estimation error as

~W 2 ¼ W1 � Ŵ 2 ð7:29Þ
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The next definition and standard assumptions complete the machinery required
for our main result.

Definition 7.2. Lewis et al. (1999) (Uniformly ultimately bounded) The equili-
brium point xe ¼ 0 of non-linear system _x ¼ f ðxÞ þ gðxÞu is said to be uniformly
ultimately bounded (UUB) if there exists a compact set S � Rn so that for all x0 2 S
there exists a bound B and a time TðB; x0Þ such that jjxðtÞ � xejj � B for
all t � t0 þ T .

Assumptions 7.3.

a. f ð	Þ, is Lipschitz, and gð	Þ is bounded by a constant

kf ðxÞk < bf kxk; kgðxÞk < bg

b. The NN approx error and its gradient are bounded on a compact set containing
Q so that

kek < be

krek < bex

c. The NN activation functions and their gradients are bounded so that

kf1ðxÞk < bf

krf1ðxÞk < bfx

Assumption 7.3c is satisfied, for example, by sigmoids, tanh and other standard
NN activation functions.

We now present the main theorem, which provides simultaneous tuning laws
for the actor and critic neural networks that guarantee convergence online to the
optimal controller, while ensuring closed-loop stability.

Theorem 7.2. Synchronous online optimal adaptive controller. Let the critic NN
be given by (7.10) and the control input be given by actor NN (7.28). Let tuning for
the critic NN be provided by

_̂W 1 ¼ �a1
s2

ðsT
2s2 þ 1Þ2 sT

2 Ŵ 1 þ QðxÞ þ uT
2 Ru2

� � ð7:30Þ

where s2 ¼ rf1ð f þ gu2Þ, and assume that s2 ¼ s2=ðsT
2s2 þ 1Þ is persistently

exciting. Let the actor NN be tuned as

_̂W 2 ¼ �a2 ðF2Ŵ 2 � F1sT
2 Ŵ 1Þ � 1

4
D1ðxÞŴ 2mTðxÞŴ 1

� �
ð7:31Þ

where D1ðxÞ ¼ rf1ðxÞgðxÞR�1gT ðxÞ rfT
1 ðxÞ; m ¼ ðs2=ðsT

2s2 þ 1Þ2Þ and F1 > 0
and F2 > 0 are tuning parameters. Let Assumptions 7.1–7.3 hold, and the tuning
parameters be selected as detailed in the proof. Then there exists an N0 such that, for
the number of hidden-layer units N > N0 the closed-loop system state xðtÞ, the critic
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NN error ~W 1 and the actor NN error ~W 2 are UUB. Moreover, Theorem 7.1 holds
with emax defined in the proof below, so that exponential convergence of Ŵ 1 to the
approximate optimal critic value W1 is obtained.

Proof: See appendix. &

Remark 7.3. Note that the dynamics must be known to implement this algorithm in
that s2 ¼ rf1ð f þ gu2Þ;D1ðxÞ and (7.28) depend on f ðxÞ; gðxÞ.
Remark 7.4. Let e > 0 and let N0 be the number of hidden-layer units above which
supx2W keHJBk < e. In the proof it is seen that the theorem holds for N > N0.
Additionally, e provides an effective bound on the critic weight residual set in
Theorem 7.1. That is, emax in (7.25) is effectively replaced by e.

Remark 7.5. The theorem shows that PE is needed for proper identification of the
value function by the critic NN, and that a non-standard tuning algorithm is
required for the actor NN to guarantee stability. The second term in (7.31) is a
cross-product term that involves both the critic weights and the actor weights. It is
needed to guarantee good behavior of the Lyapunov function, that is that the energy
decreases to a bounded compact region.

Remark 7.6. The tuning parameters F1 and F2 in (7.31) must be selected to make
the matrix M in the proof positive definite.

Remark 7.7. It is important to note that the proof of Theorem 7.2 does not rely at
all on convergence of the PI Algorithm 7.1. PI, a reinforcement learning method, is
used to obtain the structure of the controller, whereas the proofs of performance are
carried out using adaptive control Lyapunov techniques.

Remark 7.8. The PI Algorithm 7.1 must be initialized with a stabilizing control
policy. The convergence proof requires this, because the Bellman equation has a
positive definite solution only if the controller is admissible. A stabilizing con-
troller can be difficult to find for non-linear systems. By contrast, the online syn-
chronous optimal adaptive controller does not require an initial stabilizing
controller. The Lyapunov proof shows that the algorithm converges to the optimal
control solution as long as the initial weight estimation errors are not large.

7.5 Structure of adaptive controllers and synchronous optimal
adaptive control

The two-loop structure of the new synchronous optimal adaptive controller just
developed is based on RL methods. The synchronous optimal adaptive controller
should be contrasted with the optimal adaptive controllers developed in Part I of the
book and displayed in Section 4.4. The controllers of Part I are in keeping with the
philosophy of RL controllers where the critic and actor networks are tuned
sequentially; that is, as the critic learns, the actor policy is kept constant. They are
hybrid controllers with a CT inner action loop and an outer critic that learns on a
discrete-time scale. By contrast, the synchronous optimal adaptive controller is in
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keeping with the philosophy of adaptive control (Ioannou and Fidan, 2006; Astrom
and Wittenmark, 1995; Tao, 2003), in that both loops are tuned simultaneously on a
CT scale.

Capabilities of the synchronous optimal adaptive controller

The synchronous controller has the following capabilities:

● Guaranteed stability of the closed-loop system dynamics. That is, the states
xðtÞ are guaranteed to be bounded near their desired values regardless of sys-
tem disturbances.

● Minimization of the cost function.
● Adaptive learning of the optimal minimizing solution online in real time by

measuring the states xðtÞ and controls uðtÞ along the system trajectories.

Due to these features we call this an optimal adaptive controller.
The optimal adaptive controller has the structure shown in Figure 7.1. It con-

sists of two learning systems or networks that interact. The action network is an
inner-loop feedback controller that computes the control input uðtÞ to apply to the
system. This action network has the form (7.28), where Ŵ 2 are the actor NN
parameters that are learned or updated online.

The second critic network learning system is not a feature of current adaptive
feedback control systems. This network has the role of estimating the value func-
tion by solving the approximate Bellman equation (7.11). It has the form (7.10),
where Ŵ 1 are the critic NN parameters that are learned or updated online. In these
equations, f1ðxÞ is a set of basis functions suitably chosen depending on which
specific system _x ¼ f ðxÞ þ gðxÞu and which sort of value function is being con-
sidered. For linear systems with quadratic values (the LQR), these basis functions
are the polynomials quadratic in the state components.

The parameters of the critic Ŵ 1 and control action Ŵ 2 are tuned online according
to the update laws (7.30), (7.31), respectively. These are memory update laws that
allow the parameters to converge to the solution to the optimal control problem that

Value update

Policy evaluation
(critic network)

Action network

System

Critic and actor tuned simutaneously

Cost
V(x) � W1 f1 (x)

T

Control policy update
u(x) � �1 R�1 gT (x)∇f1 W2

T
2

Figure 7.1 Structure of the synchronous optimal adaptive controller
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minimizes the value function. Specifically, the critic network learns the minimum
value, while action network learns the optimal control that produces this best value.

Contrast with standard adaptive control structures used in feedback control

The new controller has the structure in Figure 7.1. This is not like standard adaptive
control system structures such as those now described next (Ioannou and Fidan,
2006; Astrom and Wittenmark, 1995; Tao, 2003).

Direct adaptive controller. Standard adaptive control systems can have one of
several structures. In the direct adaptive controller of Figure 7.2, the controller is
parameterized in terms of unknown parameters, and adaptive tuning laws are given
for updating the controller parameters. These tuning laws depend on the tracking
error, which it is desired to make small.

Indirect adaptive controller. In the indirect adaptive controller in Figure 7.3, two
networks are used, one of which learns online. One network is a system identifier that
has the function of identifying or learning the system dynamics model
_x ¼ f ðxÞ þ gðxÞu online in real time. The tuning law for the system identifier depends
on the identification error, which it is desired to make small. After the system has been

Plant

Control
u(t)

Output
y(t)

Controller
yd(t)

Desired
output

Tracking
error

Direct scheme

Figure 7.2 Standard form of direct adaptive controller where the controller
parameters are updated in real time

Plant

Control
u(t)

Output
y(t)

Controller
Identification
error

Desired
output

yd(t)

System
identifier Estimated

output

ŷ(t)

Indirect scheme

Figure 7.3 Standard form of indirect adaptive controller where the parameters of
a system identifier are updated in real time
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identified, the controller parameters in the controller network can be computed using a
variety of methods, including for instance solution of the HJB equation.

Synchronous optimal adaptive control: Identification of the value function.

The function of the direct adaptive controller is to tune the parameters of the
control loop to identify a good controller. The function of the indirect adaptive
controller is to tune parameters to identify the system model. Following this
progression naturally, the function of the optimal adaptive controller is to tune
parameters in order to identify the value function. In summary:

● Direct adaptive control identifies the controller.
● Indirect adaptive control identifies the system model.
● Optimal adaptive control identifies the value function.

Neural-network controller. The critic and action networks in Figure 7.1 have been
interpreted here as neural networks. A standard NN controller (Lewis et al., 1999) is
shown in Figure 7.4. This has one learning network based on NN and an outer
proportional-plus-derivative (PD) tracking loop.

In the NN controller, the function of the NN is to learn the unknown dynamics
f ðxÞ by approximating it so that

f̂ ðxÞ ¼ Ŵ
TfðxÞ

The parameters are updated online using the learning rule
_̂W ¼ FŝrT � Fŝ0V̂

T
xrT � kFkrkŴ

This has the effect of linearizing the dynamics _x ¼ f ðxÞ þ gðxÞu so that the
outer PD tracking loop performs correctly. This controller is known as a feedback
linearization NN control structure.

The NN controller in Figure 7.4 cannot deliver optimal performance in terms
of minimizing a value function. It does guarantee closed-loop stability of the
system without knowing the system dynamics function f ðxÞ.

Non-linear inner learning loop

qd
Robot system

Neural-network
approximator

qe τr Kv

f̂(x)
[Λ    I]

Robust
control term

v(t)

PD tracking loop

Figure 7.4 Standard neural-network controller
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7.6 Simulations

7.6.1. Linear system example
Consider the CT F-16 longitudinal aircraft dynamics with quadratic cost function
used in Stevens and Lewis (2003)

_x ¼
�1:01887 0:90506 �0:00215
0:82225 �1:07741 �0:17555

0 0 �1

2
4

3
5x þ

0
0
1

2
4
3
5u ¼ Ax þ Bu

where Q and R in the cost function are identity matrices of appropriate dimensions.
In this linear case the solution of the HJB equation is given by the solution of the
algebraic Riccati equation (ARE) AT P þ PA þ Q � PBR�1BT P ¼ 0. Since the
value is quadratic in the LQR case, the critic NN basis set f1ðxÞ was selected as
the quadratic vector in the state components. Solving the ARE offline gives the
parameters of the optimal critic W �

1 ¼ p11 2p12 2p13 p22 2p23 p33½ �T with
P ¼ ½Pij� the Riccati solution matrix. The solution is

W �
1 ¼ 1:4245 1:1682 �0:1352 1:4349 �0:1501 0:4329½ �T

The synchronous PI algorithm is implemented as in Theorem 7.2. PE was
ensured by adding a small exponentially decaying probing noise to the control
input. Figure 7.5 shows that the critic parameters, denoted by

Ŵ 1 ¼ Wc1 Wc2 Wc3 Wc4 Wc5 Wc6½ �T

2.5
Wc1
Wc2
Wc3
Wc4
Wc5
Wc6

Parameters of the critic NN

2

1.5

1

0.5

0

�0.5
0 100 200 300 400 500

Time (s)
600 700 800

Figure 7.5 Convergence of the critic parameters to the parameters of the optimal
critic
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converge to the optimal values. In fact after 800 s the critic parameters
converged to

Ŵ 1ðtf Þ ¼ 1:4279 1:1612 �0:1366 1:4462 �0:1480 0:4317½ �T

The actor parameters after 800 s converge to the values of Ŵ 2ðtf Þ ¼ Ŵ 1ðtf Þ.
Then, the actor NN is given by (7.28) as

û2ðxÞ ¼ � 1
2

R�1
0
0
1

2
4
3
5T

2x1 0 0
x2 x1 0
x3 0 x1

0 2x2 0
0 x3 x2

0 0 2x3

2
6666664

3
7777775Ŵ 2ðtf Þ

This is approximately the correct optimal control solution u ¼ �RlBT Px.
The evolution of the system states is presented in Figure 7.6. One can see that

after 750 s convergence of the NN weights in both critic and actor has occurred.
This shows that the exponentially decreasing probing noise effectively guaranteed
the PE condition. After that, the states remain very close to zero, as required.

7.6.2. Non-linear system example
Consider the following affine-in-control input non-linear system

_x ¼ f ðxÞ þ gðxÞu; x 2 R2

0
�30

�20

�10

0

10

20

30

40

50

100 200 300 400 500
Time (s)

600

System states

Figure 7.6 Evolution of the system states for the duration of the experiment
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where

f ðxÞ ¼
�x1 þ x2

�0:5x1 � 0:5x2ð1 � ðcosð2x1Þ þ 2Þ2

" #

gðxÞ ¼
0

cosð2x1Þ þ 2

" #

One selects Q ¼ 1 0
0 1

� �
;R ¼ 1 in the value function integral.

Using the converse optimal procedure in Nevistic and Primbs (1996) the
optimal value function is designed to be

v�ðxÞ ¼ 1
2

x2
1 þ x2

2

and the optimal control signal is

u�ðxÞ ¼ �ðcosð2x1Þ þ 2Þx2

One selects the critic NN vector activation function as

f1ðxÞ ¼ ½ x2
1 x1x2 x2

2 �T

Figure 7.7 shows the critic parameters, denoted by

Ŵ 1 ¼ ½Wc1 Wc2 Wc3 �T

Wc1
Wc2
Wc3

Parameters of the critic NN

0
�0.2

0
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Figure 7.7 Convergence of the critic parameters
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These converge after about 80 s to the approximately correct values of

Ŵ 1ðtf Þ ¼ ½ 0:5017 �0:0020 1:0008 �T

The actor parameters after 80 s converge to the correct values of

Ŵ 2ðtf Þ ¼ ½ 0:5017 �0:0020 1:0008 �T

Thus, that the actor NN (7.28) converges to the optimal control

û2ðxÞ ¼ � 1
2

R�1 0
cosð2x1Þ þ 2

� �T 2x1 0
x2 x1

0 2x2

2
4

3
5T 0:5017

�0:0020
1:0008

2
4

3
5

� �ðcosð2x1Þ þ 2Þx2

The evolution of the system states is presented in Figure 7.8. One can see that
after 80 s convergence of the NN weights in both critic and actor has occurred. The
probing noise is a random excitation that was turned off at 80 s after convergence of
the critic NN. This probing noise effectively guaranteed the PE condition. On con-
vergence, the PE condition of the control signal is no longer needed, and the probing
signal was turned off. After that, the states remain very close to zero, as required.

Figure 7.9 shows the optimal value function. The identified value function
given by V̂ 1ðxÞ ¼ Ŵ

T
1f1ðxÞ is virtually indistinguishable. In fact, Figure 7.10

shows the 3D plot of the difference between the approximated value function, by
using the online algorithm, and the optimal value. This error is close to zero. Good

System states
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Figure 7.8 Evolution of the system states for the duration of the experiment
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approximation of the actual value function is evolved. Finally, Figure 7.11 shows
the 3D plot of the difference between the approximated control, by using the online
algorithm, and the optimal control. This error is close to zero.

In this example the VFA activation functions were selected as quadratic and
quartic in the states. In general, the form of the value function is not known for
non-linear systems. Then, one selects a polynomial basis set. If convergence is not
observed, higher-order polynomials are chosen and the simulation is re-run. This is

Optimal value function
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Figure 7.9 Optimal value function

Approximation error of the value function
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Figure 7.10 3D plot of the approximation error for the value function
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repeated until convergence occurs. The polynomials should be selected as even
order since the value must be a Lyapunov function. Other basis sets than poly-
nomials could also be used, such as tanh, sigmoid.

7.7 Conclusion

In this chapter, we proposed a new adaptive algorithm that solves the CT optimal
control problem online in real time for affine-in-the-inputs non-linear systems.
We call this algorithm synchronous online optimal adaptive control for CT sys-
tems. The structure of this controller was based on the RL PI algorithm, and the
proofs were carried out using adaptive control Lyapunov function techniques. The
algorithm requires complete knowledge of the system model f ðxÞ; gðxÞ. The next
chapter will show an algorithm for simultaneous tuning of the neural networks in an
optimal adaptive controlled without the need of the drift dynamics f ðxÞ.

Error between the approximated control and the optimal one
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Figure 7.11 3D plot of the approximation error for the control
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Chapter 8

Synchronous online learning with
integral reinforcement

This chapter presents an online adaptive learning algorithm to solve the infinite-
horizon optimal control problem for non-linear systems of the form _x ¼ f ðxÞþ
gðxÞu that combines the advantages of the algorithms in Chapters 4 and 7. These
include simultaneous tuning of both actor and critic NNs (i.e. both neural networks
are tuned at the same time) and no need for knowledge of the drift term f (x) in the
dynamics. This algorithm is based on integral reinforcement learning (IRL) and
solves the Hamilton-Jacobi-Bellman (HJB) equation online in real time by mea-
suring data along the system trajectories, without knowing f (x). In the linear
quadratic case _x ¼ Ax þ Bu it solves the algebraic Riccati equation (ARE) online
without knowing the system matrix A.

IRL policy iteration, as presented in Chapter 4, is an actor–critic reinforce-
ment learning technique, and as such it tunes the actor and critic networks
sequentially. That is, while the critic network is learning the Bellman equation
solution, the actor network does not learn. This sequential tuning procedure is not
usual in standard adaptive control systems (Ioannou and Fidan, 2006; Astrom and
Wittenmark, 1995; Tao, 2003). Therefore, in this chapter the actor–critic structure
of IRL policy iteration is used to motivate a two-loop structure for an optimal
adaptive controller, and then tuning laws are developed to tune the parameters of
both the critic loop and the actor loop simultaneously. This is called synchronous
IRL optimal adaptive control. Due to the use of IRL, the drift dynamics f (x) are
not needed in these tuning laws. These results were first presented in Vamvou-
dakis (2011).

The chapter is organized as follows. Section 8.1 reviews the optimal control
problem from Chapter 4 and presents the IRL policy iteration algorithm that solves
it. Section 8.2 uses value function approximation (VFA) to solve the IRL Bellman
equation. In Section 8.3, the IRL policy iteration algorithm is used to motivate the
form of the actor network. Two theorems are given that show how to tune the actor
and critic networks simultaneously so that the optimal control solution is learned in
real time while system stability is guaranteed throughout the learning process. The
proofs are based on Lyapunov stability theory. Section 8.4 presents simulation
examples that show the effectiveness of the synchronous IRL optimal adaptive
control algorithm. In a linear design example, the IRL optimal adaptive controller
learns the ARE solution online without knowing the system matrix A. In a
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non-linear example, the optimal adaptive controller learns the HJB solution without
knowing the drift dynamics f (x).

The IRL policy iteration algorithm is used to develop a novel two-loop adaptive
control structure that learns optimal control solutions online. Yet, the proofs of con-
vergence of the optimal adaptive controller do not depend on proving convergence of
the policy iteration algorithm. They are based on Lyapunov techniques. Moreover,
the policy iteration algorithm must be initialized with a stabilizing controller. Stabi-
lizing controllers can be difficult to find for non-linear systems. By contrast, the IRL
optimal adaptive controller does not require an initial stabilizing controller.

8.1 Optimal control and policy iteration using integral
reinforcement learning

The optimal adaptive controller in this chapter has a two-loop structure that comes
from continuous-time (CT) policy iterations using integral reinforcement learning
(IRL), which was covered in Chapter 4. This means we shall be able to develop an
adaptive controller that converges to the optimal control solution without knowing
the system drift dynamics f (x). Therefore, first we review the optimal control
problem described in Section 4.1 and its IRL policy iteration solution. This
development parallels that at the beginning of Chapter 7, where the full system
dynamics was required to implement the online optimal adaptive controller.

Consider the time-invariant affine-in-the-input non-linear dynamical system
given by

_xðtÞ ¼ f ðxðtÞÞ þ gðxðtÞÞuðxðtÞÞ; xð0Þ ¼ x0

with state xðtÞ 2 R
n; f ðxðtÞÞ 2 R

n; gðxðtÞÞ 2 R
n�m and control input uðtÞ 2

U � R
m. It is assumed that f(0) = 0, that f ðxÞ þ gðxÞu is Lipschitz continuous on a

set W 
 R
n that contains the origin, and that the dynamical system is stabilizable on

W, that is there exists a continuous control function uðtÞ 2 U such that the closed-
loop system is asymptotically stable on W.

The infinite-horizon cost function or value function associated with any
admissible control policy uðtÞ ¼ mðxðtÞÞ 2 YðWÞ is

VmðxðtÞÞ ¼
ð1

t
rðxðtÞ; mðtÞÞ dt ¼

ð1
t
ðQðxÞ þ mT RuÞ dt

where V mðxÞ is C1. Recall from Chapter 4 that a control policy uðtÞ ¼ mðxÞ is
admissible on W, denoted by m 2 YðWÞ, if mðxÞ is continuous on W; mð0Þ ¼ 0; mðxÞ
stabilizes the dynamics on W, and the value is finite 8x0 2 W.

Using Leibniz’s formula, the infinitesimal version of the value integral is
found to be the following.

CT Bellman equation

0 ¼ rðx; mðxÞÞ þ ðrV m
x ÞT ðf ðxÞ þ gðxÞmðxÞÞ; V mð0Þ ¼ 0
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Here, rV m
x (a column vector) denotes the gradient of the cost function V m with

respect to x. That is, rV m
x ¼ @V m=@x. This is a Bellman equation for non-linear CT

systems, which, given the control policy mðxÞ 2 YðWÞ, can be solved for the value
V mðxÞ associated with it.

The optimal control problem is formulated as follows. Given the continuous-
time dynamical system, the set u 2 YðWÞ of admissible control policies, and the
value function, find an admissible control policy such that the value function is
minimized.

Defining the Hamiltonian

Hðx; u;VxÞ ¼ rðxðtÞ; uðtÞÞ þ ðrVxÞT ðf ðxðtÞÞ þ gðxðtÞÞuðtÞÞ

the optimal cost function V �ðxÞ satisfies the Hamilton–Jacobi–Bellman (HJB)
equation

0 ¼ min
u2YðWÞ

½Hðx; u;rV �
x Þ�

Assuming that the minimum on the right-hand side of this equation exists and
is unique, then the optimal control function is

u�ðxÞ ¼ 1
2

R�1gT ðxÞ rV �
x

Inserting this optimal control policy in the Hamiltonian we obtain the HJB
equation in the form

0 ¼ QðxÞ þ ðrV �
x ÞT f ðxÞ � 1

4
ðrV �

x ÞT gðxÞR�1gTðxÞ rV �
x ; V �ð0Þ ¼ 0

This is a necessary condition for the optimal cost function. For the linear
system case with a quadratic cost functional (linear quadratic regulator), the
equivalent of this HJB equation is the algebraic Riccati equation (ARE) discussed
in Chapter 3 (see Section 3.1).

To find the optimal control solution for the problem one can solve the HJB
equation for the optimal value function V �ðxÞ and then compute the optimal control
u�ðxÞ. However, solving the HJB equation is generally difficult, and analytic
solutions may not exist. Therefore, in Chapter 4 we wrote policy iteration Algo-
rithm 4.1 to solve the HJB by iteratively solving the CT Bellman equation.

Algorithm 4.1, and therefore all of Chapter 7, which is based upon it, relies on
complete knowledge of the system dynamics f ðxÞ; gðxÞ. To design an optimal
adaptive controller that does not require knowledge of the drift dynamics f ðxÞ, we
can use the version of PI based on integral reinforcement learning (IRL) given as
Algorithm 4.2. Given an admissible policy and an integration time interval T > 0
write the value function as the following equivalent form Vrabie et al. (2008,
2009), Vrabie (2009), Vrabie and Lewis (2009).
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Integral reinforcement form of value function: IRL Bellman equation

V mðxðtÞÞ ¼
ðtþT

t
rðxðtÞ; mðxðtÞÞÞ dtþ V mðxðt þ TÞÞ

Note that this form does not contain the system dynamics ðf ð	Þ; gð	ÞÞ. In Lemma
4.1, it is shown that this equation is equivalent to the CT Bellman equation in the
sense that both equations have the same positive definite solution. Therefore, using
the IRL Bellman equation allows the formulation of continuous-time PI algorithms
that share the beneficial features of discrete-time PI algorithms. The integrand

rðxðtÞ; t; t þ TÞ ¼
ðtþT

t
rðxðtÞ; mðxðtÞÞÞ dt

is known as the integral reinforcement on the time interval [t, t + T].
A policy iteration algorithm based on IRL was given as Algorithm 4.2. It

is reproduced here as Algorithm 8.1 for convenience to the reader. Let
mð0ÞðxðtÞÞ 2 YðWÞ be an admissible policy, select T > 0 such that, if xðtÞ 2 W then
also xðt þ TÞ 2 W. The existence of such a time period T > 0 is guaranteed by the
admissibility of mð0Þð	Þ on W. Then the following PI algorithm based on the IRL
Bellman equation can be written.

Algorithm 8.1. Integral reinforcement learning policy iteration algorithm

Select mð0ÞðxðtÞÞ 2 YðWÞ as an admissible policy.

1. (Policy evaluation step.) Solve for the value V mðiÞ ðxðtÞÞ using the IRL Bellman
equation

V mðiÞ ðxðtÞÞ¼
ðtþT

t
rðxðsÞ;mðiÞxðsÞÞ dsþV mðiÞ ðxðtþTÞÞ with V mðiÞ ð0Þ¼ 0

2. (Policy improvement step.) Update the control policy using

mðiþ1ÞðxÞ ¼ � 1
2

R�1gT ðxÞ rV mðiÞ
x

&

It was shown in Chapter 4 that the IRL policy iteration Algorithm 8.1 solves
the non-linear HJB equation by iterations on IRL Bellman equations that are linear
in the value function gradient. Its importance is that the linear IRL Bellman
equations are easier to solve than the HJB, which is non-linear.

Of major importance is the fact that nowhere in this IRL algorithm does the
system drift dynamics f (x) appear. The input-coupling dynamics g(x) must be
known to implement this algorithm since they appear in the policy improvement
step. Moreover, it is required that a stabilizing control policy be known to
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initialize the algorithm. This algorithm is used in the next sections to motivate
a novel adaptive control structure that solves the optimal control problem online by
measuring data along the system trajectories, without knowing the drift dynamics
f (x).

8.2 Critic neural network and Bellman equation solution

The IRL policy iteration Algorithm 8.1 has an actor–critic structure and involves
sequential updates of the critic network and the actor network. That is, while the
critic learns the value by solving the IRL Bellman in step 1, the actor parameters
(e.g. the control policy) are not changed. Though natural in reinforcement learning,
this is a strange tuning philosophy from the point of view of standard adaptive
control theory (Ioannou and Fidan, 2006; Astrom and Wittenmark, 1995; Tao,
2003). Therefore, we now use the structure of Algorithm 8.1 to develop an adaptive
control structure that converges to the optimal control solution in real time by
simultaneous or synchronous tuning of the critic and actor networks. Synchronous
tuning of all loops yields a continuous-time controller that is more familiar from the
point of view of standard ideas in adaptive control than the sequential tuning RL
controllers developed in Part I of the book.

For IRL tuning it is necessary to modify the value function. Define there the
value function as

V ðxðtÞÞ ¼
ð1

t
rðxðtÞ; uðtÞÞ dt ¼

ð1
t

QðxÞ þ uT R

T
u

� �
dt

with T > 0 the IRL integration interval. Then the optimal control becomes

u�ðxÞ ¼ � 1
2

TR�1gT ðxÞ rV �
x

with V �ðxÞ the HJB solution. The new value function means that as the integration
time interval T becomes smaller, the control input is more heavily weighted, so that
less control effort is used. This corresponds to penalizing fast changes in the control
input.

Now, introduce a critic NN for value function approximation (VFA) as
described in Section 7.1. Thus, value function V ðxÞ is approximated as

V ðxÞ ¼ W1
TfðxÞ þ eðxÞ

where W1 are the unknown weights of a neural network (NN), fðxÞ : Rn ! R
N is

the NN activation function vector, N is the number of neurons in the hidden layer
and eðxÞ is the NN approximation error. As per Chapter 7, the NN activation
functions fjiðxÞ : i ¼ 1;Ng are selected so that fjiðxÞ : i ¼ 1;1g provides a com-
plete independent basis set such that VðxÞ and its gradient are both approximated.
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Using VFA in the IRL Bellman equation yieldsðt

t�T
QðxÞ þ uT R

T
u

� �
dtþ W T

1 fðxðtÞÞ � W T
1 fðxðt � TÞÞ ¼ eB ð8:1Þ

where eB is a Bellman equation residual equation error. Note that we are integrating
now over the interval ½t � T ; t� instead of ½t; t þ T �. This is so that one obtains
causal tuning laws for the critic and actor networks, where all required data is
measured prior to the current time t.

The integral reinforcement signal is

p ¼
ðt

t�T
QðxÞ þ uT R

T
u

� �
dt ð8:2Þ

Now (8.1) can be written as

eB � p ¼ W T
1 DfðxðtÞÞ ð8:3Þ

where the first difference is DfðxðtÞÞ � fðxðtÞÞ � fðxðt � TÞÞ:
Under the Lipschitz assumption on the dynamics, the residual error eB is

bounded on a compact set.

Remark 8.1. Note that, as N ! 1; eB ! 0 uniformly (Abu-Khalaf and Lewis,
2005).

The weights of the critic NN, W1, which solve (8.1) are unknown. Then the
output of the critic neural network is

V̂ ðxÞ ¼ Ŵ
T
1fðxÞ ð8:4Þ

where Ŵ 1 are the current known values of the critic NN weights. The approximate
Bellman equation error is thenðt

t�T
ðQÞðxÞ þ uT R

T
u

� �
dtþ Ŵ 1

TfðxðtÞÞ � Ŵ
T
1fðxðt � TÞÞ ¼ e1 ð8:5Þ

which according to (8.2) can be written as

Ŵ
T
1 DfðxðtÞÞ ¼ e1 � p ð8:6Þ

This is a scalar equation and it is desired to solve for the unknown weight vector
Ŵ 1. The first difference DfðxðtÞÞ is a regression vector (Ljung, 1999) that can be
measured along the system trajectories.

It is desired to select Ŵ 1 to minimize the squared residual error

E1 ¼ 1
2

e1
T e1 ð8:7Þ
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Then Ŵ 1ðtÞ ! Ŵ 1. Therefore, select the tuning law for the critic weights as the
normalized gradient descent algorithm

_̂W ¼�a1
DfðxðtÞÞT

ð1þDfðxðtÞÞT DfðxðtÞÞ2

ðt

t�T
QðxÞþuT R

T
u

� �
dtþDfðxðtÞÞT Ŵ 1

� �
ð8:8Þ

Note that the data required in this tuning algorithm at each time are ðDfðtÞ; pðtÞÞ:
The system dynamics f ðxÞ; gðxÞ are not needed to implement this critic network
tuning algorithm, in contrast to Chapter 7, where the full dynamics appeared in the
critic NN tuning algorithm.

Define the critic weight estimation error ~W 1 ¼ W1 � Ŵ 1 and substitute (8.1)
in (8.8). With the notation DfðtÞ ¼ DfðtÞ=ðDfðtÞT DfðtÞ þ 1Þ and ms ¼ 1þ
DfðtÞT DfðtÞ, we obtain the dynamics of the critic weight estimation error as

_~W 1 ¼ �a1 DfðtÞ DfðtÞT ~W 1 þ a1 DfðtÞ eB

ms
ð8:9Þ

In the upcoming development it is important to note that the activation func-
tion difference can be written as

DfðxðtÞÞ¼fðxðtÞÞ�fðxðt�TÞÞ¼
ðt

t�T
rfðxÞ _xdt¼

ðt

t�T
rfðf þguÞdt ð8:10Þ

Though it is traditional to use critic tuning algorithms of the form (8.8), it is not
generally understood when convergence of the critic weights to the Bellman
equation solution can be guaranteed. To guarantee convergence of Ŵ 1 to W1; the
next persistence of excitation (PE) assumption is required.

According to (8.6) the regression vector Df(t), or equivalently DfðtÞ must be
persistently exciting to solve for Ŵ 1 in a least-squares sense. Therefore, make the
following assumption.

Persistence of excitation assumption. Let the signal DfðtÞ be persistently exciting
over the interval ½t � T ; t�, that is there exist constants b1 > 0; b2 > 0; T > 0
such that, for all t

b1I � S0 �
ðt

t�T
DfðtÞ DfT ðtÞ dt � b2I ð8:11Þ

Technical Lemma 8.1. Consider the error dynamics (8.9) with output

y1 ¼ DfðtÞT ~W 1
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Assume DfðtÞ is PE. Let jjeBjj � emax and jjy1jj � ymax. Then jjŴ 1jj converges
exponentially to the residual set

Ŵ 1ðtÞ �
ffiffiffiffiffiffiffiffiffiffiffiffi
b2TPE

p
b1

ymax þ db2a1ðemax þ ymaxÞ½ �f g

where d is a positive constant of the order of 1.

Proof: See Chapter 7 (Technical Lemma 7.2). &

8.3 Action neural network and adaptive tuning laws

The policy improvement step in IRL policy iteration Algorithm 8.1, according to
(8.4), is

uðxÞ ¼ � 1
2

TR�1gT ðxÞ rfT W1 ð8:12Þ

with critic weights W1 unknown. Therefore, define the control policy in the form of
an action neural network that computes the control input in the structured form

u2ðxÞ ¼ � 1
2

TR�1gT ðxÞ rfT Ŵ 2 ð8:13Þ

where Ŵ 2 denotes the current known values of the actor NN weights.
Based on (8.12) and (8.1), define the approximate HJB equationðt

t�T
�QðxÞ � 1

4
W T

1 D1ðxÞW1 þ eHJBðxÞ
� �

dt ¼ W T
1 DfðxðtÞÞ ð8:14Þ

with the notation D1ðxÞ ¼ T rfðxÞgðxÞR�1gT ðxÞ rfT ðxÞ, where W1 denotes the
ideal unknown weights of the critic and actor neural networks that solve the HJB.

We now present the main theorems, which provide the synchronous tuning laws
for the actor and critic NNs that guarantee convergence to the optimal controller along
with closed-loop stability. The practical notion of uniform ultimate boundedness
(UUB) from Chapter 7 is used. The next definition is needed in the proof.

Definition 8.1. Khalil (1996) A continuous function a : ½a; 0Þ ! ½0;1Þ is said to
belong to class K if it is strictly increasing and að0Þ ¼ 0. It is said to belong to class
K1 if a ¼ 1 and aðrÞ ¼ 1 as r ! 1.

Theorem 8.1. Online synchronous IRL optimal adaptive controller. Let the
tuning for the critic NN be provided by

Ŵ 1¼�a1
Df2ðtÞ

ðDf2ðtÞTDf2ðtÞþ1Þ2 Df2ðtÞT Ŵ 1þ
ðt

t�T
QðxÞþ1

4
Ŵ

T
2 D1Ŵ 2

� �
dt

� �
ð8:15Þ
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where Df2ðxðtÞÞ ¼
Ð t

t�T rfðf þ gu2Þ dt ¼ Ð t
t�T s2 dt � fðxðtÞÞ � fðxðt � TÞÞ �

Df2ðtÞ and assume that DfðtÞ is persistently exciting. Let the actor NN be tuned as

Ŵ 2 ¼ �a2 ðF2Ŵ 2 � F1T DfT
2 Ŵ 1Þ � 1

4ms
D1ðxÞŴ 2 Df

T
2 Ŵ 1

� �
ð8:16Þ

where F1 > 0;F2 > 0 are tuning parameters chosen as in the proof. Let Assump-
tions 7.1–7.3 hold. Then there exists a N0 and a time T0 such that, for the number of
hidden-layer units N > N0 and the time interval T < T0, the closed-loop system
state, the critic NN error ~W 1 and the actor NN error ~W 2, are UUB.

Proof: See appendix. &

Theorem 8.2. Optimal control solution. Suppose the hypotheses of Theorem 8.1
hold. Then:

a. Hðû;Ŵ 1;xÞ�
Ð t

t�TðQðxÞþ ûT R
Tû � eHJBÞ dtþŴ

T
1 ðxðtÞÞ�Ŵ

T
1fðxðt�TÞÞ is UUB,

where û ¼�1
2TR�1gT ðxÞrfT ðxÞŴ 1. That is, Ŵ 1 converge to the approximate

HJB solution.
b. û2ðxÞ converges to the optimal control solution, where û2 ¼ �1

2TR�1gT ðxÞ
rfðxÞŴ 2.

Proof:

a. Consider the weights ~W 1; ~W 2 to be UUB as proved in Theorem 8.1.

Hðû;Ŵ 1;xÞ¼
ðt

t�T
QðxÞþ ûT R

T
û�eHJB

� �
dt� Ŵ

T
1fðxðtÞÞ� Ŵ

T
1fðxðt�TÞÞ

After adding zero we have

Hðû; Ŵ 1; xÞ �
ðt

t�T

1
4
~W 1

T
D1ðxÞ ~W 1 � 1

2
~W

T
1 D1ðxÞW1 � eHJB

� �
dt

� ~W
T
1fðxðtÞÞ þ ~W

T
1fðxðt � TÞÞ

By taking norms on both sides and taking into account that supx2W jjeHJBjj < e
Facts 7.1 and letting

kHðû; Ŵ 1;xÞk �
ðt

t�T

1
4
k ~W 1k2kD1ðxÞkþ 1

2
k ~W 1kW1 maxkD1ðxÞkþ e

� �
dt

þk ~W 1kjjfðxðtÞÞjj þ k ~W 1kjjfðxðt �TÞÞjj

All the signals on the right-hand side of are UUB. So Hðû; Ŵ 1; xÞ is UUB and
convergence to the approximate HJB solution is obtained.
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b. According to Theorem 8.1 and equations (8.12) and (8.13), jju2 � ujj is UUB
because jjŴ 2 � Ŵ 1jj is UUB.

So m2ðxÞ gives the optimal solution.
This completes the proof. &

Remark 8.2. Note that the data required in the critic tuning algorithm (8.15) at each
time are Df2ðtÞ and the integral reinforcement. The system dynamics f (x), g(x) are
not needed. The input coupling dynamics g(x) are needed for the actor tuning
algorithm (8.16). Therefore, the IRL synchronous adaptive controller does not need
to know the drift dynamics f (x), yet converges to the solution of the HJB equation
online.

Remark 8.3. The theorems show that PE is needed for proper identification of the
value function by the critic NN, and that nonstandard tuning algorithm is required
for the actor NN to guarantee stability while learning the optimal control solution.

Remark 8.4. The tuning parameters F1, F2 are selected appropriately to ensure
stability as detailed in the proof of Theorem 8.1.

Remark 8.5. The proof reveals that the integral reinforcement time interval
T cannot be selected too large nor the number of hidden-layer units N too small.

Remark 8.6. The assumption Q(x)> 0 is sufficient but not necessary for this result.
If this condition is replaced by zero state observability, the proof still goes through,
however it is tedious and does not add insight.

Remark 8.7. It is important to note that the proof of Theorem 8.1 does not rely at
all on convergence of the IRL policy iteration Algorithm 8.1. IRL policy iteration, a
reinforcement learning method, is used to obtain the structure of the controller,
whereas the proofs of performance are carried out using adaptive control Lyapunov
techniques.

Remark 8.8. The IRL policy iteration Algorithm 8.1 must be initialized with a
stabilizing control policy. The convergence proof requires this, since the IRL
Bellman equation has a positive definite solution only if the controller is admis-
sible. A stabilizing controller can be difficult to find for non-linear systems. By
contrast, the online synchronous IRL optimal adaptive controller does not require
an initial stabilizing controller. The Lyapunov proof shows that the algorithm
converges to the optimal control solution as long as the initial weight estimation
errors are not large.

The implementation aspects and structure of the IRL online optimal adaptive
controller are the same as in Section 7.5.

8.4 Simulations

This section presents simulation examples to show that the novel IRL adaptive
control structure in Theorem 8.1 solves the optimal control problem online by
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measuring data along the system trajectories in real time. The system drift
dynamics need not be known. In the linear quadratic case, therefore, the IRL
optimal adaptive controller solves the algebraic Riccati equation without knowing
the system A matrix. In the non-linear case, it solves the HJB equation without
knowing the system drift term f (x).

8.4.1 Linear system
Consider the continuous-time F16 longitudinal dynamics aircraft plant with quad-
ratic cost function used in Stevens and Lewis (2003)

_x ¼
�1:01887 0:90506 �0:00215
0:82225 �1:07741 �0:17555

0 0 �1

2
4

3
5x þ

0
0
1

2
4
3
5u ¼ Ax þ Bu

where Q and R in the cost function are identity matrices of appropriate dimensions
and the IRL time period was selected as T = 0.01. In this linear case the solution of
the HJB equation is given by the solution of the algebraic Riccati equation (ARE)
ATP + PA + Q – PBR–1BTP = 0. Since the value is quadratic in the LQR case, the
critic NN basis set fðxÞ was selected as the quadratic vector in the state compo-
nents. Solving the ARE gives the parameters of the optimal critic as W �

1 ¼
½ p11 2p12 2p13 p22 2p23 p33 �T with P ¼ ½pij� the Riccati solution matrix.
Numerical values for this example are W �

1 ¼ 1:4245 1:1682 �0:1352½
1:4349 �0:1501 0:4329�T .

The integral reinforcement optimal adaptive control algorithm is implemented
as in Theorem 8.1. PE was ensured by adding a small exponentially decaying
probing noise to the control input. Figure 8.1 shows the critic parameters, de-
noted by Ŵ 1 ¼ ½Wc1 Wc2 Wc3 Wc4 Wc5 Wc6 �T converging to the optimal
values. In fact after 250 s the critic parameters converged to Ŵ 1ðtf Þ ¼
½ 1:4282 1:1641 �0:1372 1:4404 �0:1495 0:4321 �T .

The actor parameters after 300 s converge to the values of Ŵ 2ðtf Þ ¼ Ŵ 1ðtf Þ.

The actor NN is given by û2ðxÞ ¼ � 1
2 T

0
0
1

2
4
3
5T

2x1 0 0
x2 x1 0
x3 0 x1

0 2x2 0
0 x3 x2

0 0 2x3

2
6666664

3
7777775

T

Ŵ 2ðtf Þ

The evolution of the system states is presented in Figure 8.2. As the probing noise
decays, the states go to zero.

It is seen that after 250 s convergence of the NN weights in both critic and
actor has occurred. The IRL optimal adaptive controller has determined the solu-
tion of the ARE equation in real time using measure data along the system trajec-
tories without knowing the drift dynamics matrix A.
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Figure 8.1 Convergence of the critic parameters to the parameters of the optimal
critic
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Figure 8.2 Evolution of the system states for the duration of the experiment
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8.4.2 Non-linear system
Consider the following affine in control input non-linear system, with a quadratic
cost constructed as in Nevistic and Primbs (1996)

_x ¼ f ðxÞ þ gðxÞu; x 2 R
2

where

f ðxÞ¼
�x1þx2

�x3
1�x2�x2

1

x2
þ0:25x2ðcosð2x1þx3

1Þþ2Þ2

2
4

3
5; gðxÞ¼ 0

cosð2x1þx3
1Þþ2

� �

One selects Q ¼ 1 0
0 1

� �
;R ¼ 1 and T ¼ 0:01. The optimal value function con-

structed as in Nevistic and Primbs (1996) is V �ðxÞ ¼ 1
4 x4

1 þ 1
2x

2
2 and the optimal

control signal is u�ðxÞ ¼ �1
2Tðcosð2x1 þ x3

1Þ þ 2Þx2. One selects the critic NN
vector activation function as fðxÞ � x2

1 x2
2 x4

1 x4
2 �

�
.

Figure 8.3 shows the critic parameters, denoted by Ŵ 1¼½Wc1 Wc2 Wc3 Wc4 �T .
After the simulation by using the integral reinforcement learning optimal adaptive
control algorithm we have

Parameters of the critic NN
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Figure 8.3 Convergence of the critic parameters to the parameters of the optimal
critic
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Ŵ 1ðtf Þ ¼ ½ 0:0033 0:4967 0:2405 0:0153 �T

The actor parameters after 80 s converge to the values of

Ŵ 2ðtf Þ ¼ ½ 0:0033 0:4967 0:2405 0:0153 �T

so that the actor NN is given by

û2ðxÞ ¼ � 1
2

T
0

cosð2x1 þ x3
1Þ þ 2

� �T
2x1 0 4x3

1 0
0 2x2 0 4x3

2

� �
Ŵ 2ðtf Þ

One can see that after 80 s convergence of the NN weights in both critic and actor
has occurred. The evolution of the system states is presented in Figure 8.4, which
converge to zero as the probing noise decay to zero.

Figure 8.5 shows the 3D plot of the difference between the approximated value
function, by using the online algorithm and the optimal one. This error is close to
zero. Good approximation of the actual value function is being evolved. Figure 8.6
shows the 3D plot of the difference between the approximated control, by using the
online integral reinforcement learning algorithm and the optimal one. This error is
close to zero.

The adaptive controller has determined the solution of the non-linear HJB
equation without knowing the drift dynamics f (x).

In this example, the VFA activation functions were selected as quadratic
and quartic in the states. In general, the form of the value function is not known for

System states
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�2
10 20 30 40 50 60 70 80 90 100

Time (s)

Figure 8.4 Evolution of the system states for the duration of the experiment
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non-linear systems. Then, one selects a polynomial basis set. If convergence is not
observed, higher-order polynomials are chosen and the simulation is re-run. This is
repeated until convergence occurs. The polynomials should be selected as even
order since the value must be a Lyapunov function. Other basis sets than poly-
nomials could also be used, such as tanh, sigmoid.

Approximation error of the value function

�0.4
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1
0

�1
�2 x1�2
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Figure 8.5 Error between the optimal and approximated value function
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Figure 8.6 Error between the optimal and the approximated control input
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8.5 Conclusion

This chapter considered the optimal control problem for systems of the form
_x ¼ f ðxÞ þ gðxÞu: A novel form of Bellman equation was developed for these
continuous-time systems that does not involve the system dynamics. This Bellman
equation is based on a technique known as integral reinforcement learning. A
corresponding IRL policy iteration algorithm was developed that does not require
knowledge of the system drift dynamics f (x). Based on IRL policy iterations, a
novel adaptive control structure was developed that solves the optimal control
problem online by measuring data along the system trajectories in real time. The
system drift dynamics f (x) need not be known. The IRL adaptive controller has two
approximator structures, one to estimate the value function and one to estimate the
optimal control. Parameter tuning algorithms were given that learn the optimal
control solution online while at the same time guaranteeing system stability.
Simulation examples showed that, in the linear quadratic case, the IRL optimal
adaptive controller solves the algebraic Riccati equation without knowing the
system A matrix. In the non-linear case, it solves the HJB equation without
knowing the system drift term f (x).
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Chapter

Online differential games using
reinforcement learning

This book shows how to use reinforcement learning (RL) methods to design
adaptive controllers that learn optimal control solutions for continuous-time
systems. We call these optimal adaptive controllers. They stand in contrast to
standard adaptive control systems in the control systems literature, which do not
normally converge to optimal solutions in terms of solving a Hamilton–Jacobi–
Bellman equation. In Part I of the book we laid the foundations for RL applications
in continuous-time systems based on a form of the continuous-time Bellman
equation known as the integral reinforcement learning (IRL) Bellman equation. It
was shown how to use IRL to formulate policy iterations and value iterations for
continuous-time systems.

The controllers of Part I are of the form normally expected in RL and the
convergence proofs are carried out using methods employed in RL. The actor
and critic loops are tuned sequentially, that is, the control policy is held fixed
while the critic evaluates its performance. These two-loop sequential learning
structures are not like standard adaptive control systems currently used in
feedback control.

In Part II of the book, we adopt a philosophy more akin to that of adaptive
controllers in the feedback control literature. The controllers of Part II are
multiple loop learning systems with novel structures designed using RL precepts.
Yet, they operate as normally expected in adaptive control in that the control
loops are not tuned sequentially as in Part I, but the parameter tuning in all
control loops is performed simultaneously through time. Since the critic and actor
networks learn and update their parameters simultaneously, we call these struc-
tures synchronous optimal adaptive controllers. The convergence proofs are
carried out using methods employed in adaptive control, namely, Lyapunov
energy-based techniques.

In Part III of the book, we develop adaptive controllers that learn optimal
solutions in real time for several differential game problems, including zero-sum
and multiplayer non–zero-sum games. The design procedure is to first formulate
policy iteration algorithms for these game problems, then use the structure of
policy iteration to motivate novel structures of multi-loop adaptive learning

Part III
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systems. Then, tuning laws for the different adaptive loops are determined by
adaptive control Lyapunov techniques. The result is a family of adaptive con-
trollers that converge to optimal game theoretic solutions online in real time using
data measured along the system trajectories. An algorithm is given in Chapter 11
that solve the linear-quadratic zero-sum game problem online by learning the
solution of the Hamilton-Jacobi-Isaacs equation in real time without knowing the
system drift matrix A.
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Chapter 9

Synchronous online learning for zero-sum
two-player games and H-infinity control

Zero-sum (ZS) two-player game theory and H-infinity solutions rely on solving the
Hamilton–Jacobi–Isaacs (HJI) equations, a generalized version of the Hamilton–
Jacobi–Bellman equations appearing in optimal control problems. In the non-linear
case the HJI equations are difficult or impossible to solve, and may not have global
analytic solutions even in simple cases (e.g. scalar system, bilinear in input and
state). Solution methods are generally offline and generate fixed control policies
that are then implemented in online controllers in real time.

In this chapter, we provide methods for online gaming, that is for solution of
two-player zero-sum infinite-horizon games online, through learning the saddle-point
strategies in real time (Vamvoudakis and Lewis, 2010b). The dynamics may be non-
linear in continuous time and are assumed known in this chapter. This requirement is
lifted in Chapter 11. A novel neural-network (NN) adaptive control technique is
given here that is based on reinforcement learning techniques, whereby the control
and disturbance policies are tuned online using data generated in real time along the
system trajectories. Also tuned is a ‘critic’ approximator structure whose function
is to identify the value or outcome of the current control and disturbance policies.
Based on this value estimate, the policies are continuously updated. All three loops
are tuned simultaneously, or synchronously. This is a sort of indirect adaptive
control algorithm, yet, due to the direct form dependence of the policies on the
learned value, it is affected online as ‘direct’ optimal adaptive control.

The chapter is based on Vamvoudakis and Lewis (2010b) and is organized
as follows. Section 9.1 reviews the formulation of the two-player ZS differential
game for non-linear dynamical systems. The concepts of Nash equilibrium and the
Isaacs condition are introduced. The ZS game Bellman equation and the HJI
equation are developed. The use of ZS games in the H? control problem is
detailed. The special case of linear quadratic ZS games is covered. In Section 9.2, a
ZS game policy iteration algorithm is given to solve the HJI equation by successive
solutions on the ZS game Bellman equation. This essentially extends Kleinman’s
algorithm (Kleinman, 1968) to non-linear zero-sum two-player differential games.
Section 9.3 uses the structure of the ZS policy iteration algorithm to obtain a
suitable structure for an online adaptive controller for solving the ZS games in
real time. This structure turns out to have one critic network with two actor net-
works, one for each player in the game. Value function approximation (Werbos,
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1974, 1989, 1991, 1992) is used to solve the Bellman equation. First a suitable ‘critic’
approximator structure is developed for the value function and its tuning method is
pinned down. Next, suitable ‘actor’ approximator structures are developed for the
control and disturbance policies. Finally, in Section 9.4 the main results of the
chapter are presented. Theorem 9.2 shows how to tune all three approximators
simultaneously by using data measurements along the system trajectories in real
time. Theorem 9.3 proves exponential convergence of the critic NN to the approx-
imate Nash solution. Proofs using Lyapunov techniques guarantee convergence and
closed-loop stability. Section 9.5 presents simulation examples that show the effec-
tiveness of the online synchronous zero-sum game algorithm in learning in real time
the optimal game value and the Nash equilibrium solution for both linear and non-
linear systems.

9.1 Two-player differential game and H1 control

This section presents a background review of two-player zero-sum (ZS) differential
games. The objective is to lay a foundation for the structure needed in subsequent
sections for online solution of these problems in real time. The policy iteration
algorithm for two-player games presented in Section 9.2 gives the structure needed
for an adaptive controller that learns the ZS game solution online. It turns out to
have a single critic network and two actor networks, one for each player in the
game.

Consider the non-linear time-invariant affine-in-the-input dynamical system
given by

_x ¼ f ðxÞ þ gðxÞuðxÞ þ kðxÞdðxÞ
y ¼ hðxÞ ð9:1Þ

where state xðtÞ 2 R
n, output yðtÞ 2 R

p, and smooth functions f ðxðtÞÞ 2 R
n;

gðxÞ 2 R
nxm, kðxÞ 2 R

nxq; hðxÞ 2 R
pxn. This system has two inputs, the control

input uðxðtÞÞ 2 R
m and the disturbance input dðxðtÞÞ 2 R

q. In zero-sum games, the
control and disturbance are considered as inputs that can be selected by two players
to optimize their benefit as described below. Assume that f ðxÞ is locally Lipschitz
and f ð0Þ ¼ 0 so that x ¼ 0 is an equilibrium point of the system.

Define the performance index (Başar and Olsder, 1999; Başar and Bernard, 1995).

Jðxð0Þ; u; dÞ ¼
ð1

0
QðxÞ þ uT Ru � g2kdk2
� �

dt �
ð1

0
rðx; u; dÞdt ð9:2Þ

where QðxÞ ¼ hTðxÞhðxÞ � 0; R ¼ RT > 0, utility rðx;u;dÞ ¼ QðxÞþ uT Ru� g2kdk2

and g� g* � 0. Here, g* is the smallest g for which the system is stabilized
(Van Der Schaft, 1992). The quantity g* is called the H-infinity gain. For linear
systems, an explicit formula can be given for g* (Chen et al., 2004). For non-linear
systems, g* may depend on the region within which solutions are sought.
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For fixed feedback policies uðxÞ and disturbance policies dðxÞ, define the value
function or cost of the policies as

V ðxðtÞ; u; dÞ ¼
ð1

t
QðxÞ þ uT Ru � g2kdk2
� �

dt ð9:3Þ

When the value is finite, a differential equivalent to this is the non-linear zero-sum
game Bellman equation

0 ¼ rðx; u; dÞ þ ðrVÞT ðf ðxÞ þ gðxÞuðxÞ þ kðxÞdðxÞÞ;Vð0Þ ¼ 0 ð9:4Þ
where rV ¼ @V=@x 2 Rn is the (transposed) gradient. The Hamiltonian of
dynamics (9.1) and value function (9.3) is

Hðx;rV ; u; dÞ ¼ rðx; u; dÞ þ ðrVÞT ðf ðxÞ þ gðxÞuðxÞ þ kðxÞdÞ ð9:5Þ
For stabilizing control and disturbance feedback policies yielding finite values
(Başar and Bernard, 1995), a solution VðxÞ � 0 to the Bellman equation (9.4) is the
value (9.3) for the given feedback policy uðxÞ and disturbance policy dðxÞ.

9.1.1 Two-player zero-sum differential games and Nash equilibrium
Define the two-player ZS differential game (Başar and Olsder, 1999; Başar and
Bernard, 1995)

V*ðxð0ÞÞ ¼ min
u

max
d

Jðxð0Þ; u; dÞ

¼ min
u

max
d

ð1
0

QðxÞ þ uT Ru � g2kdk2
� �

dt ð9:6Þ

subject to the dynamical constraints (9.1). By the definition of this game, u is a
minimizing player while d is a maximizing one. This puts the control and the
disturbance inputs in opposition with one another with opposite objectives. This
two-player optimal control problem has a unique solution if a game theoretic saddle
point ðu*; d*Þ exists, that is if the Nash condition holds

min
u

max
d

Jðxð0Þ; u; dÞ ¼ max
d

min
u

Jðxð0Þ; u; d*Þ ð9:7Þ

This is equivalent to the Nash equilibrium condition

Jðxð0Þ; u*; dÞ � Jðxð0Þ; u*; d*Þ � Jðxð0Þ; u; d*Þ
holding for all policies u; d.

A necessary condition for this is Isaacs’ condition

min
u

max
d

Hðx;rV ; u; dÞ ¼ max
d

min
u

Hðx;rV ; u; dÞ ð9:8Þ

or, equivalently

Hðx;rV ; u*; dÞ � Hðx;rV ; u*; d*Þ � Hðx;rV ; u; d*Þ ð9:9Þ
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for some saddle-point solution ðu*; d*Þ. The Nash conditions depend on the value
integral and the system dynamics. On the other hand, the Isaacs condition holds
pointwise in time and is easier to check. Under certain conditions detailed below,
Isaacs’ condition implies Nash equilibrium.

To this game is associated the Hamilton–Jacobi–Isaacs (HJI) equation

0 ¼ QðxÞ þ rV T ðxÞf ðxÞ � 1
4
rV T ðxÞgðxÞR�1gTðxÞDV ðxÞ

þ 1
4g2

rV T ðxÞkkTrV ðxÞ;Vð0Þ ¼ 0
ð9:10Þ

Given a solution V*ðxÞ � 0 : Rn ! R to the HJI (9.10), denote the associated
control and disturbance as

u* ¼ � 1
2

R�1gT ðxÞrV* ð9:11Þ

d* ¼ 1
2g2

kT ðxÞrV* ð9:12Þ

These policies are called the optimal control and the worst-case disturbance. The
HJI can be written in terms of the Hamiltonian as

0 ¼ Hðx;rV ; u*; d*Þ ¼ QðxÞ þ rV TðxÞf ðxÞ
� 1

4
rV T ðxÞgðxÞR�1gTðxÞrVðxÞ þ 1

4g2
rV TðxÞkkTrVðxÞ ð9:13Þ

Lemma 9.1. Isaacs condition satisfied. Select g > g* � 0. Suppose VðxÞ :
R

n ! R is smooth, VðxÞ � 0, and is a solution to the HJI equation (9.10). Then the
Isaacs condition (9.8) is satisfied for control u*(t) given by (9.11) and d*(t) given
by (9.12) in terms of V ðxÞ. &

Proof: Complete the squares to obtain, for any control uðtÞ and disturbance dðtÞ

Hðx;rV ;u;dÞ¼Hðx;rV ;u*;d*Þ�g2jjd�d*jj2þðu�u*ÞT Rðu�u*Þ ð9:14Þ

with uðtÞ ¼ u*ðtÞand dðtÞ ¼ d*ðtÞ given, respectively, by (9.11), and (9.12). If
VðxÞ � 0 satisfies the HJI, then Hðx;rV ; u*; d*Þ ¼ 0 and Hðx;rV ; u; dÞ ¼
�g2jjd � d*jj2 þ ðu � u*ÞT Rðu � u*Þ. This implies (9.9). &

The next result shows that this implies Nash equilibrium (9.7) under certain
conditions. System (9.1) is said to be zero state observable if uðtÞ � 0; yðtÞ � 0 )
xðtÞ � 0. The HJI equation (9.13) may have more than one nonnegative definite
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solution VðxÞ � 0. A minimal nonnegative definite solution VaðxÞ � 0 is one such
that there exists no other nonnegative definite solution V ðxÞ � 0. such that
VaðxÞ � V ðxÞ � 0.

Lemma 9.2. Solution of two-player zero-sum game. Van Der Schaft (1992). Select
g > g* � 0. Suppose VaðxÞ : Rn ! R is smooth, VaðxÞ � 0 and is a minimal non-
negative definite solution to the HJI equation (9.13). Assume (9.1) is zero state
observable. Then condition (9.7) is satisfied for control u*ðtÞ given by (9.11) and d*ðtÞ
given by (9.12) in terms of VaðxÞ. Then the system is in Nash equilibrium, the game
has a value given by Vaðxð0ÞÞ, and ðu*; d*Þ is a saddle-point equilibrium solution
among strategies in L2½0;1Þ. Moreover, the closed-loop systems ðf ðxÞ þ gðxÞu*Þ
and ðf ðxÞ þ gðxÞu*þ kðxÞd*Þ are locally asymptotically stable. &

Proof: One has for any smooth VðxÞ : Rn ! R:

JTðxð0Þ; u; dÞ �
ðT

0
ðhT ðxÞhðxÞ þ uT Ru � g2kdk2Þ dt

¼
ðT

0
ðhTðxÞhðxÞ þ uT Ru � g2kdk2Þ dt

þ
ðT

0

_V dt � VðxðTÞÞ þ Vðxð0ÞÞ

¼
ðT

0
Hðx;rV ; u; dÞdt � VðxðTÞÞ þ Vðxð0ÞÞ

Now, suppose V(x) satisfies the HJI equation (9.13) and use (9.14) to obtain

JT ðxð0Þ; u; dÞ ¼
ðT

0
ðu � u*ÞRðu � u*ÞT � g2kd � d*k2
� �

dt � V*ðxðTÞÞ

þ V*ðxð0ÞÞ

Therefore, for finite T ; JTðxð0Þ; u; dÞ has a saddle point induced by that of the
Hamiltonian. The remainder of the proof involves showing that, for the specific HJI
solution selected, the closed-loop system ðf ðxÞ þ gðxÞu* þ kðxÞd*Þ is locally
asymptotically stable. Then taking the limit as T ! 1 yields the result. &

The issue in this proof is that existence of a Nash equilibrium on an infinite
horizon requires that the closed-loop system ðf ðxÞ þ gðxÞu* þ kðxÞd*Þ be locally
asymptotically stable. It is proven in Van Der Schaft (1992) that the minimum non-
negative definite solution to the HJI is the unique nonnegative definite solution for
which this is true. Linearize the system (9.1) about the origin to obtain the game
algebraic Ricati equation (GARE) (9.24). Of the nonnegative definite solutions to the
GARE, select the one corresponding to the stable invariant manifold of the Hamilto-
nian matrix (9.25). Then, the minimum nonnegative definite solution of the HJI is the
one having this stabilizing GARE solution as its Hessian matrix evaluated at the origin
(Van Der Schaft, 1992).
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Note that global solutions to the HJI (9.13) may not exist. Moreover, if they do,
they may not be smooth. For a discussion on viscosity solutions to the HJI, see Başar
and Bernard (1995), Ball and Helton (1996) and Bardi and Capuzzo-Dolcetta (1997).

9.1.2 Application of Zero-sum games to H? control
Consider the system (9.1) and define a performance output zðtÞ ¼ ½uT ðtÞyT ðtÞ�T .
This setup is shown in Figure 9.1. In the bounded L2 � gain problem (Başar and
Olsder, 1999; Van Der Schaft, 1992; Zames, 1981) one desires to find a feedback
control policy uðxÞ such that, when xð0Þ ¼ 0 and for all disturbances
dðtÞ 2 L2½0;1Þ one has

ðT

0
kzðtÞk2dtðT

0
kdðtÞk2 dt

¼

ðT

0
ðhT h þ uT RuÞdtðT

0
kdðtÞk2dt

� g2 ð9:15Þ

for a prescribed g > 0 and R ¼ RT > 0 and for all T > 0. That is, the L2 � gain
from the disturbance to the performance output is less than or equal to g.

The H-infinity control problem is to find, if it exists, the smallest value g* > 0
such that for any g > g* the bounded L2-gain problem has a solution. In the linear case
an explicit expression can be provided for the H-infinity gain g* Chen et al. (2004).

To solve the bounded L2 � gain problem, one may use the machinery of two-
player ZS games just developed. In the two-player ZS game, both inputs can be
controlled, with the control input seeking to minimize a performance index and the
disturbance input seeking to maximize it. By contrast, here dðtÞ is a disturbance
which cannot be controlled, and uðtÞ is the control input used to offset the dele-
terious effects of the disturbance.

The next result provides a solution to the bounded L2 � gain problem in terms
of a solution to the HJI equation.

Lemma 9.3. Solution to the bounded L2 gain problem. Van Der Schaft (1992).
Select g > g* > 0. Suppose V ðxÞ : Rn ! R is smooth, VðxÞ � 0, and is a solution to
the HJI equation (9.13). Assume (9.1) is zero state observable. Then the control u*(t)
selected as (9.11) in terms of the HJI solution renders the equilibrium point locally

x

u(t)

u

dz
x � f(x) � g(x)u � k(x)d
y � f(x)

Figure 9.1 Bounded L2-gain control
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asymptotically stable (when dðtÞ ¼ 0, that is ðf ðxÞ þ gðxÞu*Þ is locally asymptotically
stable.) Moreover, system (9.1) has L2 gain � g. Finally, u*ðtÞ 2 L2½0;1Þ. &

Note that under the hypotheses of the lemma, specifically zero state observa-
bility, if V ðxÞ � 0 is a solution to the HJI equation (9.13), then one has in fact
VðxÞ > 0 (Van Der Schaft, 1992). The next result shows when smooth solutions
exist to the HJI. System (9.1) is locally detectable if its linearized version has all
unobservable modes stable.

Lemma 9.4. Van Der Schaft (1992). Select g > 0. Assume (9.1) is locally
detectable from y ¼ hðxÞ, and there exists a control policy uðxÞ so that locally the
system has L2 gain � g and the system is asymptotically stable. Then there exists a
local smooth solution VðxÞ � 0 to the HJI equation (9.13). Furthermore, the control
given in terms of this solution by (9.11) renders the L2 gain � g for all trajectories
originating at the origin locally. &

9.1.3 Linear quadratic zero-sum games
In the linear quadratic (LQ) ZS game one has linear dynamics

_x ¼ Ax þ Bu þ Dd ð9:16Þ

with xðtÞ 2 Rn. The value is the integral quadratic form

V ðxðtÞ;u;dÞ¼ 1
2

ð1
t

xT HT HxþuT Ru�g2kdk2
� �

dt�
ð1

t
rðx;u;dÞdt ð9:17Þ

where R ¼ RT > 0 and g > 0. Assume that the value is quadratic in the state so that

V ðxÞ ¼ 1
2

xT Sx ð9:18Þ

for some matrix S > 0. Select state variable feedbacks for the control and dis-
turbance so that

u ¼ �Kx ð9:19Þ

d ¼ Lx ð9:20Þ

Substituting this into Bellman equation (9.4) gives

SðA�BK þDLÞþ ðA�BK þDLÞT S þHT H þKT RK � g2LT L ¼ 0 ð9:21Þ

It has been assumed that the Bellman equation holds for all initial conditions, and
the state xðtÞ has been cancelled. This is a Lyapunov equation for S in terms of the
prescribed state feedback policies K and L. If ðA � BK þ DLÞ is stable, (A, H) is
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observable, and g > g* > 0 then there is a positive definite solution S � 0, and
(9.18) is the value (9.17) for the selected feedback policies K and L.

The stationary point control (9.11) and disturbance (9.12) are given by

uðxÞ ¼ �R�1BT Sx ¼ �Kx ð9:22Þ

dðxÞ ¼ 1
g2

DT Sx ¼ Lx ð9:23Þ

Substituting these into (9.21) yields the game algebraic Riccati equation (GARE)

0 ¼ AT S þ SA þ HT H � SBR�1BT S þ 1
g2

SDDT S ð9:24Þ

To solve the ZS game problem, one solves the GARE equation for the non-
negative definite optimal value kernel S � 0, then the optimal control is given as a
state variable feedback in terms of the ARE solution by (9.22) and the worst-case
disturbance by (9.23). There exists a solution S > 0 if (A, B) is stabilizable and
(A, H) is observable and g> g*, the H-infinity gain.

Since we have developed a solution to the problem, it is verified that the
assumption that the value has the quadratic form (9.18) holds.

There may be more than one PSD solution to the GARE. To solve the ZS game
problem, one requires gains such that the poles of ðA � BK þ DLÞ are in the open
left-half plane. The minimum PSD solution of the GARE is the unique stabilizing
solution. It is shown in Başar and Olsder (1999) and Van Der Schaft (1992) that the
stabilizing solution of the GARE corresponds to the stable eigenspace of the
Hamiltonian matrix

H ¼ A
1
g2

DDT � BR�1BT

� �
HT H �AT

2
4

3
5 ð9:25Þ

See also Lewis et al. (2012), Section 3.3. A method for finding the minimum PSD
solution is given in Abu-Khalaf et al. (2006).

The work of Vamvoudakis and Lewis (2010b) presented in this chapter shows
how to solve the GARE online in real time using data measured along the system
trajectories. This allows the performance index weights R; g to change slowly as the
game develops. Chapter 11 presents the work of Vrabie and Lewis (2010) that pro-
vided algorithms for solving the GARE equations online in real time without
knowing the system matrix A. These online solution methods rely on the ZS game
policy iteration in the next section.

9.2 Policy iteration solution of the HJI equation

The HJI equation (9.13) is non-linear and is usually intractable to solve directly.
One can solve the HJI iteratively using one of several algorithms that are built on
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iterative solutions of the Bellman equation (9.4). Included are Feng et al. (2009)
that uses an inner loop with iterations on the control, and Van Der Schaft (1992)
and Abu-Khalaf et al. (2006) that use an inner loop with iterations on the dis-
turbance. The complementarity of these algorithms is shown in Abu-Khalaf et al.
(2006). These are in effect extensions of Kleinman’s algorithm (Kleinman, 1968) to
non-linear two-player games. Here, we shall use the latter algorithm (e.g. Van Der
Schaft, 1992; Abu-Khalaf et al., 2006).

The structure given in policy iteration Algorithm 9.1 will be used as the
basis for approximate online solution techniques in the next Section 9.3.

Algorithm 9.1. Policy iteration (PI) Algorithm for two-player zero-Sum
differential games

Initialization: Start with a stabilizing feedback control policy u0.

1. For j ¼ 0; 1; ::: given uj.
2. (Policy evaluation) For i ¼ 0; 1; ::: set, d0 ¼ 0, solve for V i

j ðxðtÞÞ using the ZS
Bellman equation

0 ¼ QðxÞ þ rV iT
j ðxÞð f þ guj þ kdiÞ þ uT

j Ruj � g2jjdijj2 ð9:26Þ

Update the disturbance to d i+1 according to

diþ1 ¼ arg max
d

Hðx;rV i
j ; uj; dÞ

h i
¼ 1

2g2
kT ðxÞrV i

j ð9:27Þ

On convergence, set Vjþ1ðxÞ ¼ V i
j ðxÞ.

3. Update the control policy using

ujþ1 ¼ arg min
u

Hðx;rVjþ1Þ; u; d
� � ¼ � 1

2
R�1gT ðxÞrVjþ1 ð9:28Þ

Go to 1. &

Nota bene: In practice, the iterations in i and j are continued until some con-
vergence criterion is met, for example jjviþ1

j � vi
jjj or, respectively jjvjþ1 � vjjj is

small enough in some suitable norm.
The ZS game PI algorithm is a two-loop algorithm with an inner loop to update

the disturbance and an outer loop to update the control policy. Given a feedback
policy u(x), write the Hamilton–Jacobi (HJ) equation

0 ¼ QðxÞ þ rV T ðxÞðf ðxÞ þ gðxÞuðxÞÞ þ uT ðxÞRuðxÞ
þ 1

4g2
rV T ðxÞkkTrV ðxÞ;Vð0Þ ¼ 0

ð9:29Þ
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for fixed u(x). The minimal nonnegative solution V(x) to this equation is the so-
called available storage for the given u(x) (Van Der Schaft, 1992). Note that the
inner loop of this algorithm finds the available storage for uj, where it exists.

Assuming that the available storage at each index j is smooth on a local domain
of validity, the convergence of this algorithm to the minimal nonnegative solution
to the HJI equation is shown in Van Der Schaft (1992) and Abu-Khalaf et al.
(2006). Under these assumptions, the existence of smooth solutions at each step to
the Bellman equation (9.26) was further shown in Abu-Khalaf et al. (2006). Also
shown was the asymptotic stability of ðf þ guj þ kdiÞ at each step. In fact, the inner
loop yields V iþ1

j ðxÞ � V i
j ðxÞ; 8x while the outer loop yields Vjþ1ðxÞ � VjðxÞ; 8x

until convergence to V*.
Note that this algorithm relies on successive solutions of Bellman equations

(9.26). As such, the discussion surrounding (9.4) shows that the algorithm finds the
value V i

j ðxðtÞÞ of successive control policy/disturbance policy pairs.

9.3 Actor–critic approximator structure for online policy
iteration algorithm

The ZS game PI Algorithm 9.1 is a sequential algorithm that solves the HJI equation
(9.13) and finds the Nash solution (u*, d*) based on sequential solutions of the Bellman
equation (9.26). That is, while the disturbance policy is being updated, the feedback
policy is held constant. Sequential learning seems a bit strange from the point of view of
adaptive control theory, where all parameter updates are performed continually in either
discrete time or continuous time. In this section, we develop a novel adaptive control
structure that operates like standard adaptive controllers, in that all the parameters are
tuned continuously through time, yet converges online to the optimal ZS game solution.
Standard adaptive controllers do not converge to optimal control solutions.

In this section, PI Algorithm 9.1 is used to lay a rigorous foundation for an
adaptive control structure that solves the two-player zero-sum differential game in
real time. This learning structure turns out to have a single critic network and two
actor networks, one for the control policy and one for the disturbance. Value function
approximation is use to implement these loops using three neural networks. In
the next section, this critic–double actor structure will be used to develop an
adaptive control algorithm of novel form that converges to the ZS game solution. It
is important to define the neural network structures and the NN estimation errors
properly or such an adaptive algorithm cannot be developed. This is assured by using
the structure inherent in the ZS game policy iteration Algorithm 9.1.

The PI Algorithm 9.1 itself is not implemented in this chapter. Instead, here
one implements both loops in the algorithm, the outer feedback control update loop
and the inner disturbance update loop, simultaneously in time using neural network
learning implemented as differential equations for tuning the weights, while
simultaneously keeping track of and learning the value VðxðtÞ; u; dÞ (9.3) of the
current control and disturbance by solution of the Bellman equation (9.4) or (9.26).
We call this synchronous learning for online ZS games. The results in this chapter
are from Vamvoudakis and Lewis (2010b).
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9.3.1 Value function approximation and critic neural network
This chapter uses non-linear approximator structures for value function approx-
imation (VFA) (Bertsekas and Tsitsiklis, 1996; Werbos, 1974, 1989, 1991, 1993)
thereby sacrificing some representational accuracy in order to make the repre-
sentation manageable in practice. Sacrificing accuracy in the representation of the
value function is not so critical, since the ultimate goal is to find an optimal policy
and not necessarily an accurate value function. Based on the structure of the ZS
game PI Algorithm 9.1, VFA for online two-player games requires three approx-
imators, which are taken here as neural networks (NNs), one for the value function,
one for the feedback control policy and one for the disturbance policy. These are
motivated respectively by the need to solve (9.26), (9.28) and (9.27).

To solve (9.26), we use VFA, which here requires approximation in Sobolev
norm (Adams and Fournier, 2003), that is, approximation of the value V ðxÞ as well
as its gradient rV ðxÞ. The following definition describes uniform convergence,
which is needed later.

Definition 9.1. (Uniform convergence.) A sequence of functions {fn} converges
uniformly to f if 8e > 0; 9NðeÞ : supjjfnðxÞ� f ðxÞjj < e; n > NðeÞ.

According to the Weierstrass higher-order approximation Theorem (Abu-Khalaf
et al., 2006; Finlayson, 1990; Hornik et al., 1990) there exists a complete indepen-
dent basis set fjiðxÞg such that the solution V (x) to Bellman equation (9.4) an its
gradient are uniformly approximated. That is, for some constants ci

V ðxÞ ¼
X1

i¼1
cijiðxÞ ð9:30Þ

Therefore, assume there exist NN weights W1 such that the value function V(x)
is approximated as

V ðxÞ ¼ W T
1 f1ðxÞ þ eðxÞ ð9:31Þ

with f1ðxÞ : Rn ! R
N the NN activation function vector containing N basis func-

tions fjiðxÞ : i ¼ 1;Ng, with N the number of neurons in the hidden layer, and eðxÞ
the NN approximation error. For approximation in Sobolev space, the NN activa-
tion functions fjiðxÞ : i ¼ 1;Ng should be selected so that fjiðxÞ : i ¼ 1;1g
provides a complete independent basis set such that V(x) and its derivative are
uniformly approximated, for example additionally

@V

@x
¼ @f1ðxÞ

@x

� �T

W1 þ @e
@x

¼ rfT
1 W1 þre ð9:32Þ

Then, as the number of hidden-layer neurons N ! 1 the approximation errors
e ! 0;re ! 0 uniformly (Abu-Khalaf et al., 2006; Abu-Khalaf and Lewis, 2005).
In addition, for fixed N, the NN approximation errors eðxÞ and re are bounded by
constants locally (Hornik et al., 1990). We refer to this NN with weights W1 that
performs VFA as the critic NN.

Synchronous online learning for zero-sum two-player games 177

Ch009 17 September 2012; 15:12:39



Standard usage of the Weierstrass high-order approximation theorem uses
polynomial approximation. However, non-polynomial basis sets have been con-
sidered in the literature (e.g. Hornik et al., 1990; Sandberg, 1998). The NN
approximation literature has considered a variety of activation functions including
sigmoids, tanh, radial basis functions, etc.

Using the NN VFA, considering fixed feedback and disturbance policies
u(x(t)), d(x(t)), Bellman equation (9.4) becomes

Hðx;W1; u; dÞ ¼ QðxÞ þ uT Ru � g2jjdjj2 þ W T
1 rf1ðf ðxÞ

þ gðxÞuðxÞ þ kðxÞdðxÞÞ ¼ eH
ð9:33Þ

where the residual error is

eH ¼�ðreÞT ðf þ guþ kdÞ

¼ �ðC1 �W1ÞTrf1ðf þ guþ kdÞ�
X1

i¼Nþ1

cirjiðxÞðf þ guþ kdÞ ð9:34Þ

Under the Lipschitz assumption on the dynamics, this residual error is bounded
locally.

Proposition 9.1 has been shown in Abu-Khalaf and Lewis (2005, 2008). Define
|v| as the magnitude of a scalar v, ||x|| as the vector norm of a vector x and || ||2 as the
induced matrix two-norm. Define matrix C1 by VðxÞ ¼PN

i¼1 cijiðxÞ � C1f1ðxÞ.

Proposition 9.1. For any policies u(x(t)), d(x(t)) the least-squares solution to (9.33)
exists and is unique for each N. Denote this solution as W1 and define

V1ðxÞ ¼ W T
1 f1ðxÞ ð9:35Þ

Then, as N ! 1:

a. supjeH j ! 0
b. jjW1 � C1jj2 ! 0
c. supjV1 � V j ! 0
d. supjjrV1 �rV jj ! 0 &

This result shows that V1(x) converges uniformly in the Sobolev norm W 1;1

(Adams and Fournier, 2003) to the exact solution V(x) to Bellman equation (9.4)
as N ! 1, and the weights W1 converge to the first N of the weights, C1, which
exactly solve (9.4).

The effect of the approximation error on the HJI equation (9.13) is

QðxÞ þ W T
1 rj1ðxÞf ðxÞ �

1
4

W T
1 rj1ðxÞgðxÞR�1gTðxÞrjT

1 W1

þ 1
4g2

W T
1 rj1ðxÞkkTrjT

1 W1 ¼ eHJI

ð9:36Þ
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where the residual error due to the function approximation error is

eHJI � �reT f þ 1
2 W T

1 rf1gR�1gTreþ 1
4 reT gR�1gTre

� 1
2g2 W T

1 rf1kkTre� 1
4g2reT kkTre ð9:37Þ

It was also shown in Abu-Khalaf and Lewis (2008) that this error converges
uniformly to zero as the number of hidden-layer units N increases. That is,
8e > 0; 9NðeÞ : supjjeHJI jj < e; N > NðeÞ.

9.3.2 Tuning and convergence of the critic neural network
This section addresses the tuning and convergence of the critic NN weights when
fixed feedback control and disturbance policies are prescribed. Therefore, the focus
is on solving the non-linear Bellman equation (9.4) (e.g. (9.26)) for a fixed feed-
back policy u and fixed disturbance policy d.

In fact, this amounts to the design of an observer for the value function.
Therefore, this procedure is consistent with indirect adaptive control approaches
which first design an identifier for the system state and unknown dynamics, and
then use this observer in the design of a feedback control.

The ideal weights of the critic NN, W1, which provide the best approximate
solution for (9.33) are unknown. Therefore, the output of the critic NN is

V̂ ðxÞ ¼ Ŵ
T
1f1ðxÞ ð9:38Þ

where Ŵ 1 are the current estimated values of W1. The approximate Bellman
equation is then

Hðx;Ŵ 1;u;dÞ¼ Ŵ
T
1rf1ðf þguþ kdÞþQðxÞþuT Ru�g2jjdjj2 ¼ e1 ð9:39Þ

with e1 a residual equation error. In view of Proposition 9.1, define the critic weight
estimation error

~W 1 ¼ W1 � Ŵ 1

Then,

e1 ¼ � ~W
T
1rf1ð f þ guÞ þ eH

Given any feedback control policy u, it is desired to select Ŵ 1 to minimize the
squared residual error

E1 ¼ 1
2

eT
1 e1

Then Ŵ 1ðtÞ ! W1 and e1 ! eH . Select the tuning law for the critic weights as
the normalized gradient descent algorithm:
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Ŵ 1 ¼�a1
@E1

@Ŵ 1
¼�a1

s1

ð1þsT
1s1Þ2 sT

1 Ŵ 1 þQðxÞþuT Ru�g2jjdjj2
h i

ð9:40Þ

where s1 ¼ rf1ðf þ gu þ kdÞ. This is a nonstandard modified Levenberg–
Marquardt algorithm where ðsT

1s1 þ 1Þ2 is used for normalization instead of
ðsT

1s1 þ 1Þ. This is required in the theorem proofs, where one needs both appearances
of s1=ð1 þ sT

1s1Þ in (9.40) to be bounded (Ioannou and Fidan, 2006; Tao, 2003).
Note that, from (9.33)

QðxÞ þ uT Ru � g2jjdjj2 ¼ �W T
1 rj1ðf þ gu þ kdÞ þ eH ð9:41Þ

Substituting (9.41) in (9.40) and, with the notation

s1 ¼ s1

ðsT
1s1 þ 1Þ ; ms ¼ 1 þ sT

1s1 ð9:42Þ

we obtain the dynamics of the critic weight estimation error as

_~W 1 ¼ �a1s1sT
1
~W 1 þ a1s1

eH

ms
ð9:43Þ

To guarantee convergence of Ŵ 1 to W1, the next Persistence of Excitation (PE)
assumption and associated technical lemmas are required.

Persistence of excitation (PE) assumption. Let the signal s1 be persistently
exciting over the interval [t, t + T], that is there exist constants b1 > 0;
b2 > 0; T > 0 such that, for all t

b1I � S0 �
ðtþT

t
s1ðtÞsT

1 ðtÞdt � b2I ð9:44Þ

with I the identity matrix of appropriate dimensions.
The PE assumption is needed in adaptive control if one desires to perform

system identification using for example recursive least-squares (RLS) (Ioannou and
Fidan, 2006; Tao, 2003). It is needed here because one effectively desires to
identify the critic parameters that approximate V(x).

The properties of tuning algorithm (9.40) are given in the subsequent results.
They are proven in Chapter 7. See Technical Lemmas 7.1, 7.2 which are repro-
duced here.

Technical Lemma 9.1. Consider the error dynamics system with output defined as

_~W 1 ¼ �a1s1sT
1
~W 1 þ a1s1

eH

ms

y ¼ sT
1
~W 1 ð9:45Þ
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The PE condition (9.44) is equivalent to the uniform complete observability
(UCO) (Lewis et al., 1999) of this system, that is there exist constants
b3 > 0; b4 > 0; T > 0 such that, for all t

b3I � S1 �
ðtþT

t
FT ðt; tÞs1ðtÞsT

1 ðtÞFðt; tÞdt � b4I ð9:46Þ

with Fðt1; t0Þ; t0 � t1 the state transition matrix of (9.45) and I the identity matrix
of appropriate dimensions. &

Technical Lemma 9.2. Consider the error dynamics system (9.45). Let the signal
s1 be persistently exciting. Then:

a. The system (9.45) is exponentially stable. In fact if eH ¼ 0 then jj ~W ðkTÞjj �
e�akT jj ~W ð0Þjj with decay factor

a ¼ � 1
T

ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � 2a1b3

p� �
ð9:47Þ

b. Let jjeH jj � emax and jjyjj � ymax. Then jj ~W1jj converges exponentially to the
residual set

~W1ðtÞ �
ffiffiffiffiffiffiffiffi
b2T

p
b1

ymax þ db2a1ðemax þ ymaxÞ½ �f g ð9:48Þ

where d is a positive constant of the order of 1. &

The next result shows that the tuning algorithm (9.40) is effective under the PE
condition, in that the weights Ŵ1 converge to the actual unknown weights W1 that
solve the approximate Bellman equation (9.33) in a least-squares sense for the
given feedback and disturbance policies u(x(t)), d(x(t)). That is, (9.38) converges
close to the actual value function (9.31) of the current policies. The proof is in
Chapter 7 (see Theorem 7.1).

Theorem 9.1. Consider system (9.1) with value function (9.3). Let u(x(t)), d(x(t))
be any bounded stabilizing policies. Let tuning for the critic NN be provided by
(9.40) and assume that s1 is persistently exciting. Let the residual error in (9.33) be
bounded jjeH jj < emax. Then the critic parameter error converges exponentially
with decay factor given by (9.47) to the residual set

~W1ðtÞ �
ffiffiffiffiffiffiffiffi
b2T

p
b1

1 þ 2db2a1½ �emaxf g ð9:49Þ

&

Remark 9.1. Note that, as N ! 1; eH ! 0 uniformly (Abu-Khalaf and Lewis,
2005, 2008). This means that emax decreases as the number of hidden-layer neurons
in (9.38) increases.
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Remark 9.2. This theorem requires the assumption that the feedback policy u(x(t))
and the disturbance policy d(x(t)) are bounded, since the policies appear in (9.34).
In the upcoming Theorems 9.2 and 9.3 this restriction is removed.

9.3.3 Action and disturbance neural networks
It is important to define the NN structures and the NN estimation errors properly for
the control and disturbance, otherwise an adaptive algorithm that learns the optimal
game solution online cannot be developed. To determine a rigorously justified form
for the actor and the disturbance NN, consider one step of the policy iteration
Algorithm 9.1. Suppose that the solution V(x) to the Bellman equation (9.26)
for given control and disturbance policies is smooth and is given by (9.31). Then,
according to (9.30) and (9.27), (9.28) one has for the policy and the disturbance
updates

u ¼ � 1
2

R�1gTðxÞ
X1
i¼1

cirjiðxÞ ð9:50Þ

d ¼ 1
2g2

kTðxÞ
X1
i¼1

cirjiðxÞ ð9:51Þ

for some unknown coefficients ci. Then one has the following result. The following
proposition is proved in Abu-Khalaf and Lewis (2005) for constrained inputs. Non-
constrained inputs are easier to prove.

Proposition 9.2. Let the least-squares solution to (9.33) be W1 and define

u1 ¼ � 1
2

R�1gT ðxÞrV1ðxÞ ¼ � 1
2

R�1gT ðxÞrfT
1 ðxÞW1 ð9:52Þ

d1 ¼ 1
2g2

kT ðxÞrV1ðxÞ ¼ 1
2g2

kT ðxÞrfT
1 ðxÞW1 ð9:53Þ

with V1 defined in (9.35). Then, as N ! 1:

a. supjju1 � ujj ! 0
b. supjjd1 � djj ! 0
c. There exists a number of NN hidden-layer neurons N0 such that u1 and d1 sta-

bilize the system (9.1) for N>N0.

In light of this result, the ideal feedback and disturbance policy updates are
taken as (9.52), (9.53) with W1 unknown. Therefore, define the feedback policy in
the form of an action NN that computes the control input in the structured form

ûðxÞ ¼ � 1
2

R�1gTðxÞrfT
1 Ŵ2 ð9:54Þ
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where Ŵ2 denotes the current estimated values of the ideal NN weights W1. Define
the actor NN estimation error as

~W 2 ¼ W1 � Ŵ2 ð9:55Þ
Likewise, define the disturbance in the form of a disturbance NN that com-

putes the disturbance input in the structured form

d̂ðxÞ ¼ 1
2g2

kTðxÞrfT
1 Ŵ3 ð9:56Þ

where Ŵ 3 denotes the current estimated values of the ideal NN weights W1. Define
the disturbance NN estimation error as

~W3 ¼ W1 � Ŵ3 ð9:57Þ

9.4 Online solution of two-player zero-sum games using
neural networks

This section presents our main results. An online adaptive PI algorithm is given for
online solution of the ZS game problem that involves simultaneous, or synchro-
nous, tuning of critic, actor and disturbance NNs. That is, the weights of all three
NNs are tuned at the same time. This approach is an extreme version of generalized
policy iteration (GPI), as introduced for discrete-time systems in Sutton and Barto
(1998) and Chapter 2 of this book. In the standard policy iteration Algorithm 9.1,
the critic and actor NNs are tuned sequentially, for example one at a time, with the
weights of the other NNs being held constant. By contrast, we tune all NN simul-
taneously in real time. This is more in keeping with standard operation of adaptive
control systems.

Definition 9.2 and Assumption 9.1 complete the machinery required for the
main results.

Definition 9.2. Lewis et al. (1999) (UUB) A time signal zðtÞ is said to be uniformly
ultimately bounded (UUB) if there exists a compact set S � R

n so that for all zð0Þ 2 S
there exists a bound B and a time TðB; zð0ÞÞ such that jjzðtÞjj � B for all t � t0 þ T .

Assumption 9.1.

a. For each feedback control and disturbance policy the Bellman equation (9.26)
has a smooth local solution V ðxÞ � 0.

b. f (	) is Lipschitz, and g(	), k(	) are bounded by constants

jjf ðxÞjj < bf jjxjj; jjgðxÞjj < bg; jjkðxÞjj < bk

c. The NN approximation error and its gradient are bounded locally so that

jjejj < be
jjrejj < bex
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d. The NN activation functions and their gradients are bounded locally so that

jjf1ðxÞjj < bf
jjrf1ðxÞjj < bfx

e. The critic NN weights are bounded by known constants

jjW1jj < Wmax &

The discussion in Section 9.1 justifies Assumption 9.1a. Assumption 9.1d is
satisfied, for example by sigmoids, tanh and other standard NN activation functions.

The main theorems of Chapter 9 are now given. They present a novel adaptive
control structure based on policy iteration that solves the ZS game online by
measuring data along the system trajectories in real time. Three adaptive structures
are needed, one to learn the value function and one to learn the Nash control policy
of each player. The next result provides the tuning laws for the critic and two actor
NNs that guarantee convergence in real time to the ZS game Nash equilibrium
solution, while also guaranteeing closed-loop stability. The practical notion of
uniform ultimate boundedness (UUB) from Chapter 7 is used.

Theorem 9.2. System stability and convergence of NN weights

Let the dynamics be given by (9.1), the critic NN be given by (9.38), the control
input be given by actor NN (9.54) and the disturbance input be given by dis-
turbance NN (9.56). Let tuning for the critic NN be provided by

_̂W1 ¼ �a1
s2

ðsT
2s2 þ 1Þ2 sT

2 Ŵ1 þ QðxÞ � g2jjd̂ jj2 þ ûT Rû
h i

ð9:58Þ

where s2 ¼ rf1ð f þ gû þ kd̂Þ. Let the actor NN be tuned as

_̂W2 ¼ �a2 ðF2Ŵ2 � F2sT
2 Ŵ1Þ � 1

4
D1ðxÞŴ2mT ðxÞŴ1

� �
ð9:59Þ

and the disturbance NN be tuned as

_̂W3 ¼ �a3 ðF4Ŵ3 � F3sT
2 Ŵ1Þ þ 1

4g2
E1ðxÞŴ3mT ðxÞŴ1

� �
ð9:60Þ

where D1ðxÞ � rf1ðxÞgðxÞR�1gTðxÞrfT
1 ðxÞ; E1ðxÞ � rf1ðxÞkkTrfT

1 ðxÞ;
m � s2=ðsT

2s2 þ 1Þ2, and F1 > 0;F2 > 0;F3 > 0;F4 > 0 are tuning parameters.
Let Assumptions 9.1 hold and let Q(x)> 0. Suppose that s2 ¼ s2=ðsT

2s2 þ 1Þ is
persistently exciting. Let the tuning parameters F1, F2, F3, F4 in (9.59), and (9.60)
be selected to make the matrix D22 in the proof is positive definite. Then there
exists an N0 such that, for the number of hidden-layer units N>N0 the closed-loop
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system state, the critic NN error ~W1, the actor NN error ~W2, and the disturbance NN
error ~W3 are UUB.

Proof: See appendix. &

Remark 9.3. See the comments following equation (9.37). Let e > 0 and let N0 be
the number of hidden-layer units above which supjjeHJI jj < e. In the proof it is seen
that the theorem holds for N> N0.

Remark 9.4. The theorem shows that PE is needed for proper identification of the
value function by the critic NN, and that nonstandard tuning algorithms are
required for the actor and the disturbance NN to guarantee stability.

Remark 9.5. The assumption Q(x)> 0 is sufficient but not necessary for this result.
If this condition is replaced by zero state observability, the proof still goes through,
however, it is tedious and does not add insight. The method used would be the
technique used in the proof of technical Lemma 7.2 Part a, or the standard methods of
Ioannou and Fidan (2006) and Tao (2003).

Theorem 9.3. Exponential convergence and Nash equilibrium

Suppose the hypotheses of Theorem 9.2 hold. Then Theorem 9.1 holds so that
exponential convergence of Ŵ1 to the approximate optimal critic value W1 is
obtained. Then:

a. Hðx; Ŵ1; û1; d̂1Þ is UUB. That is, Ŵ1 converges to the approximate HJI solution,
the value of the ZS game. Here,

û1 ¼ � 1
2

R�1gTðxÞrfT
1 ðxÞŴ1 ð9:61Þ

d̂1 ¼ 1
2g2

kT ðxÞrfT
1 ðxÞŴ1 ð9:62Þ

b. ûðxÞ; d̂ðxÞ (see (9.54) and (9.56)) converge to the approximate Nash equilibrium
solution of the ZS game

Proof. Consider the UUB weights ~W1; ~W2 and ~W3 as proved in Theorem 9.2. Also
emax in Theorem 9.1 is practically bounded by the bound in the proof of Theorem 9.2.

a. The approximate HJI equation is

Hðx; Ŵ 1Þ ¼ QðxÞ þ Ŵ
T
1rj1ðxÞf ðxÞ �

1
4

Ŵ
T
1 D1Ŵ 1 þ 1

4g2
Ŵ

T
1 E1Ŵ 1 � êHJI

ð9:63Þ
After adding zero we have

Hðx; Ŵ1Þ ¼ ~W
T
1rj1ðxÞf ðxÞ �

1
4
~W

T
1 D1Ŵ 1 � 1

2
~W

T
1 D1Ŵ 1

þ 1
4g2

~W
T
1 E1 ~W 1 þ 1

2g2
~W

T
1 E1Ŵ 1 � eHJI

ð9:64Þ
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But

Ŵ1 ¼ � ~W1 þ W1 ð9:65Þ

After taking norms in (9.65) and letting jjW1jj < Wmax one has

kŴ1k¼k � ~W1 þ W1k � k ~W1k þ jjW1jj � k ~W1k þ Wmax ð9:66Þ

Now (9.64) becomes, by taking into account (9.66)

kHðx; Ŵ1Þk � k ~W1kjjrj1ðxÞjj jj f ðxÞjj þ
1
4
k ~W1k2kD1k

þ 1
2
k ~W1kkD1k k ~W1k þ Wmax

� �
þ 1

4g2
k ~W1k2kE1k

þ 1
2g2

k ~W1kkE1k k ~W1k þ Wmax

� �þ keHJIk ð9:67Þ

Let Assumption 9.1 hold and also supkeHJIk < e. Then (9.67) becomes

kHðx; Ŵ1Þk � bfxbf k ~W1kkxk þ 1
4
jj ~W1jj2jjD1k

þ 1
2
k ~W1kkD1k k ~W1k þ Wmax

� �
þ 1

4g2
k ~W1k2kE1k

þ 1
2g2

k ~W1kkE1k k ~W1k þ Wmax

� �þ e ð9:68Þ

All the signals on the right-hand side of (9.68) are UUB. So kH x; Ŵ1

� �k is
UUB and convergence to the approximate HJI solution is obtained.
b. According to Theorem 9.1 and equations (9.52), (9.53) and (9.54), (9.56),

kû � u1k and kd̂ � d1k are UUB because kŴ2 � W1k and kŴ3 � W1k are UUB.
Therefore, the pair ûðxÞ; d̂ðxÞ gives the approximate Nash equilibrium solution
of the zero-sum game.
This completes the proof. &

The theorems make no mention of finding the minimum nonnegative solution
to the HJI. However, they do guarantee convergence to a solution ðuðxÞ; dðxÞÞ such
that ðf ðxÞ þ gðxÞuðxÞ þ kðxÞdðxÞÞ is stable. This is only accomplished by the
minimal nonnegative HJI solution. Practical implementation, in view of the policy
iteration Algorithm 9.1, would start with initial weights of zero in the disturbance
NN (9.56). NN usage suggests starting with the initial control NN weights in (9.54)
randomly selected and nonzero.

The ZS game policy iteration Algorithm 9.1 requires initialization with a sta-
bilizing initial control policy. The synchronous online adaptive controller does not
require this.
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Note that the dynamics is required to be known to implement this algorithm
in that s2 ¼ rf1ðf þ gû þ kd̂Þ;D1ðxÞ;E1ðxÞ, and (9.54) and (9.56) depend on
f ðxÞ; gðxÞ; kðxÞ.

9.5 Simulations

9.5.1 Online solution of generalized ARE for linear quadratic
ZS games

Consider the continuous-time F16 aircraft longitudinal plant with quadratic cost
function used in Stevens and Lewis (2003). The system state vector is x ¼ ½a q de�,
where a denotes the angle of attack, q is the pitch rate and de is the elevator deflection
angle. The control input is the elevator actuator voltage and the disturbance is wind
gusts on the angle of attack. One has the dynamics _x ¼ Ax þ Bu þ Dd given by

_x ¼
�1:01887 0:90506 �0:00215
0:82225 �1:07741 �0:17555

0 0 �1

2
4

3
5x þ

0
0
1

2
4
3
5u þ

1
0
0

2
4
3
5d

where Q and R in the cost function are identity matrices of appropriate dimensions.
Select g ¼ 5. In this linear quadratic game the solution of the HJI equation is given
by the solution of the game algebraic Riccati equation (GARE)

0 ¼ AT S þ SA þ Q � SBR�1BT S þ 1
g2

SDDT S

Since the value is quadratic in the LQ game case, the critic NN basis set f1ðxÞ
was selected as the quadratic vector in the state components x � x, with � the
Kronecker product. Redundant terms were removed to leave n(n +1)/2 = 6 com-
ponents. Solving the GARE gives the parameters of the optimal critic as

W *
1 ¼ 1:6573 1:3954 � 0:1661 1:6573 � 0:1804 0:4371½ �T

which are the components of the GARE solution matrix S.
The synchronous ZS game synchronous adaptive algorithm is implemented

with parameter tuning in Theorem 9.2. We selected a1 = a2 = a3 = 1, F1= I, F2=
10I, F3= I, F4= 10I, where I is the identity matrix of appropriate dimensions. PE
was ensured by adding a small exponentially decaying probing noise to the control
and the disturbance input.

Figure 9.2 shows the critic parameters, denoted by

Ŵ1 ¼ ½Wc1 Wc2 Wc3 Wc4 Wc5 Wc6�T

converging to the optimal values given by W *
1 . After 300 s the critic parameters

converged to

Ŵ1ðtf Þ ¼ 1:7090 1:3303 � 0:1629 1:7354 � 0:1730 0:4468½ �T
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which are nearly the optimal values above. Similarly, the actor parameters after
300 s converge to the values of Ŵ2ðtf Þ ¼ ½1:7090 1:3303 � 0:1629 1:7354
�0:1730 0:4468�T : The disturbance parameters after 300s converge to the values
of Ŵ3ðtf Þ ¼ 1:7090 1:3303 � 0:1629 1:7354 � 0:1730 0:4468½ �T . Then,
the actor NN is given as

û2ðxÞ ¼ � 1
2

R�1
0
0
1

2
4
3
5T

2x1 0 0
x2 x1 0
x3 0 x1

0 2x2 0
0 x3 x2

0 0 2x3

2
6666664

3
7777775Ŵ2ðtf Þ

Then, the disturbance NN is given as

d̂ðxÞ ¼ 1
2g2

1
0
0

2
4
3
5T

2x1 0 0
x2 x1 0
x3 0 x1

0 2x2 0
0 x3 x2

0 0 2x3

2
6666664

3
7777775

T

Ŵ3ðtf Þ

The evolution of the system states is presented in Figure 9.3. One can see that
the states are bounded, and they go to zero as the exponential probing noise decays.

2.5

Wc1

Wc2

Wc3

Wc4

Wc5

Wc6

Parameters of the critic NN

2

1.5

1

0.5

0

�0.5

�1
0 100 200 300 400 500

Time (s)
600

Figure 9.2 Convergence of the critic parameters to the parameters of the
optimal critic
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To select appropriate values of the tuning parameters a1, a2, a3, F1, F2, F3, F4

in Theorem 9.2 one may have to run several simulations, changing their values until
good convergence is obtained. In practice it is observed that tuning the parameters
through several simulations is not difficult.

In conclusion, the synchronous ZS game adaptive control algorithm success-
fully solved the GARE online in real time by measuring data along the system
trajectories. At the same time, system stability was ensured.

9.5.2 Online solution of HJI equation for non-linear ZS game
Consider the affine-in-control-input non-linear system _x ¼ f ðxÞ þ gðxÞu þ kðxÞd;
x 2 R

2, where

f ðxÞ ¼
�x1 þ x2

�x3
1 � x3

2 þ 0:25x2ðcosð2x1Þ þ 2Þ2 � 0:25x2
1
g2

ðsinð4x1Þ þ 2Þ2

2
4

3
5

gðxÞ ¼ 0

cosð2x1Þ þ 2

" #
; kðxÞ ¼ 0

ðsinð4x1Þ þ 2Þ

" #

One selects Q ¼ 1 0
0 1

� �
;R ¼ 1; g ¼ 8. The optimal value function that solves the

HJI equation (9.13) is

V*ðxÞ ¼ 1
4

x4
1 þ

1
2

x2
2

System states

�30
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�10
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0 100 200 300 400 500
Time (s)
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Figure 9.3 Evolution of the system states for the duration of the experiment
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The optimal control signal (9.11) is

u*ðxÞ ¼ � 1
2
ðcosð2x1Þ þ 2Þx2

and the worst-case disturbance (9.12) is

d*ðxÞ ¼ 1
2g2

ðsinð4x1Þ þ 2Þx2

This example was constructed using the converse optimal procedure of Nevistic
and Primbs (1996).

To implement the synchronous ZS game adaptive controller using the
tuning algorithms in Theorem 9.2, one selects the critic NN vector activation
function as

j1ðxÞ ¼ ½x2
1 x2

2 x4
1 x4

2�

We selected a1= a2= a3= 1, F1= I, F2= 10I, F3= I, F4= 10I where I is the identity
matrix of appropriate dimensions.

Figure 9.4 shows the critic parameters, denoted by Ŵ 1 ¼
½Wc1 Wc2 Wc3 Wc4�T when using the synchronous ZS game adaptive con-
troller. After convergence at about 50 s have

Wc1

Wc2

Wc3

Wc4

Parameters of the critic NN
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0.1

0.2

0.3
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Figure 9.4 Convergence of the critic parameters
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Ŵ1ðtf Þ ¼ �0:0006 0:4981 0:2532 0:0000½ �T

which are very close to the correct values given above in V*ðxÞ.
Similarly, the actor parameters after 80 s converge to the values of
Ŵ2ðtf Þ ¼ �0:0006 0:4981 0:2532 0:0000½ �T , and the disturbance parameters
after 50 s converge to the values of Ŵ3ðtf Þ ¼ �0:0006 0:4981 0:2532 0:0000½ �T .
Thus, the actor NN converged to the optimal control

û2ðxÞ ¼ � 1
2

R�1 0
cosð2x1Þ þ 2

� �T
2x1 0
0 2x2

4x3
1 0

0 4x3
2

2
664

3
775

T

Ŵ2ðtf Þ

and the disturbance NN converged to the worst-case disturbance

d̂ðxÞ ¼ 1
2g2

0
sinð4x1Þ þ 2

� �T
2x1 0
0 2x2

4x3
1 0

0 4x3
2

2
664

3
775

T

Ŵ3ðtf Þ

The evolution of the system states is presented in Figure 9.5. As the probing
noise decays to zero, the states converge to zero.

System states
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Figure 9.5 Evolution of the system states
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Figure 9.6 shows the optimal value function. The identified value function
given by V̂ 1ðxÞ ¼ Ŵ

T
1f1ðxÞ is virtually indistinguishable from the exact solution

and so is not plotted. Figure 9.7 shows the 3D plot of the difference between the
approximated value function and the optimal one. This error is close to zero. Good
approximation of the actual value function is evolved. Figure 9.8 shows the 3D plot

Optimal value function
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Figure 9.6 Optimal value function

Approximation error of the value function
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Figure 9.7 3D plot of the approximation error for the value function
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of the difference between the approximated control, by using the online algorithm,
and the optimal one. This error is close to zero. Finally Figure 9.9 shows the 3D
plot of the difference between the approximated disturbance, by using the online
algorithm, and the optimal one. This error is close to zero.

See the discussion above about selecting appropriate values of the tuning
parameters a1, a2, a3, F1, F2, F3, F4 in Theorem 9.2. The selection of the NN

Error between optimal and approximated control
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Figure 9.8 3D plot of the approximation error for the control
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Figure 9.9 3D plot of the approximation error for the disturbance

Synchronous online learning for zero-sum two-player games 193

Ch009 17 September 2012; 15:12:45



activation functions is made by choosing polynomials of even powers, since the
value must serve as a Lyapunov function. If one had selected more polynomial
basis functions and polynomials of higher powers in this example, their coefficients
would go to zero as the ZS game adaptive controller learns the optimal solution.

In conclusion, the synchronous ZS game adaptive controller converged to an
approximate smooth solution to the HJI equation (9.13) online in real time by
measuring data along the system trajectories. At the same time, system stability
was ensured. Note that solving the HJI for this non-linear system would be a
formidable task.

9.6 Conclusion

This chapter proposed a new optimal adaptive algorithm which solves online the
continuous-time zero-sum game problem for affine-in-the-input non-linear sys-
tems. The adaptive contoler has a three network structure that comes from a ZS
game policy iteration algorithm. This algorithm relies on the simultaneous tuning
of the actor, critic, and disturbance neural networks and it is termed synchronous
ZS game adaptive controller. The ZS game adaptive controller converges to an
approximate smooth solution of the HJI equation without explicitly solving this
equation. Note that the HJI is intractable to solve for general non-linear systems
and it may not have a smooth solution. Proofs using Lyapunov techniques guar-
antee convergence and closed-loop stability.
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Chapter 10

Synchronous online learning for multiplayer
non–zero-sum games

This chapter shows how to solve multiplayer non–zero-sum (NZS) games online
using novel adaptive control structures based on reinforcement learning. For the most
part, interest in the control systems community has been in the (non-cooperative)
zero-sum games, which provide the solution of the H-infinity robust control problem
(Başar and Olsder, 1999). However, dynamic team games may have some coopera-
tive objectives and some selfish objectives among the players. This cooperative/
non-cooperative balance is captured in the NZS games, as detailed herein.

In this chapter we are interested in feedback policies with full state informa-
tion. We provide methods for online gaming, that is for solution of TV-player
infinite-horizon NZS games online, through learning the Nash equilibrium in real
time. The dynamics are non-linear in continuous time and are assumed known.
A novel adaptive control structure is given that is based on reinforcement learning
techniques, whereby each player’s control policies are tuned online using data
generated in real time along the system trajectories. Also tuned by each player are
‘critic’ approximator structures whose function is to identify the values of the
current control policies for each player. Based on these value estimates, the players’
policies are continuously updated. This is a sort of indirect adaptive control
algorithm, yet, due to the simple form dependence of the control policies on the
learned value, it is affected online as direct (‘optimal’) adaptive control.

This chapter proposes an algorithm for non-linear continuous-time systems
with known dynamics to solve the N-player non–zero-sum (NZS) game problem
where each player wants to optimize his own performance index (Başar and Olsder,
1999). The number of parametric approximator structures that are used is 2N. Each
player maintains a critic approximator neural network (NN) to learn his optimal
value and a control actor NN to learn his optimal control policy. Parameter update
laws are given to tune the N-critic and N-actor NNs simultaneously online to
converge to the solution to the coupled HJ equations, while also guaranteeing
closed-loop stability. Rigorous proofs of performance and convergence are given.
For the sake of clarity, we restrict ourselves to two-player differential NZS games
in the actual proof. The proof technique can be directly extended using further
careful bookkeeping to multiple players.

The chapter is organized as follows. Section 10.1 sets the background for multi-
player NZS games (Başar and Olsder, 1999), defining multiplayer Nash equilibrium
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and introducing the all-important coupled NZS Bellman equations. We derive the
coupled NZS Hamilton–Jacobi (HJ) equations whose solution gives the Nash NZS
game policies. It is necessary to develop policy iteration (PI) techniques for solving
multiplayer games, for these PI algorithms give the controller structure needed
for the online adaptive learning techniques presented in this work. Therefore,
Section 10.2 presents a PI algorithm to solve the coupled non-linear HJ equations by
successive solutions of the NZS Bellman equations. Based on the structure of this
PI algorithm, Section 10.3 develops a novel adaptive control structure for online
learning of the solution to the two-player NZS game problem in real time. Value
function approximation is used as developed in Werbos (1989, 1991, 1992, 2009)
and Bertsekas and Tsitsiklis (1996). Based on the PI algorithm in Section 10.2,
suitable approximator structures (based on NNs) are developed for the value function
and the control inputs of the players. Each player tunes two approximator structures –
a critic network to evaluate its current performance, and an action network to update
its control policy. A rigorous mathematical analysis is carried out for two players that
generalizes to the multiplayer case. It is found that the actor and critic NNs require
novel nonstandard tuning algorithms to guarantee stability and convergence to
the Nash equilibrium. A persistence of excitation condition (Ioannou and Fidan,
2006; Tao, 2003; Lewis et al., 1995) is needed to guarantee proper convergence to
the optimal value functions. A Lyapunov analysis technique is used. Section 10.4
presents simulation examples that show the effectiveness of the synchronous online
game algorithm in learning the optimal Nash equilibrium values in real time for both
linear and non-linear systems.

10.1 N-player differential game for non-linear systems

10.1.1 Background on non–zero-sum games
Consider the N-player non-linear time-invariant differential game (Başar and Olsder,
1999) with dynamics

_x ¼ f ðxÞ þ
XN

j¼1

gjðxÞuj ð10:1Þ

where state xðtÞ 2 R
n, and the N players have control inputs ujðtÞ 2 R

mj . Assume
that f (0) = 0 and f (x), gj (x) are locally Lipschitz. The performance indices or cost
functionals associated with each player are the infinite-horizon costs

Jiðxð0Þ; u1; u2; . . .uN Þ ¼
ð1

0
ðQiðxÞ þ

XN

j¼1

uT
j RijujÞdt

�
ð1

0
riðxðtÞ; u1; u2; . . .uN Þ dt; i 2 N ð10:2Þ

where functions QiðxÞ � 0 is generally non-linear, and Rij > 0;Rij � 0 are sym-
metric matrices.
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We seek optimal controls among the set of feedback control policies with
complete state information.

Definition 10.1. (Admissible policies.) Feedback control policies ui ¼ miðxÞ are
defined as admissible with respect to (10.2) on a set W � R

n, denoted by mi 2 YðWÞ
if miðxÞ is continuous on W; mið0Þ ¼ 0; miðxÞ stabilizes (10.1) on W and (10.2) is finite
8x0 2 W.

Given admissible feedback policies/strategies uiðtÞ ¼ miðxÞ, the value is

Viðxð0Þ; m1; m2; . . .; mN Þ ¼
ð1

0
ðQiðxÞ þ

XN

j¼1

uT
j RijmjÞdt

�
ð1

0
riðxðtÞ; m1; m2; . . .; mN Þdt; i 2 N ð10:3Þ

Define the N-player game

V �
i ðxðtÞ; m1; m2; . . . mN Þ ¼ min

mi

ð1
t
ðQiðxÞ þ

XN

j¼1

mT
j RijujÞdt; i 2 N ð10:4Þ

By assuming that all the players have the same hierarchical level, we focus on
the so-called Nash equilibrium that is given by the following definition.

Definition 10.2. Başar and Olsder (1999) (Nash equilibrium strategies) An N-tuple
of strategies fm�1; m�2; . . .; m�Ng with m�1 2 Wi; i 2 N is said to constitute a Nash equi-
librium solution for an N-player finite game in extensive form, if the following N
inequalities are satisfied for all m�1 2 Wi; i 2 N

J �
1 ¼D Jiðm�1; m�2; m�i ; . . .; m�N Þ � Jiðm�1; m�2; mi; . . .; m

�
N Þ; i 2 N ð10:5Þ

The N-tuple of quantities fJ �
1 ; J

�
2 ; . . .; J

�
Ng is known as a Nash equilibrium outcome

of the N-player game.

This definition means that if any single player changes his policy from the
Nash policy, he will pay an increased cost. Thus, no player has any incentive to
unilaterally change his policy from the Nash policy.

Differential equivalents to each value function are given by the following coupled
Bellman equations (different form from those given in Başar and Olsder (1999))

0 ¼ rðx;u1; . . .;uN Þþ ðrViÞT ðf ðxÞþ
XN

j¼1

gjðxÞujÞ; Við0Þ ¼ 0; i 2 N ð10:6Þ

where rVi ¼ @Vi=@x 2 R
ni is the gradient vector (e.g. transposed gradient).

Then, suitable nonnegative definite solutions to (10.6) are the values evaluated
using the infinite integral (10.4) along the system trajectories. Define the Hamil-
tonian functions

Hiðx;rVi;u1;...;uN Þ¼rðx;u1;...uN ÞþðrViÞTðf ðxÞ
XN

j¼1

gjðxÞujÞ; i2N ð10:7Þ
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According to the stationarity conditions, associated feedback control policies
are given by

@Hi

@ui
¼ 0 ) miðxÞ ¼

1
2

R�1
ii gT

i ðxÞrVi; i 2 N ð10:8Þ

It is not difficult to show that Bellman equations (10.6) are non-linear Lyapunov
equations, for their solutions Vi serve as Lyapunov functions for the closed-loop
systems with control inputs given by (10.8) (see Lewis et al., 2012).

Substituting (10.8) into (10.6) one obtains the N-coupled Hamilton–Jacobi (HJ)
equations

0 ¼ ðrViÞT f ðxÞ � 1
2

XN

j¼1

gjðxÞR�1
jj gT

j ðxÞrVj

 !
þ QiðxÞ

þ 1
4

XN

j¼1

rV T
j gjðxÞR�T

jj RijR
�1
jj gT

j ðxÞrVj;Við0Þ ¼ 0
ð10:9Þ

These coupled HJ equations are in ‘closed-loop’ form. The equivalent ‘open-loop’
form is

0 ¼ rV T
i f ðxÞ þ QiðxÞ � 1

2
rV T

i

XN

j¼1

gjðxÞR�1
jj gT

j ðxÞrVj

þ 1
4

XN

j¼1

rV T
j gjðxÞR�T

jj RijR
�1
jj gT

j ðxÞrVj;Við0Þ ¼ 0
ð10:10Þ

To solve the NZS game, one may solve the coupled HJ equations (10.9) for Vi;
then the Nash equilibrium control inputs are given by (10.8).

In linear systems of the form _x ¼ Ax þPN
j¼1 Bjuj, (10.9) becomes the N-

coupled generalized algebraic Riccati equations

0 ¼ PiAc þ AT
c Pi þ Qi þ 1

4

XN

j¼1

PjBjR
�T
jj RijR

�1
jj BT

j Pj; i 2 N ð10:11Þ

where Ac ¼ A � 1
2

PN
i¼1 BiR�1

ii BT
i Pi. It is shown in Başar and Olsder (1999) that if

there exist solutions to (10.11) further satisfying the conditions that for each i 2 N the
pair ðA � 1

2

P
j2N ;j6¼iBjR�1

jj BT
j Pj; BiÞ is stabilizable and the pair

ðA � 1
2

P
j2N ;j 6¼iBjR�1

jj BT
j Pj;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Qi þ 1

4

P
j2N ;j 6¼iPjBjR�T

jj RijR�1
ij BT

j Pj

q
Þ is detectable, then

the N-tuple of the stationary feedback policies m�i ðxÞ ¼ �Kix ¼ �1
2R�1

ii BT
i Pix; i 2 N

provides a Nash equilibrium solution for the linear quadratic N-player differential
game among feedback policies with full state information. Furthermore the resulting
system dynamics, described by _x ¼ Acx; xð0Þ ¼ x0 are asymptotically stable. The
corresponding result for the non-linear case (10.9) is shown in Lewis et al. (2012).
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10.1.2 Cooperation vs. non-cooperation in multiplayer
dynamic games

Differential games where each player minimizes his own performance index gen-
erally result in Nash equilibria. These are commonly called non-cooperative games,
since each player minimizes his own cost without explicit regard for the actions of
other players. However, Nash equilibrium may imply some sort of cooperation
between players.

In fact, one may write the costs as

Ji ¼ 1
N

XN

j¼1

Jj þ 1
N

XN

j¼1

ðJi � JjÞ � J þ ~J i; i 2 N ð10:12Þ

where J is an overall cooperative ‘team’ cost (which can be viewed as a ‘center of
gravity’ cost) and ~J i a ‘conflict’ cost for player i. If J ¼ 0 one has a zero-sum
game. The most studied case is the two-player zero-sum game when J1 = –J2. Such
games are known as convex–concave games, result in saddle-point Nash equilibria,
and have been extensively studied in control systems due to their relation to the H1
control problem (Başar and Olsder, 1999). However, general dynamic team games
may have some cooperative objectives and some selfish objectives among the
players. This interplay between cooperative and non-cooperative objectives is
captured in NZS games, as detailed in (10.12). Therefore, this work is interested in
general N-player games that may or may not be zero-sum.

Though NZS games may contain non-cooperative components, note that the
solution to each player’s coupled HJI equations (10.9) requires knowledge of all the
other players’ strategies (10.8). This is in the spirit of rational opponents (Başar and
Olsder, 1999) whereby the players share information, yet independently minimize
their own cost. Then, from the definition of Nash equilibrium each player benefits
by remaining at the equilibrium policy.

10.2 Policy iteration solution for non–zero-sum games

To solve the NZS game, one may solve the coupled HJ equations (10.9) for Vi, then
the Nash equilibrium control inputs are given by (10.8). The coupled non-linear HJ
equations (10.9) are difficult or impossible to solve. An iterative offline solution
technique is given by the following policy iteration algorithm. It solves the coupled
HJ equations by iterative solution of the coupled Bellman equations (10.6), which
are linear in the value gradient.

Algorithm 10.1. Policy iteration (PI) for N-player games

1. Start with stabilizing initial policies m0
1ðxÞ; . . .; m0

N ðxÞ.

2. (Policy evaluation) Given the N-tuple of policies mk
1ðxÞ; . . .; mk

N ðxÞ, solve for the
N-tuple of costs V k

1 ðxðtÞÞ;V k
2 ðxðtÞÞ. . .V k

N ðxðtÞÞ using the Bellman equations
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0¼rðx;mk
1;...;m

k
N ÞþðrV k

i ÞT f ðxÞþ
XN

j¼1

gjðxÞmi
j

 !
; V k

i ð0Þ¼0; i2N ð10:13Þ

3. (Policy improvement) Update the N-tuple of control policies using

mkþ1
i ¼ arg min

ui2YðWÞ
½Hiðx;rVi; ui; . . .; uN Þ� i 2 N ð10:14Þ

which explicitly is

mkþ1
i ðxÞ ¼ �1

2
R�1

ii gT
i ðxÞrV k

i i 2 N ð10:15Þ

&

A linear two-player version of Algorithm 10.1 is given in Gajic and Li (1988)
and can be considered as an extension of Kleiman’s Algorithm (Kleinman, 1968) to
two-player games.

Section 10.3 uses PI Algorithm 10.1 to motivate a novel adaptive control
structure for online solution of the N-player game in real time. Then it is proven
that the ‘optimal adaptive’ control algorithm converges online to the solution of
coupled HJs (10.10), while guaranteeing closed-loop stability.

10.3 Online solution for two-player non–zero-sum games

10.3.1 Value function approximation and critic neural networks
for solution of Bellman equations

This work uses non-linear approximator structures for value function approxima-
tion (VFA) (Werbos, 1989, 1991, 1992, 2009; Bertsekas and Tsitsiklis, 1996)
to solve (10.13). We show how to solve the two-player NZS game presented in
Section 10.2, the approach can easily be extended to more than two players.

Consider the non-linear time-invariant affine-in-the-input dynamical system
given by

_x ¼ f ðxÞ þ gðxÞuðxÞ þ kðxÞdðxÞ ð10:16Þ

where state xðtÞ 2 R
n, first control input uðxÞ 2 R

m and second control input
dðxÞ 2 R

q. Assume that f(0) = 0 and f(x), g(x), k(x) are locally Lipschitz, || f(x)||< bf ||x||.

Assumption 10.1. For admissible feedback control policies the Bellman equations
(10.13) have locally smooth solutions V

0
1ðxÞ � 0; V

0
2ðxÞ � 0; 8x 2 W.

If so, according to the Weierstrass higher-order approximation theorem (Abu-
Khalaf and Lewis, 2005; Finlayson, 1990; Hornik et al., 1990), there exist complete
independent basis sets such that the solutions to V

0
1ðxðtÞÞ; V

0
2ðxðtÞÞ (10.6), (10.13)
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and their gradients are uniformly approximated. Specifically, the basis sets are
dense in the Sobolev norm W 1;1 (Adams and Fournier, 2003).

Therefore, assume there exist constant neural-network (NN) weights W1 and
W2 such that the value functions V

0
1ðxÞ and V

0
2ðxÞ are approximated on a compact

set W as

V
0
1ðxÞ ¼ W T

1 f1ðxÞ þ e1ðxÞ ð10:17Þ

V
0
2ðxÞ ¼ W T

2 f2ðxÞ þ e2ðxÞ ð10:18Þ

with f1ðxÞ : Rn ! R
K and f2ðxÞ : Rn ! R

K the NN activation function basis set
vectors, K the number of neurons in the hidden layer and e1ðxÞ and e2ðxÞ the NN
approximation errors. From the approximation literature, the basis functions can be
selected as sigmoids, tanh, polynomials, etc.

The value function derivatives are also uniformly approximated, for example,
additionally, 8x 2 W

@V
0
i

@x
¼ @fiðxÞ

@x

� �T

Wi þ @ei

@x
¼ rfT

i Wi þrei; i ¼ 1; 2 ð10:19Þ

Then, as the number of hidden-layer neurons K??, the approximation errors
ei ! 0; rei ! 0; i ¼ 1; 2 uniformly (Abu-Khalaf and Lewis, 2005; Finlayson,
1990). In addition, for fixed K, the NN approximation errors eiðxÞ; e2ðxÞ and
rei;re2 are bounded on a set W by constants if W is compact. We refer to the NN
with weights W1 and W2 that perform VFA as the critic NNs for each player.

Using the NN VFA (10.17), (10.18) considering fixed feedback policies u and d
the Hamiltonians (10.7) become

H1ðx;W1; u; dÞ ¼ Q1ðxÞ þ uT R11u þ dT R12d

þ W T
1 rf1ð f ðxÞ þ gðxÞu þ kðxÞdÞ ¼ eH1 ð10:20Þ

H2ðx;W2; u; dÞ ¼ Q2ðxÞ þ uT R21u þ dT R22d

þ W T
2 rf2ð f ðxÞ þ gðxÞu þ kðxÞdÞ ¼ eH2 ð10:21Þ

The residual errors for the two players are

eHi ¼ �ðreiÞT ð f þ gu þ kdÞ; i ¼ 1; 2 ð10:22Þ
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Substituting W1, W2 into the HJ equations (10.10), one obtains

Q1ðxÞ�1
4
W T

1 rf1ðxÞgðxÞR�1
11 gT ðxÞrfT

1 ðxÞW1þW T
1 rf1ðxÞf ðxÞ

þ1
4
W T

2 rf2ðxÞkðxÞR�T
22 R12R�1

22 kT ðxÞrfT
2 ðxÞW2

�1
2
W T

1 rf1ðxÞkðxÞR�1
22 kTðxÞrfT

2 ðxÞW2¼eHJ1 ; V1ð0Þ¼0

ð10:23Þ

Q2ðxÞ�1
4
W T

2 rf2ðxÞkðxÞR�1
22 kTðxÞrfT

2 ðxÞW2þW T
2 rf2ðxÞf ðxÞ

þ1
4

W T
1 rf1ðxÞgðxÞR�T

11 R21R�1
11 gT ðxÞrfT

1 ðxÞW1

�1
2
W T

2 rf2ðxÞgðxÞR�1
11 gTðxÞrfT

1 ðxÞW1¼eHJ2 ; V2ð0Þ¼0

ð10:24Þ

where the residual errors due to function approximation error for the first player is

eHJ1 �
1
2

W1rfT
1 gðxÞR�1

11 gTðxÞre1 þ 1
4
reT

1 gðxÞR�1
11 gT ðxÞre1

� 1
4
reT

2 kðxÞR�T
22 R�1

22 kTðxÞre2 � 1
4

W2rfT
2 kðxÞR�T

22 R12R�1
22 kTðxÞre2

�reT
1 f ðxÞ þ 1

2
W1rfT

1 kðxÞR�T
22 kTðxÞre2 þ 1

2
reT

1 kðxÞR�1
22 kTðxÞre2

þ 1
2
W2rfT

2 kðxÞR�1
22 kTðxÞre1

and eHJ2 for the second player is similarly defined.
The following proposition follows as in Abu-Khalaf et al. (2006) and Abu-

Khalaf and Lewis (2005).

Proposition 10.1. For any admissible feedback policies u(x(t)), d(x(t)) the least-
squares pair solution to (10.20) and (10.21) exists and is unique for each K. Denote
these solutions as W1 and W2 and define

V1ðxÞ ¼ W T
1 f1ðxÞ ð10:25Þ

V2ðxÞ ¼ W T
2 f2ðxÞ ð10:26Þ

Then, as K ! 1:

a. supx2W jeH1 j ! 0; i ¼ 1; 2

b. supx2W jeHji j ! 0; i ¼ 1; 2
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c. supx2W jVi � V
0
i j ! 0; i ¼ 1; 2

d. supx2W jrVi �rV
0
i j ! 0; i ¼ 1; 2

This result shows that V1ðxÞ;V2ðxÞ converge uniformly in Sobolev norm W 1;1

(Abu-Khalaf and Lewis, 2005) to the exact solution V
0
1ðxÞ;V

0
2ðxÞ to (10.6). There-

fore, 8e1 > 09Kðe1Þ : supx2W keHJ1k < e1;K > Kðe1Þ and

8e2 > 09Kðe2Þ : sup
x2W

keHJ2k < e2; K > Kðe2Þ

The ideal NN weights W1, W2 are unknown. Assuming current NN weight
estimates Ŵ 1 and Ŵ 2, the outputs of the two critic NN are given by

V̂ 1ðxÞ ¼ Ŵ
T
1f1ðxÞ ð10:27Þ

V̂ 2ðxÞ ¼ Ŵ
T
2f2ðxÞ ð10:28Þ

The approximate Bellman equations are then

H1ðx; Ŵ 1; u1; d2Þ ¼ Q1ðxÞ þ uT
1 R11u1 þ dT

2 R12d2

þ Ŵ
T
1rf1ð f ðxÞ þ gðxÞu1 þ kðxÞd2Þ ¼ e1

ð10:29Þ

H2ðx; Ŵ 2; u1; d2Þ ¼ Q2ðxÞ þ uT
1 R21u1 þ dT

2 R22d2

þ Ŵ
T
2rf2ð f ðxÞ þ gðxÞu1 þ kðxÞd2Þ ¼ e2

ð10:30Þ

It is desired to select Ŵ 1 and Ŵ 2 to minimize the square residual error

E1 ¼ 1
2

eT
1 e1 þ 1

2
eT

2 e2

Then Ŵ 1ðtÞ ! W1; Ŵ 2ðtÞ ! W2 and e1 ! eH1 ; e2 ! eH2 . Therefore, select the
tuning laws for the critic weights as the normalized gradient descent algorithms

_̂W 1 ¼ �a1
@E1

@Ŵ 1
¼ �a1

s1

ð1 þ sT
1s1Þ2 sT

1 Ŵ 1 þ Q1ðxÞ þ uT
1 R11u1 þ dT

2 R12d2

� �
ð10:31Þ

_̂W 2 ¼ �a2
@E1

@Ŵ 2
¼ �a2

s1

ð1 þ sT
2s2Þ2 sT

2 Ŵ 2 þ Q2ðxÞ þ uT
1 R21u1 þ dT

2 R22d2

� �
ð10:32Þ

where si ¼ rfið f ðxÞ þ gðxÞu1 þ kðxÞd2Þ; i ¼ 1; 2. Note that these are modified
gradient descent algorithms with the normalizing terms in the denominators raised
to the power 2.
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Persistence of excitation (PE) assumption. Let the signals s1; s2 be
persistently exciting over the interval [t, t + T], that is there exist constants
b1 > 0; b2 > 0; b3 > 0; b4 > 0;T > 0 such that, for all t

b1I � S0 �
ðtþT

t
s1ðtÞsT

1 ðtÞdt � b2I ð10:33Þ

b3I � S1 �
ðtþT

t
s2ðtÞsT

2 ðtÞdt � b4I ð10:34Þ

where si ¼ si=ðsT
i si þ 1Þ; i ¼ 1; 2 and I the identity matrix of appropriate

dimensions.
The PE assumption is needed in adaptive control if one desires to perform

system identification using for example RLS (Ioannou and Fidan, 2006; Tao,
2003). It is needed in the upcoming Theorem 10.1 because one effectively desires
to identify the critic parameters that approximate the solutions V1(x) and V2(x) to
the Bellman equations (10.6).

The properties of tuning algorithms (10.31) and (10.32) and their exponential
convergence to residual sets are given in the following theorem that was proven for
a single player in Chapter 7.

Theorem 10.1. Let u(x(t)), d(x(t)) be any admissible bounded feedback policies. Let
tuning for the critic NNs be provided by (10.31), (10.32) and assume that s1 and s2 are
persistently exciting. Let the residual errors (10.22) be bounded by jjeH1 jj < emax1 and
jjeH2 jj < emax2 . Then the critic parameter errors converge exponentially to the residual
sets

~W 1ðtÞ �
ffiffiffiffiffiffiffiffi
b2T

p
b1

�
½1 þ 2d1b2a1�emax1

�
ð10:35Þ

~W 2ðtÞ �
ffiffiffiffiffiffiffiffi
b4T

p
b3

�
½1 þ 2d2b4a2�emax2

�
ð10:36Þ

where d1; d2 are positive constants of the order of 1. &

Proof: Follows as in Chapter 7 (Theorem 7.1). &

10.3.2 Action neural networks and online learning algorithm
This section develop an optimal adaptive control algorithm that solves the
two-player game problem online using data measured along the system trajectories.
The technique given here generalizes directly to the N-player game. A Lyapunov
technique is used to derive novel parameter tuning algorithms for the values and
control policies that guarantee closed-loop stability as well as convergence to the
approximate game solution of (10.10).
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A suitable ‘actor–critic’ control structure is developed based on PI Algorithm 10.1.
The adaptive control structure relies on each player maintaining two approximator
structures, one for its current value estimate (cf. (10.13)) and one for its current policy
(cf. (10.14), (10.15)). This structure is based on reinforcement learning precepts.

Define

u1ðxÞ ¼ �1
2

R�1
11 gTðxÞrV1ðxÞ ¼ �1

2
R�1

11 gT ðxÞrfT
1 ðxÞW1 ð10:37Þ

d2ðxÞ ¼ �1
2

R�1
22 gTðxÞrV2ðxÞ ¼ �1

2
R�1

22 gT ðxÞrfT
2 ðxÞW2 ð10:38Þ

with V1 and V2 defined in terms of the least-squares solutions to (10.20), (10.21) as
given in Proposition 10.1. According to Proposition 10.1, as K ! 1 (10.37) and
(10.38) converge uniformly to (10.8). The next result follows as in Abu-Khalaf
et al. (2006) and Abu-Khalaf and Lewis (2005).

Proposition 10.2. There exists a number of hidden-layer units K0 such that u1(x)
and d2(x) are admissible for K>K0.

In light of this result, the ideal control policy updates are taken as (10.37) and
(10.38) with W1 and W2 unknown. Based on this structure, define the control
policies in the form of two action neural networks which compute the control inputs
in the structured form

u3ðxÞ ¼ �1
2

R�1
11 gT ðxÞ rfT

1 Ŵ 3 ð10:39Þ

d4ðxÞ ¼ �1
2

R�1
22 kT ðxÞ rfT

2 Ŵ 4 ð10:40Þ

where ~W 3 and ~W 4 denote the current estimated values of the ideal NN weights W1

and W2, respectively. Define the critic and the actor NN estimation errors respec-
tively as

~W 1 ¼ W1 � Ŵ 1; ~W 2 ¼ W2 � Ŵ 2; ~W 3 ¼ W1 � Ŵ 3; ~W 4 ¼ W2 � Ŵ 4 ð10:41Þ

Assumptions 10.2. For a given compact set W � R
n:

a. g(	), k (	) are bounded by constants

kgðxÞk < bg; kkðxÞk < bk

b. The NN approximation errors and their gradients are bounded so that

jje1jj < be1; jjre1jj < be1x ; jje2jj < be2; jjre2jj < be2x

c. The NN activation functions and their gradients are bounded so that

jjf1ðxÞjj < bf1
; jjrf1ðxÞjj < bf1x

; jjf2ðxÞjj < bf2
; jjrf2ðxÞjj < bf2x
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d. The critic NN weights are bounded by known constants

jjW1jj < W1max; jjW2jj < W2max

The main theorems of Chapter 10 are now given. They present a novel adap-
tive control structure based on policy iteration that solves the NZS game online by
measuring data along the system trajectories in real time. Two adaptive structures
are needed for each player, one to learn the value function and one to learn the Nash
control policy. The next result provides the tuning laws for these actor and critic
neural networks that guarantee convergence in real time to the two-player non–
zero-sum game Nash equilibrium solution, while also guaranteeing closed-loop
stability. The practical notion of uniform ultimate boundedness (UUB) from
Chapter 7 is used.

Theorem 10.2. Stability and bounded neural-network weight errors. Let the
dynamics be given by (10.16), and consider the two-player game formulation in
Section 10.2. Let the critic networks be given by (10.27) and (10.28), the control
inputs be given by action networks (10.39) and (10.40). Let tuning for the critic NNs
be provided by

_̂W 1 ¼ �a1
s3

ðsT
3s3 þ 1Þ2 sT

3 Ŵ 1 þ Q1ðxÞ þ uT
3 R11u3 þ dT

4 R12d4

� � ð10:42Þ

_̂W 2 ¼ �a2
s4

ðsT
4s4 þ 1Þ2 sT

4 Ŵ 2 þ Q2ðxÞ þ uT
3 R21u3 þ dT

4 R22d4

� � ð10:43Þ

where s3 ¼ rf1ðf þ gu3 þ kd4Þ and s4 ¼ rf2ð f þ gu3 þ kd4Þ. Let the first actor
NN (first player) be tuned as

_̂W 3 ¼ �a3

�
ðF2Ŵ 3 � F1sT

3 Ŵ 1Þ

� 1
4
ðrf1gðxÞR�T

11 R21R�1
11 gTðxÞrfT

1 Ŵ 3mT
2 Ŵ 2 þ D1ðxÞŴ 3mT

1 Ŵ 1Þ
�

ð10:44Þ
and the second actor NN (second player) be tuned as

Ŵ 4 ¼ �a4

�
ðF4Ŵ 4 � F3sT

4 Ŵ 2Þ � 1
4
ðrf2kðxÞR�1

22 R12R�1
22 gT ðxÞ

� rfT
2 Ŵ 4mT

1 Ŵ 1 þ D2ðxÞŴ 4mT
2 Ŵ 2Þ

� ð10:45Þ
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where

D1ðxÞ � rf1ðxÞgðxÞR�1
11 gTðxÞ rfT

1 ðxÞ; D2ðxÞ � rf2ðxÞkR�1
22 kTrfT

2 ðxÞ;

m1 � s3=ðsT
3s3 þ 1Þ2;m2 � s4=ðsT

4s4 þ 1Þ2 and F1> 0, F2> 0, F3> 0, F4> 0 are
tuning parameters. Let Assumption 10.2 hold, and also assume Q1(x)> 0 and Q2

(x)> 0. Suppose that s3 ¼ s3=ðsT
3s3 þ 1Þ and s4 ¼ s4=ðsT

4s4 þ 1Þ are persistently
exciting. Let the tuning parameters be selected as detailed in the proof. Then there
exists a K0 such that, for the number of hidden-layer units K>K0 the closed-loop
system state, the critic NN errors ~W1 and ~W2, the first actor NN error ~W 3 and the
second actor NN error ~W 4 are UUB. &

Proof: See Appendix A. &

Remark 10.1. The tuning parameters F1, F2, F3, F4 in (10.44), and (10.45) must be
selected to make the matrix M in (A.68) positive definite (more discussion is pre-
sented in the appendix).

Remark 10.2. NN usage suggests starting the tuning algorithm online with the
initial control NN weights in (10.39) and (10.40) randomly selected and non-zero.

Remark 10.3. The assumption Q1(x)> 0 and Q2(x)> 0 is sufficient but not
necessary.

Remark 10.4. Standard neuroadaptive controllers for single players require only
one NN, namely the control action NN (Lewis et al., 1999). However, optimal
neuroadaptive controllers based on reinforcement learning (e.g. through PI Algo-
rithm) require also a critic NN that identifies the value function for each player. In
the optimal control (single player) case this requires two NN, as described in
Chapter 7. That is, the price paid for an adaptive controller that converges to an
optimal control solution is a doubling in the number of NN, which approximately
doubles the computational complexity.

Theorem 10.3. Nash solution of the game. Suppose the hypotheses of Theorem
10.2 hold. Then:

a. H1ðx; Ŵ1; û1; d̂2Þ and H2ðx; Ŵ2; û1; d̂2Þ are UUB, where

û1 ¼ � 1
2

R�1
11 gTðxÞrfT

1 ðxÞŴ1 ð10:46Þ

d̂2 ¼ � 1
2

R�1
22 kTðxÞrfT

2 ðxÞŴ2 ð10:47Þ

That is, Ŵ1 and Ŵ2 converge to the approximate coupled HJ solution.
b. u3(x), d4(x) (see (10.39) and (10.40)) converge to the approximate Nash solution

of the game. &
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Proof: Consider the weights Ŵ1; Ŵ2; Ŵ3 and Ŵ4 to be UUB as proved in
Theorem 10.2.

a. The approximate coupled HJ equations are

H1ðx; Ŵ 1; û1; d̂2Þ � H1ðx; Ŵ1; Ŵ2Þ

¼ Q1ðxÞ � 1
4

Ŵ
T
1rf1ðxÞgðxÞR�1

11 gT ðxÞrfT
1 ðxÞŴ1

þ Ŵ
T
1rf1ðxÞf ðxÞ

� 1
2

Ŵ 1
Trf1ðxÞkðxÞR�1

22 kT ðxÞrfT
2 ðxÞŴ2

þ 1
4

Ŵ
T
2rf2ðxÞkðxÞR�T

22 R12R�1
22 kT ðxÞrfT

2 ðxÞŴ2 � eHJ1

and

H2ðx;Ŵ 2;û1;d̂2Þ�H2ðx;Ŵ 1;Ŵ 2Þ

¼Q2ðxÞ�1
2

Ŵ
T
2rf2ðxÞgðxÞR�1

11 gT ðxÞrfT
1 ðxÞŴ1

þ1
4

Ŵ
T
1rf1ðxÞgðxÞR�T

11 R21R�1
11 gT ðxÞrfT

1 ðxÞŴ1�eHJ2

þ1
4

Ŵ
T
2rf2ðxÞkðxÞR�1

22 kT ðxÞrfT
2 ðxÞŴ2þŴ

T
2rf2ðxÞf ðxÞ

After adding zero we have

H1ðx; Ŵ 1; Ŵ 2Þ ¼ ~W
T
1rf1ðxÞf ðxÞ þ

1
4
~W

T
1 D1 ~W 1 � 1

2
W T

1 D1 ~W1

þ 1
4

Ŵ
T
2rf2ðxÞkðxÞR�T

22 R12R�1
22 kT ðxÞrfT

2 ðxÞŴ2

þ 1
4

W T
2rf2ðxÞkðxÞR�1

22 R12R�1
22 kTðxÞrfT

2 ðxÞW2

þ 1
2

Ŵ
T
1rf1ðxÞkðxÞR�1

22 kT ðxÞrfT
2 ðxÞŴ2

� 1
2

W T
1 rf1ðxÞkðxÞR�1

22 kTðxÞrfT
2 ðxÞW2 � eHJ1 ð10:48Þ
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and
H2ðx; Ŵ1; Ŵ2Þ ¼ ~W

T
2rf2ðxÞf ðxÞ þ

1
2

Ŵ
T
2rf2ðxÞgðxÞR�1

11 gT ðxÞrfT
1 ðxÞŴ1

� 1
2

W T
2 rf2ðxÞgðxÞR�T

11 gTðxÞrfT
1 ðxÞW1

� 1
4

Ŵ
T
1rf1ðxÞgðxÞR�1

11 R21R�1
11 gTðxÞrfT

1 ðxÞŴ1

þ 1
2

W T
1 rf1ðxÞgðxÞR�1

11 R21R�1
11 gT ðxÞrfT

1 ðxÞW1

þ 1
4
~W

T
2rf2ðxÞkðxÞR�1

22 kT ðxÞrfT
2 ðxÞ ~W2

� 1
2

W T
2 rf2ðxÞkðxÞR�1

22 kTðxÞrfT
2 ðxÞ ~W2 � eHJ2

ð10:49Þ
But

Ŵ1 ¼ � ~W1 þ W1 and Ŵ2 ¼ � ~W2 þ W2 ð10:50Þ
After taking norms in (10.50) and letting jjW1jj < W1max and jjW2jj < W2max

one has

kŴ1k ¼ k � ~W1 þ W1k � k ~W1k þ kW1k � k ~W1k þ W1max ð10:51Þ
and

kŴ2k ¼ k �W2 þ W2k � k ~W2k þ kW2k � kW2k þ W2max ð10:52Þ
Now (10.48) becomes, by taking into account (10.51), (10.52), Asumption

10.2, and

sup
x2W

jjeHJ1 jj < e1jjH1ðx; Ŵ1; Ŵ2Þjj � bf1x
bf jjxjjk ~W1k þ 1

4
k ~W1k2kD1k

þ 1
4

jj ~W2jj þ W2max

� �2krf2ðxÞkðxÞR�T
22 R12R�1

22 kT ðxÞrfT
2 ðxÞk

þ 1
4

W 2
2maxkrf2ðxÞkðxÞR�T

22 R12R�1
22 kTðxÞrfT

2 ðxÞk

þ 1
2

k ~W1k þ W1max

� � k ~W2k þ W2max

� �krf1ðxÞkðxÞR�1
22 kT ðxÞ

� rfT
2 ðxÞk þ

1
2

W1maxk ~W1kkD1k

þ 1
2

W1maxW2maxkrf1ðxÞkðxÞR�1
22 kTðxÞrfT

2 ðxÞk þ e1

ð10:53Þ
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and same for (10.49) with supx2W keHJ2k < e2

jjH2ðx; Ŵ1; Ŵ2Þjj � bf1x
bf jjxjjk ~W2k

þ 1
2

jj ~W2jj þ W2max

� � jj ~W1jj þ W1max

� �
� krf2ðxÞgðxÞR�1

11 gT ðxÞrfT
1 ðxÞk

þ 1
2

W2maxW1maxkrf2ðxÞgðxÞR�1
11 gT ðxÞrfT

1 ðxÞk

þ 1
4

k ~W 1k þ W1max

� �2krf1ðxÞgðxÞR�T
11 R21R�1

11 gT ðxÞ
� rfT

1 ðxÞk

þ 1
4

W1max
2krf1ðxÞgðxÞR�T

11 R21R�1
11 gT ðxÞrfT

1 ðxÞk

þ 1
4
k ~W2k2krf2ðxÞkðxÞR�1

22 kTðxÞrfT
2 ðxÞk

þ 1
2
~W 2maxk ~W2kkrf2ðxÞkðxÞR�1

22 kT ðxÞrfT
2 ðxÞk þ e2

ð10:54Þ

All the signals on the right-hand side of (10.53) and (10.54) are UUB. So
H1ðx; Ŵ 1; û1; d̂2Þ and H2ðx; Ŵ2; û1; d̂2Þ are UUB and convergence to the approx-
imate coupled HJ solution is obtained.
b. According to Theorem 10.1, 10.2 and equations (10.39), (10.40) jju3 � u1jj and

kd4 � d2k are UUB because kŴ 3 � W1k and kŴ 4 � W2k are UUB. Therefore,
the pair u3(x), d4(x) gives the approximate Nash equilibrium solution of the
game.

This completes the proof. &

Remark 10.5. The theorems show that persistence of excitation is needed for
proper identification of the value functions by the critic NNs, and that nonstandard
tuning algorithms are required for the actor NNs to guarantee stability.

Remark 10.6. Theorems 10.2 and 10.3 show UUB of key quantities. According to
the definition of vector D in (A.69) and to (10.53), (10.54), the error bounds depend
on the NN approximation errors, Bellman equation and HJ equation residuals, and
the bounds W1max, W2max on the unknown NN weights. By the Weierstrass
approximation theorem and Proposition 10.1, all of these go to zero uniformly as
the number of NN hidden layers increases except for W1max, W2max. The question of
obtaining improved errors bounds in neuroadaptive control has a long and studied
literature. Methods have been developed for removing W1max, W2max from the UUB
error bounds. See for instance the work of Ge et al. (e.g. Ge and Wang, 2004).
Those results could be used to extend the tuning algorithms provided here, but do
not constitute a part of the novel results presented herein.
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The bounds in the theorems are, in fact, conservative. The simulation results
show that the values and Nash solutions are very closely identified.

10.4 Simulations

Here, we present simulations of non-linear and linear systems to show that the game can
be solved online by learning in real time, using the adaptive control algorithm of The-
orem 10.2, which has two adaptive structures for each player, one to learn the Valkue
function and one to learn the Nash control policy. PE is needed to guarantee convergence
to the Nash solution. In these simulations, probing noise is added to the two control
inputs to ensure PE until convergence is obtained. Then, the probing noise is turned off.

10.4.1 Non-linear system
Consider the following affine in control input non-linear system, with a quadratic cost:

_x ¼ f ðxÞ þ gðxÞu þ kðxÞd; x 2 R
2

where

f ðxÞ ¼
x2

�x2 � 1
2

x1 þ 1
4

x2ðcosð2x1Þ þ 2Þ2 þ 1
4

x2ðsinð4x2
1Þ þ 2Þ2

2
4

3
5

gðxÞ ¼ 0

cosð2x1Þ þ 2

" #
; kðxÞ ¼

0

sinð4x2
1Þ þ 2

" #

Select Q1= 2Q2, R11 = 2R22 and R12 = 2R21, where Q2, R22 and R21 are identity
matrices.

This example was constructed as in Nevistic and Primbs (1996). The optimal
value function for the first player is

V �
1 ðxÞ ¼

1
2

x2
1 þ x2

2

and for the second player is

V �
2 ðxÞ ¼

1
4

x2
1 þ

1
2

x2
2

The optimal control signal for the first player is u�ðxÞ ¼ �2ðcosð2x1Þ þ 2Þx2 and
the optimal control signal for the second player is

d�ðxÞ ¼ �ðsinð4x2
1Þ þ 2Þx2

One selects the NN vector activation function for the critics as
f1ðxÞ ¼ f2ðxÞ � ½x2

1 x1x2 x2
2� and uses the adaptive control algorithm presented in

Theorem 10.2. Each player maintains two NN, a critic NN to estimate its current
value and an action NN to estimate its current control policy. Select
a1=a2=a3=a4=1 and F4=F3=F2=F1=100I for the constants in the tuning laws in

Synchronous online learning for multiplayer non–zero-sum games 211

Ch010 17 September 2012; 16:14:16



Theorem 10.2, where I is an identity matrix of appropriate dimensions. Several
simulations were run to decide on these suitable values of these parameters.

Figure 10.1 shows the critic parameters for the first player, denoted by
Ŵ1 ¼ ½Wc1 Wc2 Wc3�T by using the proposed game algorithm. After convergence
at about 150 s one has Ŵ1ðtf Þ ¼ ½0:5015 0:0007 1:0001�T Figure 10.2 shows the

2.5
Wc1

Wc2

Wc3

Parameters of the critic1 NN

2

1.5

1

0.5

0

�0.5
0 50 100 150 200 250 300

Time (s)

Figure 10.1 Convergence of the critic parameters for the first player

2.5
W2c1

W2c2

W2c3

Parameters of the critic2 NN

2

1.5

1

0.5

0

�0.5
0 50 100 150 200 250 300

Time (s)

Figure 10.2 Convergence of the critic parameters for the second player
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critic parameters for the second player Ŵ2 ¼ ½W2c1 W2c2 W2c3�T . After
convergence at about 150 s one has Ŵ2ðtf Þ ¼ ½0:2514 0:0006 0:5001�T . These
are all close to the optimal value function parameters.

The actor parameters for the first player after 150 s converge to the values
of Ŵ 1ðtf Þ ¼ ½0:5015 0:0007 1:0001�T , and the actor parameters for the
second player converge to the values of Ŵ4ðtf Þ ¼ 0:2514 0:0006 0:5001 �T

h
.

Therefore, the actor NN for the first player

ûðxÞ ¼ �1
2

R11 � 1
0

cosð2x1Þ þ 2

� �T 2x1 0
x2 x1

0 2x2

2
4

3
5T 0:5015

0:0007
1:0001

2
4

3
5

also converged to the optimal control, and similarly for the second player

d̂ðxÞ ¼ �1
2

R�1
22

0
sinð4x2

1Þ þ 2

� �T 2x1 0
x2 x1

0 2x2

2
4

3
5T 0:2514

0:0006
0:5001

2
4

3
5

The evolution of the system states is presented in Figure 10.3. After the
probing noise is turned off, the states converge to zero. Figure 10.4 shows the 3D
plot of the difference between the approximated value function for player 1 and the
optimal one. The results are similar for the second player. These errors are close to
zero. Good approximations of the actual value functions are evolved. Figure 10.5
shows the 3D plot of the difference between the approximated control for the first
player, by using the online algorithm, and the optimal one. This error is close to
zero. Similarly for the second player.

x1

x2

System states

0
�3

�2

�1

0

1

2

3

50 100 150 200 250 300
Time (s)

Figure 10.3 Evolution of the system states

Synchronous online learning for multiplayer non–zero-sum games 213

Ch010 17 September 2012; 16:14:17



10.4.2 Linear system
The aim of this example is to illustrate the online algorithm with a simple example
that was simulated in previous work in Jungers et al. (2007) and Limebeer et al.
(1994) to solve the coupled Riccati equations (10.11).

Suppose

_xðtÞ ¼ 2xðtÞ þ u1ðtÞ þ 3u2ðtÞ

Approximation error of V1

2
0

0.002

0.004

0.006

0.008

0.01

1
0

�1
�2 �2

�1
0

1
2

x2

V1
�

V1
*

x1

Figure 10.4 3D plot of the approximation error for the value function of player 1

Error between optimal and approximated control for the first player

2
–2

–1

0

1

2
� 10�3

1
0

�1
�2 �2

�1
0

1
2

x2

u�
u*

x1

Figure 10.5 3D plot of the approximation error for the control of player 1
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with

J1 ¼
ð1

0
ð�9x2 þ 0:64u2

1 � u2
2Þ dt

and

J2 ¼
ð1

0
ð9x2 þ u2

1Þ dt

According to Limebeer et al. (1994) the solution of the coupled Riccati is
given by P1 = –1.4145 and P2 = 1.5718.

Select a1 = a2 = a3 = a4= 1, F4= F3= F2= F1= 5 for the constants in the tuning
laws. In this example, exponentially decaying probing noise was added to the
control input of each player to guarantee PE. By using the optimal adaptive control
algorithm proposed in Theorem 10.2 the solution of the coupled Riccati equations
is found online to be P1 = –1.4250 and P2 = 1.5754. Figure 10.6 shows the
evolution of the system state, which reaches zero as the probing noise decays.
Figures 10.7 and 10.8 show the convergence of the critic neural networks for each
player to P1 = –1.4250 and P2 = 1.5754.

10.4.3 Zero-sum game with unstable linear system
Consider the unstable linear system

_x ¼ 0 0:25
1 0

� �
x þ 1

0

� �
u þ 1

0

� �
d ¼ Ax þ Bu þ Dd

with cost

J1 ¼
ð1

0
xT 1 0

0 1

� �
x þ uT u � 25dT d

� �
dt

System state

0
�1

�0.5

0

0.5

1

1.5

20 40 60 80 100 120
Time (s)

140 160 180 200

Figure 10.6 Evolution of the system state
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and J2= –J1. That is, this is a zero-sum game with Q1= –Q2, R11= –R21, R22= –R12.
In this linear case the solution is given by the solution of the game algebraic

Riccati equation (GARE) (Chapter 9)

0 ¼ AT S þ SA þ HT H � SBR�1BT S þ 1
g2

SDDT S

Parameters of the critic NN1

0
�1.5

�1

�0.5

0

0.5

1
W1c1

20 40 60 80 100 120
Time (s)

140 160 180 200

Figure 10.7 Convergence of the critic NN for the first player

Parameters of the critic NN2
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1.1

1

1.3

1.4

1.5

1.6

1.7
W2c1

20 40 60 80 100 120
Time (s)

140 160 180 200

Figure 10.8 Convergence of the critic NN for the second player
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with

g � ffiffiffiffiffiffiffi
R22

p ¼ 5; R � R11 ¼ 1 and Q � Q1 ¼ 1 0
0 1

� �
:

Solving the GARE gives the parameters of the optimal critic as
W � ¼ ½1:9439 1:3137 1:9656�T that are the components of the Riccati solution
matrix S.

Since the value is quadratic in the LQR game case, the critic NN basis sets
f1ðxÞ ¼ f2ðxÞ were selected as the quadratic vector in the state components x � x
with � the Kronecker product. Redundant terms were removed to leave n(n+1)/2 = 3
components.

The two-player game algorithm is implemented as in Theorem 10.2. Select
a1 ¼ a2 ¼ a3 ¼ a4 ¼ 1;F4 ¼ F3 ¼ F2 ¼ F1 ¼ 5I for the constants in the tuning
laws, where I is an identity matrix of appropriate dimensions. PE was ensured
by adding a small exponentially decreasing probing noise to the two control inputs.
Figure 10.9 shows the critic parameters for the first player, denoted by
Ŵ1 ¼ ½Wc1 Wc2 Wc3�T and Figure 10.10 the critic parameters for the second
player, Ŵ2 ¼ ½W2c1 W2c2 W2c3�T . It is clear that Ŵ1 ¼ �Ŵ2. In fact, after 400 s the
critic parameters for the first player converged to Ŵ1ðtf Þ¼ ½1:9417 1:3138 1:9591�T
and the second to Ŵ2ðtf Þ ¼ ½�1:9417 � 1:3138 � 1:9591�T . These are the opti-
mal value function parameters.

Finally, Figure 10.11 shows the evolution of the states. They converge to zero
as the probing noise decays to zero.

Parameters of the critic NN1
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Figure 10.9 Convergence of the critic NN for the first player
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10.5 Conclusion

In this chapter we presented multiplayer AQ1non–zero-sum games. The Nash equili-
brium solution is found by solving a set of coupled non-linear Hamilton–Jacobi
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Figure 10.11 Evolution of the system states
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Figure 10.10 Convergence of the critic NN for the second player
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equations. A reinforcement learning policy iteration algorithm was given to solve
these nonlinear HJ equations based on repeated solution of linear coupled Bellman
equations. This PI algorithm was used to develop a novel adaptive control archi-
tecture that solves NZS games online in real time using data measured along the
system trajectories. This adaptive controller has two approximation structures for
each player, one to estimate its current value function and one to estimate its Nash
control policy. Parameter tuning algorithms were given that learn the NZS game
solution online while at the same time guaranteeing system stability. Simulation
examples showed that the NZS adaptive controller converges online to the Nash
solutions of the NZS game in real time by measuring data along the system
trajectories.
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Chapter 11

Integral reinforcement learning for zero-sum
two-player games

In this chapter we present a continuous-time adaptive dynamic programming
(ADP) procedure that uses the idea of integral reinforcement learning (IRL) to
find online the Nash-equilibrium solution for the two-player zero-sum (ZS)
differential game. We consider continuous-time (CT) linear dynamics of the form
_x ¼ Ax þ B1w þ B2u, where u(t), w(t) are the control actions of the two players,
and an infinite-horizon quadratic cost. This work is from Vrabie and Lewis (2010).

Most continuous-time reinforcement learning algorithms provide an online
heuristic approach to the solution of optimal control problems under the assumption
that the controlled system is not affected by disturbances. However, there are
numerous control applications in which the presence of disturbance signals is certain,
and these have a negative effect on the performance of the control system. In these
cases, the optimal control problem is formulated with the purpose of finding all
admissible controllers that minimize the H-infinity norm. These methods are known
as H-infinity controllers (Van Der Schaft, 1992; Başar and Bernard, 1995; Zames,
1981). Such control policies counteract, in an optimal sense, the effects of the worst
case disturbance that might affect the system.

The background on ZS games and their applications to H-infinity control are
given in Section 9.1. It is known that the solution of the H-infinity problem is the
saddle point solution of a two-player zero-sum differential game. For the case when
the system has linear dynamics and the cost index is quadratic and has infinite
horizon, it is also known that finding the Nash-equilibrium solution to the game
problem depends on calculating a solution of a generalized Riccati equation with
sign indefinite quadratic term (Başar and Olsder, 1999; Başar and Bernard, 1995;
Doyle et al., 1989; Stoorvogel, 1992; Zhou and Khargonekar, 1988); that is the
game algebraic Riccati equation (GARE)

0 ¼ AT P þ PA þ CT C � P B2BT
2 � 1

g�2
DDT

� �
P ð11:1Þ

Suboptimal H-infinity controllers can be determined such that the H-infinity
norm is less than a given prescribed bound that is larger than the minimum H-infinity
norm (Başar and Olsder, 1999; Van Der Schaft, 1992; Başar and Bernard, 1995).
This means that for any g > g� one can find a suboptimal H-infinity state-feedback
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controller, which admits a performance level of at least g; by solving (11.1), where g�
is replaced by g. To simplify the mathematical notation, for a given g, in the fol-
lowing we will denote B1 ¼ g�1D: Thus, the GARE of our concern will be written as

0 ¼ AT P þ PA þ CT C � PðB2BT
2 � B1BT

1 ÞP ð11:2Þ

The solution of the GARE has been approached in Başar and Olsder (1999),
Başar and Bernard (1995), Damm (2004), while for its non-linear generalization,
that is the Hamilton–Jacobi–Isaacs (HJI) equation (Section 9.1), iterative solutions
have been presented in Van Der Schaft (1992), Abu-Khalaf et al. (2006), Abu-
Khalaf and Lewis (2008). In all cases the solution is determined in an iterative
manner by means of a Newton-type of algorithm. These algorithms construct
sequences of cost functions that are monotonically convergent to the solution of
interest. In all cases exact knowledge of the system dynamics (A, B1, B2) is required
and the solution is obtained by means of offline computation.

Adaptive dynamic programming (ADP) is a class of methods that provide
online solutions to optimal control problems by making use of measured informa-
tion from the system and using computation in a forward-in-time fashion, as
opposed to the backward in time procedure that is characterizing the classical
dynamic programming approach (Lewis et al., 2012). These methods were initially
developed for systems with finite state and action spaces and are based on Sutton’s
temporal difference learning (Sutton, 1988), Werbos’ Heuristic Dynamic Program-
ming (HDP) (Werbos, 1991, 1992, 2009) and Watkins’s Q-learning (Watkins, 1989).

To our knowledge, there exists only one ADP procedure that provides solutions to
the HJI equation (Wei and Zhang, 2008). This algorithm involves calculation of two
sequences of cost functions, the upper and lower performance indices, which converge to
the saddle point solution of the game. The adaptive critic structure required for learning
the saddle point solution comprised of four action networks and two critic networks. The
requirement for full knowledge of the system dynamics (A, B1, B2) is still present.

The result presented in this chapter is a reinforcement learning approach to the
saddle point solution of a two player zero-sum differential game and comes from
Vrabie and Lewis (2010). We use the idea of integral reinforcement learning (IRL)
introduced in Chapter 3, which allows calculation of the value function associated
with the pair of behavior policies of the two players. By virtue of this online ADP
method, exact knowledge of part of the system dynamics is not required. Specifi-
cally, the system drift matrix A need not be known.

The online ADP algorithm presented in this chapter to solve the two-player
differential zero-sum game is built on the mathematical result given in Lanzon et al.
(2008). This algorithm involves solving a sequence of Riccati equations in order to
construct a monotonically increasing sequence of matrices that converges to the
equilibrium solution of the game. Every matrix in this sequence is determined by
solving a Riccati equation with sign definite quadratic term of the sort associated
with the optimal control problem (Lewis et al., 2012). In this chapter, we use ADP
techniques and the idea of IRL to find the solution of these optimal control pro-
blems in an online fashion and using reduced information on the system dynamics.
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While working in the framework of control applications we will refer to the
two players u(t), w(t) in the dynamics _x ¼ Ax þ B1w þ B2u, as the controller and
disturbance, respectively, in contrast to the regular nomenclature used in game
theory of ‘pursuer’ and ‘evader’. We are assuming that both players have perfect
instantaneous state information. A player’s policy is a function that allows com-
putation of the player’s control signal based on the state information. Both players
compete and learn in real time using data measured along the system trajectories.
The two policies that characterize the Nash-equilibrium solution of the game are
thus determined based on online measured data from the system.

In the ADP approach described in this chapter only one of the two players is actively
learning and improving its policy. The algorithm is built on interplay between a learning
phase, performed by the controller that is learning in order to optimize its behavior, and a
policy update step, performed by the disturbance that is gradually increasing its detri-
mental effect. The controller learns online in order to maximize its performance while
the policy of the disturbance remains constant. The disturbance player then updates its
action policy only after the controller has learned its optimal behavior in response to the
present policy of his opponent. The update of the disturbance policy uses the informa-
tion about the policy of his opponent, and makes way for further improvement for the
controller policy. For learning the control policy in this chapter we use the online con-
tinuous-time HDP or value iteration procedure developed in Chapter 6.

We begin our investigation by providing in Section 11.1 the formulation of the
two-player zero-sum game problem and reviewing the iterative mathematical
algorithm from Lanzon et al. (2008) that solves its underlying GARE. Next, we
briefly review the online HDP (value iteration) algorithm based on IRL from
Chapter 6 that provides the solution to the single-player optimal control problem.
Section 11.2 presents the online ADP algorithm for solution of the two-player zero-
sum game in real time. It is shown that this algorithm has a novel adaptive critic
structure. Section 11.3 gives simulation results obtained for the load-frequency
control of a power system. It is shown that the proposed ADP algorithm solves the
GARE online without knowing the system A matrix, thus finding in real time the
best control policy to counteract the worst case load disturbance.

11.1 Zero-sum games for linear systems

11.1.1 Background
Consider the linear time-invariant system described by the equation

_x ¼ Ax þ B1w þ B2u ð11:3Þ
where x 2 R

n; u 2 R
m; w 2 R

q. The control actions of the control player and
disturbance player are u(t), w(t), respectively.

The controller player, which computes the signal u, desires to minimize the
quadratic performance index

V ðx0; u;wÞ ¼
ð1

0
ðxT CT Cx þ uT u � wT wÞ dt ð11:4Þ
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while the disturbance player, which computes the signal w, desires to maximize it.
The goal is to determine the saddle point stabilizing solution. Details are given in
Section 9.1.

The following assumptions, related to the solvability of the two-player game,
are made:

● (C, A) is detectable, that is all unobservable modes of (C, A) are asymptotically
stable,

● (A, B2) is stabilizable, that is all uncontrollable modes of (A, B2) are asymp-
totically stable,

● there exists a unique positive definite stabilizing solution of the GARE (11.2).

Denoting by P the unique positive definite stabilizing solution of (11.2), the
saddle point control solution and value of the Nash game are

u ¼ �BT
2Px

w ¼ BT
1Px

Vðx0; u;wÞ ¼ xT
0Px0

ð11:5Þ

We say the solution P of the GARE is stabilizing if the closed-loop system
A þ B1BT

1P� B2BT
2P is asymptotically stable.

We shall use the notations u = Kx and w = Lx for the state-feedback control and
disturbance policies, respectively. We say that K is the gain of the control policy
and L is the gain of the disturbance policy. The meaning of the saddle point solution
of the Nash differential game is that, for any state-feedback control policy ~u ¼ ~Kx
and any state-feedback disturbance policy ~w ¼ ~Lx, different than the Nash policies
in (11.5), the value of the game satisfies

V ðx0; ~u;wÞ � Vðx0; u;wÞ � V ðx0; u; ~wÞ ð11:6Þ

11.1.2 Offline algorithm to solve the game algebraic
Riccati equation

Given real matrices A, B1, B2, C with compatible dimensions, define the map
F : Rn� n ! R

n� n

FðPÞ ¼ AT P þ PA þ CT C � PðB2BT
2 � B1BT

1 ÞP ð11:7Þ

The following iterative method for solving the game algebraic Riccati equation
(GARE) (11.2) was introduced in Lanzon et al. (2008). We use the notation

Ai�1
u ¼ A þ B1BT

1 pi�1

u � B2BT
2 pi�1

u

Algorithm 11.1. Offline iterations on the control policy to solve GARE (Lanzon
et al., 2008)

1. Initialize.

P0
u ¼ 0 ð11:8Þ
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2. Iterate for i ¼ 1, 2, . . . . Solve for the unique positive definite Zi
u

0 ¼ ðAi�1
u ÞT Zi

u þ Zi
u Ai�1

u � Zi
u B2BT

2 Zi
u þ FðP�1Þ ð11:9Þ

3. Update.

Pi
u ¼ Pi�1

u þ Zi
u ð11:10Þ

&

This is an offline algorithm for solving the zero-sum (ZS) GARE that requires
full knowledge of the system dynamics (A, B1, B2). The sub-index ‘u’ is used in this
algorithm to underline the fact that the controller player is the one that will be
learning online to find solution of the sequence of Riccati equations (11.9).

The convergence of this algorithm to the unique positive definite solution of
the GARE (11.2) was given by the following result.

Theorem 11.1. (Lanzon et al., 2008) Given real matrices A, B1, B2, C with compatible
dimensions, such that (C, A) is detectable and (A, B2) is stabilizable, define the map F
as in (11.7). Suppose that there exists a stabilizing solution P > 0 of (11.2). Then:

i. There exist two square matrix series Pi
u 2 R

n� n and Zi
u 2 R

n� n for all i 2 N

satisfying Algorithm 11.1.
ii. The elements of these two series, defined recursively, have the following

properties:
a. ðA þ B1BT

1 Pi
u;B2Þ is stabilizable for all i 2 N:

b. Zi
u � 0; 8i 2 N.

c. FðPiþ1
u Þ ¼ Zi

uB1BT
1 Zi

u; 8i 2 N.

d. A þ B1BT
1 Pi

u � B2BT
2 Piþ1

u is Hurwitz 8i 2 N.

e. P � Piþ1
u � Pi

u � 0; 8i 2 N.
iii. Let P1

u ¼ limx!1 Pi
u � 0. Then P1

u ¼ P. &

We now introduce two propositions that provide equivalent formulations for
Algorithm 11.1. We introduce them here in order to bring meaning to every step of
this iterative algorithm. These propositions will provide a compact mathematical
formulation for Algorithm 11.1. Using these results we will then show that the
iterative algorithm that solves the two-player ZS game involves solving a sequence
of single-player games, namely solving a sequence of optimal control problems
(Lewis et al., 2012).

Proposition 11.2. The iteration between (11.9) and (11.10) in Algorithm 11.1 can
be written as

Pi
uðA þ B1BT

1 Pi�1
u Þ þ ðA þ B1BT

1 Pi�1
u ÞT Pi

u � Pi
uB2BT

2 Pi
u

� Pi�1
u B1BT

1 pi�1
u þ CT C ¼ 0

ð11:11Þ
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Proof: The result is obtained by writing compactly the two equations and making
use of the definition of the map F. Explicitly, (11.11) becomes

0 ¼ ðAi�1
u ÞT ðPi

u � Pi�1
u Þ þ ðPi

u � Pi�1
u ÞAi�1

u � ðPi
u � Pi�1

u ÞB2BT
2 ðPi

u � Pi�1
u Þ

þ AT Pi�1
u þ Pi�1

u A þ CT C � Pi�1
u ðB2BT

2 � B1BT
1 ÞPi�1

u

Unfolding the parentheses, using the notation Ai�1
u ¼ A þ B1BT

1 Pi�1
u � B2BT

2 Pi�1
u ,

and cancelling the equivalent terms we obtain

0 ¼ Pi�1
u B1BT

1 ðPi
u � Pi�1

u Þ � Pi�1
u B2BT

2 ðPi
u � Pi�1

u Þ þ ðPi
u � Pi�1

u ÞB1BT
1 Pi�1

u

� ðPi
u � Pi�1

u ÞB2BT
2 Pi�1

u � Pi
uB2BT

2 Pi
u þ Pi

uB2BT
2 Pi�1

u þ Pi�1
u B2BT

2 Pi
u

� Pi�1
u B2BT

2 Pi�1
u þ AT Pi

u þ Pi
uA þ CT C � Pi�1

u ðB2BT
2 � B1BT

1 ÞPi�1
u

After more cancelations and rearranging we obtain

0 ¼ Pi�1
u B1BT

1 Pi
u þ Pi

uB1BT
1 Pi�1

u þ AT Pi
u þ Pi

uA � Pi
uB2BT

2 Pi
u

� Pi�1
u B1BT

1 Pi�1
u þ CT C

which is the result (11.11). &

Proposition 11.3. The iteration between (11.9) and (11.10) in Algorithm 11.1 can
be written as

0 ¼ ðPi
u � Pi�1

u ÞAi�1
u þ ðAi�1

u ÞT ðPi
u � Pi�1

u Þ � ðPi
u � Pi�1

u ÞB2BT
2 ðPi

u � Pi�1
u Þ

þ ðPi�1
u � Pi�2

u ÞB1BT
1 ðPi�1

u � Pi�2
u Þ

ð11:12Þ
&

This results directly from (11.9), (11.10) and Theorem 11.1.
It is important to notice at this point that the result given in Proposition 11.3

includes three instances of the index of the sequence fPi
ugi�0, namely

Pi�2
u ;Pi�1

u ;Pi
u. For this reason it can only be used for calculating the values fPi

ugi�2
provided the first two elements in the sequence are available.

The next two propositions formulate optimal control problems associated with
the Riccati equations (11.11) and (11.12). This is important since they attach
meaning to Algorithm 11.1, enhancing both its reinforcement learning perspective
and its game theoretical reasoning.
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Proposition 11.4. Solving the Riccati equation (11.11) is equivalent to finding the
solution of the following optimal control problem:

‘For the system _x ¼ A þ B1wi�1 þ B2ui let the state-feedback disturbance policy
gain be Li�1

u ¼ BT
i Pi�1

u such that wi�1 ¼ BT
1 Pi�1

u x. Determine the state-feedback
control policy ui such that the infinite-horizon quadratic cost indexÐ1

0 ½xT CT Cx � wT
i�1wi�1 þ uT

i ui� dt is minimized.’

Let xT
0 Pi

ux0 ¼ minui

Ð1
0 ½xTðCT C � Pi�1

u B1BT
1 Pi�1

u Þx þ uT
i ui� dt. Then the opti-

mal state-feedback control policy is Ki
u ¼ �BT

2 Pi
u, so that the optimal state-feedback

control is ui ¼ �BT
2 Pi

ux.

Proposition 11.5. Solving the Riccati equation (11.12) is equivalent to finding the
solution of the following optimal control problem:

‘For the system _x ¼ A þ B1wi�1 þ B2ðui�1 þ ûiÞ let the state-feedback disturbance
policy be wi�1 ¼ BT

1 Pi�1
u x and the base state-feedback control policy be

ui�1 ¼ �BT
2 Pi�1

x x. Determine the correction for the state-feedback control policy,
ûi, which minimizes the infinite-horizon quadratic cost index

Ĵ ¼
ð1

0
½xT ðPi�1

u � Pi�2
u ÞB1BT

1 ðPi�1
u Pi�2

u Þx þ ûT
i ûi� dt

Let xT
0 Zi

ux0 ¼ minû i Ĵ. Then the optimal control policy ui ¼ ui�1 þ ûi is
ui ¼ �BT

2 ðPi�1
u þ Zi

uÞx.
Algorithm 11.1 can be used as the backbone for an online approach that finds

the saddle point solution of the ZS differential game in real time using data measure
along the system trajectories. In the next section we describe this online algorithm.

Because Algorithm 11.1 reaches solution of the ZS game my means of building
a sequence of solutions for standard Riccati equations, in the next subsection we
provide a brief review of the continuous-time heuristic dynamic programming (CT-
HDP) method from Chapter 6 that finds, in an online fashion, the solution of a
Riccati equation with a sign definite quadratic term.

11.1.3 Continuous-time HDP algorithm to solve
Riccati equation

The goal of this section is to briefly review the value iteration or HDP algorithm
from Chapter 6 that uses reinforcement learning ideas to solve online in real time
the standard ARE with sign definite quadratic term

AT P þ PA þ Q � PBR�1BT P ¼ 0 ð11:13Þ

We take note that the notation used in this subsection is general and not specifically
related to the notations used in the previous subsections. The continuous-time value
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iteration or HDP algorithm introduced in Vrabie et al. (2008) solves the optimal
control ARE (11.13) in real time using data measured along the system trajectories.
This CT-HDP algorithm was presented as Algorithm 6.2 and is reproduced as follows.

Algorithm 11.2. Continuous-time heuristic dynamic programming
(CT-HDP) (Vrabie et al., 2008)

Initialize. Let P0 = 0 and let K0 be a state-feedback control policy (not necessarily
stabilizing). Iterate for i=0, 1, 2, . . . between

xT
t Piþ1xt ¼

ðtþT0

t
xT

t ðQ þ KT
i RKiÞxt dtþ xT

tþT0
PtxtþT0 ð11:14Þ

Kiþ1 ¼ R�1BT Piþ1 ð11:15Þ

until convergence, where xt denotes the state of the system described by
_x ¼ ðA þ BKiÞx with initial condition xt. The value of the state at time t + T0 is
denoted by xtþT0 . &

The online implementation of this algorithm was discussed in Chapter 6 in
some detail. It is now briefly reviewed. The solution of (11.14) consists of the value
of the matrix Pi + 1 that parameterizes the cost function at iteration step i + 1.Write
the quadratic cost function at step i as

xT
t Pixt ¼ pT

i xt ð11:16Þ

where xt denotes the Kronecker product (Brewer, 1978) quadratic polynomial basis
vector with elements fxiðtÞxjðtÞgi¼1;n;j¼i;n. Vector p ¼ vðPÞ consists of the columns
of P stacked on top of one another with redundant lower diagonal terms deleted.
Here, the off-diagonal terms are taken as 2Pjk, with Pjk the element of matrix P.

The integral reinforcement over the time interval [t, t + T0] is defined as

dðxt;KiÞ ¼
ðtþT0

t
xT ðtÞðQ þ Ki

T RKiÞxðtÞ dt ð11:17Þ

Based on these notations and structures (11.14) is rewritten as

piþ1
T xt ¼ dðxt;KiÞ þ pi

T xtþT0 : ð11:18Þ

This is a linear equation in which the vector of unknown parameters is piþ1. This is
in the standard form of equations appearing in system identification (Ljung, 1999),
and xt acts as a regression vector. The right-hand side of this equation can be
viewed as a target reinforcement function. It is given in terms of data measured
along the state trajectories over the time interval [t, t + T0], namely the integral
reinforcement over [t, t + T0] and the state value at t þ T0; xtþT0 .

228 Optimal adaptive control and differential games by RL principles

Ch011 17 September 2012; 17:11:33



The parameter vector piþ1 is found by finding the least-squares solution to
(11.18) for numerous time steps [t, t + T0]. This is standard in system identification,
and can be accomplished by using batch least-squares or recursive least-squares
algorithms (Ljung, 1999).

The online value iteration Algorithm 11.2 is an online data-based approach that
uses reinforcement learning ideas to find the solution of the standard algebraic
Riccati equation (11.13). This algorithm does not require explicit knowledge of the
system drift dynamics matrix A, which does not appear in Algorithm 11.2.

11.2 Online algorithm to solve the zero-sum differential game

Algorithm 11.1 solves the ZS game, but it is an offline method that relies on itera-
tions on nonstandard Riccati equations with sign indefinite terms. We now plan to
formulate Algorithm 11.1 in terms of iterations on standard Riccati equations of the
form (11.13) with sign definite quadratic term. This is presented as Algorithm 11.3.
At every iteration step, these standard Riccati equations can be solved by means of
the online value iteration (CT-HDP) Algorithm 11.2. The end result is the online
Algorithm 11.4, which finds the saddle point solution of the differential game online
in real time using data measured along the system trajectories. In this algorithm,
neither of the two players uses any knowledge about the system drift dynamics A.

In the online algorithm given in this section, the solution of the game is found
online while the game is played. We shall see that only one of the players is
learning and optimizing his behavior strategy while the other is playing based on
fixed policies. We say that the learning player is leading the learning procedure.
His opponent is a passive player who decides on a fixed policy and maintains it
during every learning phase. The passive player changes his behavior policy based
only on information regarding his opponent’s optimal strategy. It is noted that the
passive player does not choose the best strategy that he could play to get a leading
advantage in the sense of a Stackelberg game solution. Instead, he plays the strat-
egy that his opponent, that is the learning player, chooses for him, because this will
allow the learning process to terminate with the calculation of the desired Nash-
equilibrium solution of the game.

That is, in the algorithm presented in this section, the reinforcement learning
technique is employed only by the controller, while the passive player is the disturbance.

First, we give the formulation of Algorithm 11.1 as iterations on standard
Riccati equations of the form (11.13). Throughout, we make use of the notation
Ai�1

u ¼ A þ B1BT
1 Pi�1

u � B2BT
2 Pi�1

u .

Algorithm 11.3. Formulation of Algorithm 11.1 in terms of standard AREs

1. Initialize. Let P0
u ¼ 0.

2. Solve online the Riccati equation

Pi
uA þ AT P1

u � P1
uB2BT

2 P1
u þ CT C ¼ 0 ð11:19Þ
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3. Let Z1
u ¼ P1

u:
4. For i � 2 solve online the Riccati equation

Zi
uAi�1

u þ Ai�1T
u Zi

u � Zi
uB2BT

2 Zi
u þ Zi�1

u B1Bi�1
u Zi�1

u ¼ 0 ð11:20Þ

5. Pi
u ¼ Pi�1

u þ Zi
u. &

At every step the Riccati equations can be solved online using the data-based
approach of Algorithm 11.2. This does not require knowledge of the system drift
matrix A.

The online algorithm is given next. It can be viewed as an extension of
approximate dynamic programming (Werbos, 1991, 1992, 2009) to solve ZS games
online for continuous-time systems.

Algorithm 11.4. Online solution of ZS games using integral
reinforcement learning

1. Initialize. Let P0
u ¼ 0.

2. Let K0ð0Þ
u be zero, let k=0.

a. Solve online

xT
t P0ðkþ1Þ

u xt ¼
ðtþT0

t
xT
t ðCT C þ K0ðkÞT

u RK0ðkÞ
u Þxt dtþ xT

tþT0
P0ðkÞ

u xtþT0

b. Update K0ðkþ1Þ
u ¼ �BT

2 P0ðkþ1Þ
u ; k ¼ k þ 1.

c. Until kP0ðkÞ
u � P0ðk�1Þ

u k < e.
3. P1

u ¼ P0ðkÞ
u ;Z1

u ¼ P1
u.

4. For i � 2:
a. Let Ki�1ð0Þ

u be zero, let k = 0. Denote Ai�1ðkÞ
u ¼ A þ B1BT

1 Pi�1
u þ B2Ki�1ðkÞ

u
and let xt be the solution over the interval [t, t + T0] of _x ¼ Ai�1ðkÞ

u x with
initial condition xt.

b. Solve online for the value of Ziðkþ1Þ
u using value iteration (CT-HDP)

xT
t Ziðkþ1Þ

u xt ¼
ðtþT0

t
xT
t ðZi�1

u B1BT
1 Zi�1

u þ Ki�1ðkÞT
u Ki�1ðkÞ

u Þxt dtþ xT
tþT0

ZiðkÞ
u xtþT0

c. Update Ki�1ðkþ1Þ
u ¼ Ki�1ðkÞ

u � BT
2 Ziðkþ1Þ

u ; k ¼ k þ 1.
d. Until kZiðkÞ

u � Ziðkþ1Þ
u k < e.

5. Zi
u ¼ ZiðkÞ

u ;Pi
u ¼ Pi�1

u þ Zi
u.

6. Until kPi
u � Pi�1

u k< ep: &

This is an online algorithm to solve the ZS game problem in real time using
data measured along the system trajectories. It does not require knowledge of the
system drift matrix A. From the perspective of two-player ZS games, this algorithm
translates as follows:
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1. Let the initial disturbance policy be zero, w = 0.
2. Let K0ð0Þ

u be an initial control policy for the system (11.3) with zero dis-
turbance w = 0, and let k = 0.
a. Update the value associated with the controller K0ðkÞ

u ;
b. update the control policy, k = k + 1;
c. until the controller with the highest value (i.e. minimum cost) has been

obtained.
3. Update the disturbance policy using the gain of the control policy.
4. For i � 2:

a. Let Ki�1ð0Þ
u be a control policy for the system (11.3) with disturbance

policy w ¼ BT
1 Pi�1

u x and let k = 0:
i. find the added value associated with the change in the control policy;

ii. update the control policy, k = k +1;
iii. until the controller with the highest value has been obtained.

5. Go to step 3 until the control policy and disturbance policy have the same gain.

Concisely, the game is played as follows.

1. The game starts while the disturbance player does not play.
2. The controller player plays the game without opponent and uses reinforcement

learning to find the optimal behavior that minimizes his costs; then informs his
opponent on his new behavior policy.

3. The disturbance player starts playing using the behavior policy of his
opponent.

4. The controller player corrects iteratively his own behavior using reinforcement
knowledge such that his costs are again minimized; then informs his opponent
on his new behavior policy.

5. Go to step 3 until the two policies are characterized by the same parameter
values.

The two players execute successively steps 3 and 4 until the controller player
can no longer lower his costs by changing his behavior policy. Then, the saddle
point equilibrium has been obtained. This algorithm corresponds to a novel adap-
tive critic structure as given in Figure 11.1. This structure has one critic and two
actor networks, one for each player. An important aspect revealed by the adaptive
critic structure is the fact that this ADP algorithm uses three time scales:

● the continuous-time scale, AQ1represented by the full lines, which is connected
with the continuous-time dynamics of the system and the continuous-time
computations performed by the two players.

● a discrete time scale given by D1, which is a multiple of the sample time T. This
time scale is connected with the online learning procedure that is based on
discrete time measured data.

● a slower discrete time scale characterized by the period D2, that is a multiple
of D1. This time scale is connected with the update procedure of the dis-
turbance policy, procedure that is performed once the controller policy has
converged.
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The values of the time periods D1 and D2 can be variable and are controlled by the
critic, which outputs the matrices ZiðkÞ

u after every D1 interval, and Zi
u after every D2

time interval. These periods are based on the sample time T = T0. In fact, the
integration period T0 does not need to be constant, and can vary at each iteration
step. In is not a sample time in the sense of standard sampled data systems.

One notes that both the control and disturbance signals are obtained as sums of
two signals: a base signal and a correction signal.

u ¼ ub þ û ¼ �BT
2 Pi�1

u x � BT
2 ZiðkÞ

u x
w ¼ wb þ ŵ ¼ �BT

1 Pi�2
u x þ BT

1 Zi�1
u x

ð11:21Þ

The disturbance policy is constant over the time intervals D2, and is equal with
BT

1 Pi�1
u , being described by the parameters of the base policy of the controller given

by the matrix Pi�1
u . The control policy is constant over the shorter time intervals D1,

and is equal with �BT
2 ðPi�1

u þ ZiðkÞ
u Þ. The correction policy of the controller is the

one that changes at every time interval D1 while the base policy remains constant
over the larger interval D2.

11.3 Online load–frequency controller design for a
power system

This section simulates the application of Algorithm 11.4 while finding the optimal
controller for a power system.

Even though power systems are characterized by non-linearities, linear state-
feedback control is regularly employed for load–frequency control about certain
nominal operating points that are characterized by variations of the system load in a
given range around a constant value. Although this assumption seems to simplify

x
u

Disturbance

w

u w

wub

Learning procedure

x � Ax � B2u � B1w; x0

System

V � xTCTCx � uTu, if i �1
V � wTw � uTu,       if  > 1

T T

Controller

u

wb

V

uPi
uPi�1

uPi�1

uPi�1

uPi�2

uZ i

uZ i

uZ i�1

uZ i(k)

x

Δ2

Δ2

Δ2

Δ1

Figure 11.1 Adaptive critic structure for the online ADP game controller
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the design problem of load–frequency control, a new problem appears from the fact
that the parameters of the actual plant are not precisely known and only the range of
these parameters can be determined. For this reason it is particularly advantageous
to apply model-free methods to obtain the optimal H-infinity controller for a given
operating point of the power system. Algorithm 11.4 does not require knowledge of
the system A matrix, so is particularly useful for such applications.

The plant considered is the linear model of the power system presented in
Wang et al. (1993). The purpose of the design method is to determine the control
strategy that results in minimal control cost in response to a maximal load change.

The state vector is

x ¼ Df DPg DXg DE �T
h

ð11:22Þ

where the state components are the incremental frequency deviation Df (Hz),
incremental change in generator output DPg (p.u. MW), incremental change in
governor value position DXg (p.u. MW) and the incremental change in integral
control DE. The matrices of the model of the plant used in this simulation are

Anom ¼

�0:0665 8 0 0

0 �3:663 3:663 0

�6:86 0 �13:736 �13:736

0:6 0 0 0

2
6664

3
7775

B2 ¼ ½ 0 0 13:736 0 �T B1 ¼ ½�8 0 0 0 �T

ð11:23Þ

The cost function parameter, that is the C matrix, was chosen such that Q = CTC is
the identity matrix of appropriate dimensions.

Knowing the system matrices one determines the saddle point of the zero-sum
game by solving GARE (11.2) to obtain

P1
u ¼ P ¼

0:6036 0:7398 0:0609 0:5877
0:7398 1:5438 0:1702 0:5978
0:0609 0:1702 0:0502 0:0357
0:5877 0:5978 0:0357 2:3307

2
664

3
775 ð11:24Þ

For the purpose of demonstrating Algorithm 11.4, the closed-loop system was
excited with an initial condition of one incremental change in integral control DE,
the initial state of the system being x0 ¼ 0 0 0 1 �½ . The simulation was con-
ducted using data obtained from the system every 0.1 s. The value of the stop
criterion s was 10–7.

Algorithm 11.4 was run. To solve online for the values of the Pi
u matrix that

parameterizes the cost function at step i, a least-squares problem of the sort
described in Section 11.1.3 was set up before each iteration step 2.a or 4.a.i in the
Algorithm 11.4. Since there are 10 independent elements in the symmetric matrix
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Pi
u, the setup of the least-squares problem requires at least 10 measurements of the

cost function associated with the given control policy, and measurements of the
system’s states at the beginning and the end of each time interval. Persistence of
excitation is needed to solve this least-squares problem. A least-squares problem
was solved after 25 data samples were acquired and thus the policy of the controller
was updated every 2.5 s.

Figure 11.2 presents the evolution of the parameters of the value of the game,
that is the elements of the kernel matrix Pi

u. It is clear that these cost function (i.e.
critic) parameters converged to the optimal ones in (11.24).

The value of the game after five updates of the control policy is given by the
matrix

P5
u ¼

0:6036 0:7399 0:0609 0:5877
0:7399 1:5440 0:1702 0:5979
0:0609 0:1702 0:0502 0:0357
0:5877 0:5979 0:0357 2:3307

2
664

3
775 ð11:25Þ

Comparing (11.25) with (11.24) one sees that the solution obtained using the ADP
gaming method Algorithm 11.4 is very close to the exact solution (11.24), which
was obtained offline by solving the GARE. Note that the solution of the GARE
requires full knowledge of the system dynamics (A, B1, B2), whereas the solution
obtained online using Algorithm 11.4 does not require the matrix A. This is
important, for in LPC the A matrix is not exactly known. In fact, if the system
parameters, and hence the matrix A, change during operation, Algorithm 11.4 will
converge in real time to the new game solution corresponding to the new A matrix.

The number of iterations until convergence of the Zi
u for i ¼ 1; 5are given in

the vector iter ¼ ½ 52 51 15 3 1 �. The large change in the parameters of the
cost function, indicated in the figure at time 132.5 s, is determined by the first
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0

1
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5
Parameters of the cost function of the game

Time (s)

P(1,1)
P(1,2)
P(2,2)
P(3,4)
P(4,4)

Figure 11.2 Convergence of the cost function of the game using the ADP method
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update of the policy of the disturbance player, that is after the sequence Z1ðkÞ
u has

converged to Z1
u , and P2

u was calculated.
It is important to note that the convergence to the equilibrium of the game is

strongly connected with the convergence of steps 2 and 4 of Algorithm 11.4. If
convergence at these steps is not obtained, and the disturbance policy is yet upda-
ted, then there are no guarantees that the saddle point solution of the game will still
be obtained.

As discussed in Lanzon et al. (2008), there are no guarantees that the closed-loop
dynamics of the game, characterized by Ai�1

u ¼ A þ B1BT
1 Pi�1

u � B2BT
2 Pi�1

u , obtained
after the disturbance has updated its policy, will be stable. For this reason, the iteration
that was employed at the steps 2 and 4 of the Algorithm 11.4 was chosen to be the
CT-HDP algorithm described in Algorithm 11.2, because this CT-HDP procedure
does not require initialization with a stabilizing controller.

11.4 Conclusion

This chapter introduced an online data-based approach that makes use of reinfor-
cement learning techniques, namely the integral reinforcement learning method, to
determine in an online fashion the solution of the two-player zero-sum differential
game with linear dynamics. The result, Algorithm 11.4, is based on a mathematical
algorithm in Lanzon et al. (2008) that solves the GARE offline. Algorithm 11.4
involves iterations on Riccati equations to build a sequence of control and dis-
turbance policies. These sequences converge monotonically to the state-feedback
saddle point solution of the two-player zero-sum differential game.

The Riccati equations that appear at each step of Algorithm 11.4 are solved
online using measured data by means of a continuous-time value iteration (i.e. CT-
HDP) algorithm. This algorithm is based on the integral reinforcement learning
techniques of Chapter 3. In this way, the H-infinity state-feedback optimal con-
troller, or the solution of the differential game, can be obtained online without
using exact knowledge on the drift dynamics of the system, that is matrix A in the
system dynamics (11.3).
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Appendix A

Proofs

Proofs for selected results from Chapter 4

Lemma 4.1. Solving for V mðiÞ in (4.9) is equivalent with finding the solution of

0 ¼ rðx; mðiÞðxÞÞ þ ðrV mðiÞ
x ÞTðf ðxÞ þ gðxÞmðiÞðxÞÞ;V mðiÞ ð0Þ ¼ 0 ð4:12Þ

Proof: Since mðiÞ 2 YðWÞ, then V mðiÞ 2 C1ðWÞ, defined as V mðiÞ ðxðtÞÞ ¼Ð1
t rðrðsÞ; mðiÞðxðsÞÞÞ ds, is a Lyapunov function for the system _xðtÞ ¼ f ðxðtÞÞþ

gðxðtÞÞmðiÞðxðtÞÞ 	 V mðiÞ 2 C1ðWÞ satisfies

ðr V mðiÞ
x ÞT ðf ðxÞ þ gðxÞmðiÞðxÞÞ ¼ �rðxðtÞ; mðiÞðxðtÞÞÞ ðA:1Þ

with rðxðtÞ; mðiÞðxðtÞÞÞ > 0; xðtÞ 6¼ 0. Integrating (A.1) over the time interval
[t, tþ T] one obtains

V mðiÞ ðxðtÞÞ ¼
ðtþT

t
rðxðsÞ; mðiÞðxðsÞÞÞ ds þ V mðiÞ ðxðt þ TÞÞ ðA:2Þ

This means that the unique solution of (4.12), V mðiÞ, satisfies also (A.2).
To complete the proof, uniqueness of solution of (A.2) must be established.

The proof is by contradiction. Thus, assume that there exists another cost function
V 2 C1ðWÞ that satisfies (4.12) with the end condition V(0) ¼ 0. This cost function
also satisfies _V ðxðtÞÞ ¼ �rðxðtÞ; mðiÞðxðtÞÞÞ. Subtracting this from (A.2) we obtain

d½VðxðtÞÞ � V mðiÞ ðxðtÞÞ�T
dx

 !
_x ¼ d½V ðxðtÞÞ � V mðiÞ ðxðtÞÞ�T

dx

 !
ðf ðxðtÞÞ

þ gðxðtÞÞmðiÞðxðtÞÞÞ ¼ 0

ðA:3Þ

which must hold for any x on the system trajectories generated by the stabilizing
policy mðiÞ.

Thus, VðxðtÞÞ ¼ V mðiÞ ðxðtÞÞ þ c. As this relation must hold also for x(t) ¼ 0

then Vð0Þ ¼ V mðiÞ ð0Þ þ c ) 0 ¼ c and thus V ðxðtÞÞ ¼ V mðiÞ ðxðtÞÞ, that is (4.9) has a
unique solution that is equal with the unique solution of (4.12). &
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Lemma 4.3. Let mðxÞ 2 YðWÞ such that f ðxÞ þ gðxÞmðxÞ is asymptotically stable.
Given that the set ffjgN

1
is linearly independent then 9T > 0 such that

:8xðtÞ 2 W� f0g, the set fjðxðtÞ;TÞ ¼ fjðxðt þ TÞÞ � fjðxðtÞÞ
� �N

1
is also linearly

independent.

Proof: The proof is by contradiction.

The vector field _x ¼ f ðxÞ þ gðxÞmðxÞ is asymptotically stable. Denote with
hðt; xðtÞ; mÞ; xðtÞ 2 W the system trajectories obtained using the policy mðxÞ for any
xðtÞ 2 W. Then, along the system trajectories, we have

fðxðt þ TÞÞ � fðxðtÞÞ ¼
ðtþT

t
rfT

x ðf þ gmÞðhðt; xðtÞ; mÞÞ dt ðA:4Þ

Suppose that the result is not true, then 8T > 0 there exists a nonzero constant
vector c 2 R

N such that 8xðtÞ 2 W cT ½fðxðt þ TÞÞ � fðxðtÞÞ� � 0. This implies
that 8T > 0; cT

Ð tþT
t rfT

x ðf þ gmÞðfðt; xðtÞ; mÞÞ dt � 0 and thus, 8xðtÞ2 W; cT rfT
x

ðf þ gmÞðjðt; xðtÞ; mÞÞ � 0. This means that frfT
j ðf þ guÞgN

1
is not linearly

independent contradicting Lemma 4.2. Thus, 9T > 0 such that 8xðt0Þ 2 W the set
ffjðxðt0Þ;TgN

1
is also linearly independent. &

Corollary 4.2. (Admissibility of mðiÞL ðxÞÞ 9L0 such that 8L > L0; m
ðiÞ
L 2 YðWÞ.

Proof: Consider the function V mðiÞ, which is a Lyapunov function for the system
(4.1) with control policy mðiÞ. Taking derivative of V mðiÞ along the trajectories gen-
erated by the controller mðiþ1Þ

L ðxÞ one obtains

_V
mðiÞ ¼ ðr V mðiÞ

x ÞTðf ðxÞ þ gðxÞmðiþ1Þ
L ðxÞÞ ðA:5Þ

We also have that _V
mðiÞ ¼ ðrV mðiÞ

x ÞTð f ðxÞ þ gðxÞmðiÞðxÞÞ ¼ �QðxÞ � ðmðiÞðxÞÞT

RmðiÞðxÞ and thus ðrV mðiÞ
x ÞT f ðxÞ ¼ �ðrV mðiÞ

x ÞT gðxÞmðiÞðxÞ � QðxÞ � ðmðiÞðxÞÞT

RmðiÞðxÞ. With this, (A.5) becomes

_V
mðiÞ ¼�QðxÞ�ðmðiÞðxÞÞT RmðiÞðxÞ�ðrV mðiÞ

x ÞT gðxÞðmðiÞðxÞ�mL
ðiþ1ÞðxÞÞ ðA:6Þ

Using the controller update mðiþ1ÞðxÞ ¼ �1
2R

�1gðxÞTr V mðiÞ
x we can write

ðr V mðiÞ
x ÞT gðxÞ ¼ 2Rmðiþ1ÞðxÞ. Thus (A.6) becomes

_V
mðiÞ ¼ �Q � ðmðiÞÞT RmðiÞ � 2mðiþ1ÞRðmðiÞ � mðiþ1Þ

L Þ
¼ �Q � ðmðiÞ � mðiþ1ÞÞT RðmðiÞ � mðiþ1ÞÞ � ðmðiþ1Þ

L ÞT Rmðiþ1Þ
L

þ ðmðiþ1Þ � mðiþ1Þ
L ÞT Rðmðiþ1Þ � mðiþ1Þ

L Þ
ðA:7Þ
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Since supx2W jmðiÞL ðxÞ � mðiÞðxÞj ! 0 as L ! 1 then there exists a L0 such that

8L > L0; _V
mðiÞ

< 0, which means that V mðiÞ is a Lyapunov function for the system

with control policy mðiþ1Þ
L ðxÞ, which proves the corollary. &

Proofs for selected results from Chapter 5

Corollary 5.1. T 0
m : X P ! X P is a contraction map on XP.

Proof: The fixed point of T 0
mP ¼ P m

1 ¼D Mm þ ðAT0
d ÞT PAT0

d is the unique positive
definite solution of the discrete-time Lyapunov equation

P m ¼ Mm þ ðAT0
d ÞT P mAT0

d ðA:8Þ

Using the recursion k times, with P m
0 ¼ P we have

P m
k ¼ Mm þ ðAT0

d ÞT P m
k�1AT0

d ðA:9Þ

Subtracting (A.8) from (A.9)

Pm � P m
k ¼ ðAT0

d ÞTðP m � P m
k�1ÞAT0

d ðA:10Þ

Using the norm operator, (A.10) becomes

kP m � P m
k kr � kAT0

d k2
rkP m � P m

k�1kr ðA:11Þ

Since AT0
d is a discrete version of the closed loop continuous-time system stabilized

by the state feedback control policy mðxÞ ¼ �Kmx, then 0 < rðAT0
d Þ < 1. Thus, T 0

m is
a contraction map on

ðX P; k krÞ
&

Proofs for Chapter 7

Proof for Technical Lemma 7.2 Part a

This is a more complete version of results in Ioannou and Fidan (2006) and Tao
(2003).

Set eH ¼ 0 in (7.17). Take the Lyapunov function

L ¼ 1
2
~W

T
1 a�1

1
~W1 ðA:12Þ

The derivative is

_L ¼ � ~W
T
1s1sT

1
~W1
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Integrating both sides

Lðt þ TÞ � LðtÞ ¼ �
ðtþT

t

~W
T
1s1ðtÞsT

1 ðtÞ ~W1 dtLðt þ TÞ

¼ LðtÞ � ~W
T
1 ðtÞ

ðtþT

t
FT ðt; tÞs1ðtÞsT

1 ðtÞFðt; tÞ dt ~W1ðtÞ

¼ LðtÞ � ~W
T
1 ðtÞS1 ~W1ðtÞ � ð1 � 2a1b3ÞLðtÞ

So

Lðt þ TÞ � ð1 � 2a1b3ÞLðtÞ ðA:13Þ

Define g ¼ ð1 � 2a1b3Þ. By using norms, we write (A.13) in terms of ~W1 as

1
2a1

k ~W ðt þ TÞk2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 � 2a1b3Þ

p 1
2a1

k ~W ðtÞk2

k ~W ðt þ TÞk � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 � 2a1b3Þ
p k ~W ðtÞk

k ~W ðt þ TÞk � gk ~W ðtÞk

Therefore

k ~W ðkTÞk � g kk ~W ð0Þk ðA:14Þ

that is ~W ðtÞ decays exponentially. To determine the decay time constant in con-
tinuous time, note

k ~W ðkTÞk � e�akTk ~W ð0Þk ðA:15Þ

where e�akT ¼ g k . Therefore the decay constant is

a ¼ � 1
T

lnðgÞ , a ¼ � 1
T

lnð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � 2a1b3

p
Þ ðA:16Þ

This completes the proof. &

Proof for Technical Lemma 7.2 Part b

Consider the system

_xðtÞ ¼BðtÞuðtÞ
yðtÞ ¼CT ðtÞxðtÞ

(
ðA:17Þ

The state and the output are

xðt þ TÞ ¼ xðtÞ þ
ZtþT

t

BðtÞuðtÞ dt

yðt þ TÞ ¼ CT ðt þ TÞxðt þ TÞ

8>><
>>: ðA:18Þ
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Let C(t) be PE,
AQ1

so that

b1I � SC �
ðtþT

t
CðlÞCT ðlÞ dl � b2I ðA:19Þ

Then,

yðt þ TÞ ¼ CT ðt þ TÞxðtÞ þ
ðtþT

t
CT ðt þ TÞBðtÞuðtÞ dtðtþT

t
CðlÞ yðlÞ �

ðl
t

CT ðlÞBðtÞuðtÞ dt
� �

dl

¼
ðtþT

t
CðlÞCTðlÞxðtÞ dlðtþT

t
CðlÞ yðlÞ �

ðl
t

CT ðlÞBðtÞuðtÞ dt
� �

dl ¼ SCxðtÞ

xðtÞ ¼ S�1
C

ðtþT

t
CðlÞ yðlÞ �

ðl
t

CTðlÞBðtÞuðtÞ dt
� �

dl
� �

Taking the norms in both sides yields

kxðtÞk � jjS�1
C

ðtþT

t
CðlÞyðlÞ dljj þ jjS�1

C

ðtþT

t
CðlÞ

ðl
t

CTðlÞBðtÞuðtÞ dt
� �

dl
� �

jj

kxðtÞk � ðb1IÞ�1ð
ðtþT

t
CðlÞCT ðlÞ dlÞ1=2ð

ðtþT

t
yðlÞT yðlÞ dlÞ1=2

þ kS�1
C k

ðtþT

t
kCðlÞCT ðlÞkdl

ðtþT

t
kBðtÞuðtÞkdt

� �

kxðtÞk �
ffiffiffiffiffiffiffiffi
b2T

p
b1

ymax þ db2

b1

ðtþT

t
kBðtÞk 	 kuðtÞkdt

ðA:20Þ
where d is a positive constant of the order of 1. Now consider

_~W1ðtÞ ¼ a1s1u ðA:21Þ
Note that setting u ¼ �y þ ðeH=msÞ with output given y ¼ sT

1
~W1 turns (A.21) into

(7.17). Set B ¼ a1s1;C ¼ s1; xðtÞ ¼ ~W1 so that (A.17) yields (A.21). Then,

kuk � kyk þ eH

ms

����
���� � ymax þ emax ðA:22Þ

since kmsk � 1. Then,

N �
ðtþT

t
kBðtÞk 	 kuðtÞkdt ¼

ðtþT

t
ka1s1ðtÞk 	 kuðtÞkdt

� a1ðymax þ emaxÞ
ðtþT

t
ks1ðtÞkdt

Proofs 241

Appendixa 17 September 2012; 16:27:12



� a1ðymax þ emaxÞ
ðtþT

t
ks1ðtÞk2 dt

� �1=2 ðtþT

t
1 dt

� �1=2

By using (A.19),

N � a1ðymax þ emaxÞ
ffiffiffiffiffiffiffiffi
b2T

p
ðA:23Þ

Finally, (A.20) and (A.23) yield

~W 1ðtÞ �
ffiffiffiffiffiffiffiffi
b2T

p
b1

ymax þ db2a1 emax þ ymaxð Þ½ �f g ðA:24Þ

This completes the proof. &

Proof of Theorem 7.2. The convergence proof is based on Lyapunov analysis. We
consider the Lyapunov function

LðtÞ ¼ V ðxÞ þ 1
2

trð ~W T
1 a�1

1
~W1Þ þ 1

2
trð ~W T

2 a�1
2

~W2Þ ðA:25Þ

With the chosen tuning laws one can then show that the errors ~W1 and ~W2 are UUB
and convergence is obtained. This proceeds as follows:

Take the derivative of the Lyapunov function to obtain

_LðxÞ ¼ _V ðxÞ þ ~W
T
1a

�1
1

_~W1 þ ~W
T
2a

�1
2

_~W2 ¼ _LV ðxÞ þ _L1ðxÞ þ _L2ðxÞ ðA:26Þ

First term is,

_V ðxÞ¼W T
1 rf1f ðxÞ�1

2
D1ðxÞŴ2

� �
þreT ðxÞ f ðxÞ�1

2
gðxÞR�1gTðxÞrfT

1 Ŵ2

� �
Then

_V ðxÞ ¼ W T
1 rf1f ðxÞ � 1

2
D1ðxÞŴ2

� �
þ e1ðxÞ

¼ W T
1 rf1f ðxÞ þ 1

2
W T

1 D1ðxÞðW1 � Ŵ2Þ � 1
2

W T
1 D1ðxÞW1 þ e1ðxÞ

¼ W T
1 rf1f ðxÞ ¼ 1

2
W T

1 D1ðxÞ ~W2 � 1
2

W T
1 D1ðxÞW1 þ e1ðxÞ

¼ W T
1 s1 þ 1

2
W T

1 D1ðxÞ ~W2 þ e1ðxÞ

where

e1ðxÞ � _eðxÞ ¼ reTðxÞ f ðxÞ � 1
2

gðxÞR�1gTðxÞrfT
1 ðxÞŴ2

� �
:
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From the HJB equation

W T
1 s1 ¼ �QðxÞ � 1

4
W T

1 D1ðxÞW1 þ eHJBðxÞ

Then

_LV ðxÞ ¼ �QðxÞ� 1
4

W T
1 D1ðxÞW1 þ 1

2
W T

1 D1ðxÞ ~W2 þ eHJBðxÞþ e1ðxÞ

� _LV ðxÞþ 1
2

W T
1 D1ðxÞ ~W2 þ e1ðxÞ ðA:27Þ

Second term is,

_L1 ¼ ~W T
1 a

�1
1

_~W1

¼ ~W T
1 a

�1
1 a1

s2

ðsT
2s2 þ 1Þ2 sT

2 Ŵ1 þ QðxÞ þ 1
4

Ŵ T
2
�D1Ŵ2

� �

¼ ~W T
1

s2

ðsT
2s2 þ 1Þ2 ðsT

2 Ŵ1 þ QðxÞ þ 1
4
Ŵ T

2
�D1ðxÞŴ2 � QðxÞ

� sT
1 W1

1
4

W T
1
�D1ðxÞW1 þ eHJBðxÞÞ

¼ ~W T
1

s2

ðsT
2s2 þ 1Þ2 ðsT

2 ðxÞŴ1 � sT
1 ðxÞW1 þ 1

4
Ŵ T

2
�D1ðxÞŴ2

� 1
4
W T

1
�D1ðxÞW1 þ eHJBðxÞÞ

¼ ~W T
1

s2

ðsT
2s2 þ 1Þ2 ð� ~W T

1 ðrfT
1 ðxÞÞT f ðxÞ � 1

2
Ŵ T

2
�D1ðxÞŴ1

þ 1
2
W T

1
�D1ðxÞW1 þ 1

4
Ŵ T

2
�D1ðxÞŴ2 � 1

4
W T

1
�D1ðxÞW1 þ eHJBðxÞÞ

¼ ~W T
1

s2

ðsT
2s2 þ 1Þ2 ð�f ðxÞT rfT

1 ðxÞ ~W1 þ 1
2
Ŵ T

2
�D1ðxÞ ~W1

þ 1
4
~W T

2
�D1ðxÞ ~W2 þ eHJBðxÞÞ

_L1 ¼ ~W T
1

s2

ðsT
2s2 þ 1Þ2 ð�sT

2
~W1 þ 1

4
~W T

2
�D1ðxÞ ~W2 þ eHJBðxÞÞ

¼ _�L1 þ 1
4
~W T

1

s2

ðsT
2s2 þ 1Þ2

~W T
2
�D1ðxÞ ~W2

ðA:28Þ
where

_L1 ¼ ~W
T
1

s2

ðsT
2s2 þ 1Þ2 ð�sT

2
~W1 þ eHJBðxÞÞ ¼ ~W

T
1s2 �sT

2
~W1 þ eHJBðxÞ

ms

� �
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Finally, by adding the terms (A.27) and (A.28)

_LðxÞ ¼ � QðxÞ � 1
4
W T

1 D1ðxÞW1 þ 1
2
W T

1 D1ðxÞ ~W2 þ eHJBðxÞ þ e1ðxÞ

þ ~W T
1

s2

ðsT
2s2 þ 1Þ2 ð�sT

2
~W1 þ 1

4
~W T

2 D1ðxÞ ~W2 þ eHJBðxÞÞ

þ ~W T
2 a

�1
2

_~W 2

_LðxÞ ¼ _LV þ _L1 þ e1ðxÞ � ~W T
2 a

�1
2

_̂W 2 þ 1
2
~W T

2 D1ðxÞW1

þ 1
4
~W T

2 D1ðxÞW1
�sT

2

ms

~W1 � 1
4
~W T

2 D1ðxÞW1
�sT

2

ms
W1

þ 1
4
~W T

2 D1ðxÞ ~W2
�sT

2

ms
W1 þ 1

4
~W T

2 D1ðxÞŴ2
�sT

2

ms
Ŵ1

ðA:29Þ

where s2 ¼ ðs2=sT
2s2 þ 1Þ and ms ¼ sT

2s2 þ 1.
To select the update law for the action neural network, write (A.29) as

_LðxÞ ¼ _LV þ _L1 þ e1ðxÞ � ~W
T
2 a�1

2
_̂W 2 � 1

4
D1ðxÞŴ2

sT
2

ms
Ŵ1

� �

þ 1
2

Ŵ
T
2 D1ðxÞW1 þ 1

4
Ŵ

T
2 D1ðxÞW1

sT
2

ms

~W1 � 1
4
~W

T
2 D1ðxÞW1

sT
2

ms
W1

þ 1
4
~W

T
2 D1ðxÞW1

s2

ms

~W2

Now define the actor tuning law as

_̂W2 ¼ �a2 ðF2Ŵ2 � F1sT
2 Ŵ1Þ � 1

4
D1ðxÞŴ2mT Ŵ1

� �
ðA:30Þ

This adds to _L the terms

~W
T
2 F2 ~W2 � ~W

T
2 F1sT

2 Ŵ1 ¼ ~W
T
2 F2ðW1 � ~W2Þ � ~W

T
2 F1sT

2 ðW1 � ~W1Þ

¼ ~W
T
2 F2W1 � ~W

T
2 F2 ~W 2 � ~W

T
2 F1sT

2 W1

þ ~W
T
2 F1sT

2
~W1
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Overall

_LðxÞ ¼ �QðxÞ � 1
4

W T
1 D1ðxÞW1 þ eHJBðxÞ þ ~W

T
1s2 �sT

2
~W1 þ eHJBðxÞ

ms

� �

þ e1ðxÞ þ 1
2
~W

T
2 D1ðxÞW1 þ 1

4
~W

T
2 D1ðxÞW1

sT
2

ms

~W1

� 1
4
~W

T
2 D1ðxÞW1

sT
2

ms
W1 þ 1

4
~W

T
2 D1ðxÞW1

s2

ms

~W2 þ ~W
T
2 F2W1

� ~W
T
2 F2 ~W2 � ~W

T
2 F1sT

2 W1 þ ~W
T
2 F1sT

2
~W1

ðA:31Þ

Now it is desired to introduce norm bounds. It can be shown that under the
Assumption 7.3

jje1ðxÞjj < bex bf jjxjj þ 1
2
bex b

2
gbfx

sminðRÞ jjW1jj þ jj ~W2jj
� �

Also, since Q(x) > 0 there exists q such that xTqx < Q(x) for x 2 W. It is shown in
Abu-Khalaf and Lewis (2005) that eHJB converges to zero uniformly as N increases.

Select e > 0 and N0ðeÞ such that supx2W jjeHJBjj < e. Then, assuming N > N0

and writing in terms of ~Z ¼
� x
sT

2
~W1

~W2

�
(A.31) becomes

_L <
1
4
jjW1jj2jjD1ðxÞjj þ eþ 1

2
jjW1jjbex bjx

b2
gsminðRÞ

�~Z
T

qI 0 0

0 I �1
2

F1 � 1
8ms

D1W1

� �T

0 �1
2
F1 � 1

8ms
D1W1

� �
F2 � 1

8
ðD1W1mT þmWT

1 D1Þ

2
66666664

3
77777775
~Z

þ~Z
T

bex bf

e
ms

ð1
2

D1 þF2 �F1sT
2 � 1

4
D1W1mTÞW1 þ 1

2
bex b

2
gbfx

sminðRÞ

2
6666664

3
7777775

ðA:32Þ

Proofs 245

Appendixa 17 September 2012; 16:27:14



Define M ¼

qI 0 0

0 I �1
2

F1 � 1
8ms

D1W1

� �T

0 �1
2
F1 � 1

8ms
D1W1

� �
F2 � 1

8
ðD1W1mT þ mW T

1 D1Þ

2
666664

3
777775

d ¼

bex bf

e
ms�

1
2

D1 þ F2 � F1sT
2 � 1

4
D1W1mT

�
W1 þ 1

2
bex b

2
gbjx

sminðRÞ

2
666664

3
777775

c ¼ 1
4
jjW1jj2jjD1ðxÞjj þ eþ 1

2
jjW1jjbex bfx

bg
2sminðRÞ

Let the parameters be chosen such that M > 0. Now (A.32) becomes

_L < �jj~Z jj2sminðMÞ þ jjdjjk~Zk þ c þ e

Completing the squares, the Lyapunov derivative is negative if

jj~Z jj > jjdjj
2sminðMÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

4=s2
minðMÞ þ

c þ e
sminðMÞ � BZ

s
ðA:34Þ

It is now straightforward to demonstrate that if L exceeds a certain bound, then,
_L is negative. Therefore, according to the standard Lyapunov extension theorem
(Lewis et al., 1999; Khalil, 1996) the analysis above demonstrates that the state and
the weights are UUB.

This completes the proof. &

Proof for Chapter 8

Proof for Theorem 8.1.

Let ~W1 ¼ W1 � ~W1 and ~W2 ¼ W1 � ~W2 denote the errors between the weights. We
consider the Lyapunov function candidate

LðtÞ ¼
ðt

t�T
VðxðtÞÞ dtþ 1

2
~W

T
1 ðtÞa�1

1
~W1ðtÞ

þ 1
2

ðt

t�T

~W
T
2 ðtÞa�1

2
~W2ðtÞ dt ¼D LV ðxÞ þ L1ðxÞ þ L2ðxÞ

ðA:35Þ

The derivative of the Lyapunov function is given by

_LðxÞ¼
ðt

t�T

_V ðxðtÞÞdtþ ~W
T
1 ðtÞa�1

1
~W1ðtÞþ

ðt

t�T

~W
T
2 ðtÞa�1

2
_~W2ðtÞdt ðA:36Þ
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Next we will evaluate each one of the three terms of _LðxÞ.
The first term is

_LV ðxÞ ¼
ðt

t�T

_V ðxðtÞÞ dt ¼
ðt

t�T
ðW T

1 ðtÞ rf1ðxÞ _x þ _eðxÞÞ dt

with the control computed by the actor approximator (8.13) the system dynamics
are given by

_x ¼ f ðxÞ � 1
2

gðxÞTR�1gT ðxÞ rfT
1 ðxÞ ~W2

The first term in (A.36) becomes

_LV ðxÞ ¼
ðt

t�T
W T

1 rf1ðxÞf ðxÞ �
1
2

D1ðxÞŴ2

� �
dtþ e1ðxÞ

where

e1ðxðtÞÞ ¼
ðt

t�T
reTðxÞ f ðxÞ � 1

2
gðxÞTR�1gT ðxÞ rfT

1 Ŵ2

� �
dt ðA:37Þ

Now we want to obtain a representation of _LV ðxÞ in terms of the parameters of the
optimal value function W1, and the parameter errors ~W 1 and ~W 2. Thus, by adding
and subtracting 1

2 W T
1 D1ðxÞW1, we obtain

_LV ðxÞ¼
ðt

t�T
W T

1 rf1f ðxÞþ1
2

W T
1 DðxÞðW1�Ŵ2Þ�1

2
W T

1 D1ðxÞW1

� �
dtþe1ðxÞ

¼
ðt

t�T
W T

1 rf1f ðxÞþ1
2

W T
1 D1ðxÞ ~W2�1

2
W T

1 D1ðxÞW1

� �
dtþe1ðxÞ

and using the notation s1ðxÞ ¼ rf1f ðxÞ � 1
2

D1ðxÞW1

_LV ðxÞ ¼
ðt

t�T
W T

1 s1 þ 1
2

W T
1 D1ðxÞ ~W2

� �
dtþ e1ðxÞ

From the HJB equation (8.14) one has

ðt

t�T
W T

1 s1 dt ¼
ðt

t�T
�QðxÞ � 1

4
W T

1 D1ðxÞW1 þ eHJBðxÞ
� �

dt ðA:38Þ
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Then

_LV ðxÞ ¼
ðt

t�T
�QðxÞ � 1

4
W T

1 D1ðxÞW1 þ eHJBðxÞ
� �

dt

þ
ðt

t�T

1
2

W T
1 D1ðxÞ ~W2

� �
dtþ e1ðxÞ ðA:39Þ

Using the tuning law for the critic, the second term in (A.35) becomes

_L1 ¼ ~W T
1 ðtÞa�1

1
_~W 1ðtÞ

¼ ~W T
1

Df2ðtÞ
ðDf2ðtÞT Df2ðtÞ þ 1Þ2 Df2ðtÞT Ŵ1 þ

ðt

t�T
QðxÞ þ 1

4
Ŵ T

2
�D1Ŵ2

� �
dtÞ

Adding (A.37) to the integral in the right hand side, using the notation ms=
Df2(t)TDf2(t)þ 1 we obtain

_L1 ¼ ~W
T
1

Df2ðtÞ
m2

s

 ðt

t�T
ðsT

2 ðxÞ ~W1 � sT
1 ðxÞW1 dt

þ
ðt

t�T

1
4

Ŵ
T
2 D1ðxÞŴ2 � 1

4
W T

1 D1ðxÞW1 þ eHJBðxÞ
� �

dt

!
ðA:40Þ

The first integral in (A.40) can be written as

ðt

t�T
ðsT

2 ðxÞŴ1 � sT
1 ðxÞW1Þ dt ¼

ðt

t�T
ð� ~W1 rf1ðxÞf ðxÞ �

1
2
~W

T
2 D1ðxÞŴ1

þ 1
2

W T
1 D1ðxÞW1Þ dt

Then one has

_L1 ¼ ~W
T
1

Df2ðxðtÞ;TÞ
m2

s

ðt

t�T
� 1

2
Ŵ

T
2 D1ðxÞŴ1 þ 1

4
W T

1 D1ðxÞW1

� �
dt

þ
ðt

t�T

1
4

Ŵ
T
2 D1ðxÞŴ 2 � ~W

T
1 rf1ðxÞf ðxÞ þ eHJBðxÞ

� �
dt
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Using the definition for the parameter error W1 ¼ Ŵ2 þ ~W2, the first three terms
under the integral can be written as

1
4

W T
1 D1ðxÞW1 � 1

2
Ŵ

T
2 D1ðxÞŴ1 þ 1

4
Ŵ

T
2 D1ðxÞŴ2

¼ 1
4
ðŴ2 þ Ŵ2ÞT D1ðxÞðŴ2 þ ~W2Þ � 1

2
Ŵ

T
2 D1ðxÞŴ1 þ 1

4
Ŵ

T
2 D1ðxÞŴ2

Developing the parenthesis, and making use of the definition W1 ¼ Ŵ1 þ ~W1 we
obtain

1
4

W T
1 D1ðxÞW1 � 1

2
Ŵ

T
2 D1ðxÞŴ1 þ 1

4
Ŵ

T
2 D1ðxÞŴ2

¼ 1
2

Ŵ
T
2 D1ðxÞ ~W1 þ 1

4
~W

T
2 D1ðxÞ ~W2

Using this last relation, we obtain

_L1 ¼ ~W
T
1

Df2ðxðt � TÞ;T ; û2Þ
m2

s

ðt

t�T

1
4
~W

T
2 D1ðxÞ ~W2 � sT

2
~W1 þ eHJBðxÞ

� �
dt

ðA:41Þ

Inserting the results (A.39) and (A.41), and using the notation
ðDf2ðxðt � TÞ;T ; û2ÞÞ=ms ¼ Df2ðxðt � TÞ;T ; û2Þ, (A.36) becomes

_LðxÞ ¼
ðt

t�T
�QðxÞ � 1

4
W1ðtÞT D1ðxðtÞÞW1ðtÞ þ eHJBðxÞ

� �
dtþ e1ðxÞ

� ~W1ðtÞT Df2ðxðt � TÞ;T ; û2Þ Df2ðxðt � TÞ; T ; û2Þ
� �T ~W1ðtÞ

þ ~W1ðtÞT Df2ðxðt � TÞ;T ; û2Þ
ðt

t�T
eHJBðxðtÞÞ dt

þ
ðt

t�T

1
2

W1ðtÞT D1ðxÞ ~W2ðtÞ
� �

dtþ
ðt

t�T

~W
T
2 ðtÞa�1

2
_~W 2ðtÞ dt

þ ~W1ðtÞT Df2ðxðt � TÞ;T ; û2Þ
ms

ðt

t�T

1
4
~W 2ðtÞT D1ðxðtÞÞ ~W2ðtÞ

� �
dt

Using the relation

Df2ðxðt � TÞ;T ; û2Þ
ms

¼
ðt

t�T

1
ms

s2ðxðtÞÞ dt � F2ðtÞ
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and making use of weight error definitions this can be written as

_LðxÞ ¼
ðt

t�T
�QðxðtÞÞ � 1

4
W1ðtÞT D1ðxðtÞÞW1ðtÞ þ eHJBðxðtÞÞ

� �
dt

þ e1ðxðtÞÞ � ~W1ðtÞT Df2ðtÞ Df2ðtÞT ~W1ðtÞ

þ ~W1ðtÞTF2ðtÞ
ðt

t�T
eHJBðxðtÞÞ dtþ

ðt

t�T

1
2

W1ðtÞT D1ðxÞ ~W2ðtÞ
� �

dt

þ
ðt

t�T

_~W 2ðtÞT a�1
2 þ 1

4
Ŵ1ðtÞTF2ðtÞT Ŵ2ðtÞT D1ðxÞ

� �
~W2ðtÞ dt

� W1ðtÞTF2ðtÞ
ðt

t�T

1
4
~W1ðtÞT D1ðxÞ ~W2ðtÞ

� �
dt

þ ~W1ðtÞTF2ðtÞ
ðt

t�T

1
4
W1ðtÞT D1ðxÞ ~W2ðtÞ

� �
dt

þ W1ðtÞTF2ðtÞ
ðt

t�T

1
4
~W2ðtÞT D1ðxÞ ~W2ðtÞ

� �
dt

þ ~W1ðtÞTF2ðtÞT 1
4

ðt

t�T
Ŵ2ðtÞT D1ðxðtÞÞ ~W2ðtÞ dt

� 1
4

ðt

t�T
Ŵ1ðtÞTF2ðtÞT Ŵ2ðtÞT D1ðxðtÞÞ ~W2ðtÞ dt

Using the dynamics of the actor parameters

_̂W2 ¼ �a2 ðF2Ŵ2 � F1T DfT
2 Ŵ1Þ � 1

4ms
D1ðxÞŴ2 Df

T
2 Ŵ1

n o

the weight error definitions and rearranging the terms, this becomes

_LðxÞ ¼
ðt

t�T
�QðxðtÞÞ � 1

4
W1ðtÞT D1ðxðtÞÞW1ðtÞ þ eHJBðxðtÞÞ

� �
dt

þ e1ðxðtÞÞ � ~W1ðtÞT Df2ðtÞ Df2ðtÞT ~W1ðtÞ

þ
ðt

t�T
ð ~W2ðtÞT F2W1ðtÞ � T ~W 2ðtÞT F1 Df2ðtÞT W1ðtÞ

� ~W2ðtÞT F2 ~W2ðtÞ þ T ~W2ðtÞT F1 Df2ðtÞT ~W1ðtÞÞ dt
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þ ~W1ðtÞTF2ðtÞ
ðt

t�T
eHJBðxðtÞÞ dtþ

ðt

t�T

1
2
W1ðtÞT D1ðxÞ ~W2ðtÞ

� �
dt

� W1ðtÞTF2ðtÞ
ðt

t�T

1
4
W1ðtÞT D1ðxÞ ~W2ðtÞ

� �
dt

þ ~W1ðtÞTF2ðtÞ
ðt

t�T

1
4
W1ðtÞT D1ðxÞ ~W2ðtÞ

� �
dt

þW1ðtÞTF2ðtÞ
ðt

t�T

1
4
~W2ðtÞT D1ðxÞ ~W2ðtÞ

� �
dt

þ ~W1ðtÞTF2ðtÞT 1
4

ðt

t�T
Ŵ2ðtÞT D1ðxÞ ~W2ðtÞ dt

�1
4

ðt

t�T
Ŵ 1ðtÞTF2ðtÞT ~W2ðtÞT D1ðxðtÞÞ ~W2ðtÞ dt

According to Assumption 7.3, we can write (A.37) as

jje1ðxÞjj <
ðt

t�T
bex bf jjxjj þ 1

2
Tbex b

2
gbfx

sminðRÞ jjW1jj þ jj ~W 2jj
� �� �

dt

Also since QðxÞ > 0 there exist q such that xT qx < QðxÞ and for x 2 W. Now
(A.36) becomes

_LðxÞ � 1
4

ðt

t�T
jjW1jj2jjD1ðxÞjj dtþ

ðt

t�T
ðxðtÞT qxðtÞþ eðtÞÞ dt

þ
ðt

t�T
bex bf jjxjj þ 1

2
bex b

2
gbfx

TsminðRÞðjjW1jj þ jjŴ 2jjÞ
� �

dt

� ~W 1ðtÞT Df2ðtÞDf2ðtÞT ~W 1ðtÞþ
ðt

t�T
ð ~W 2ðtÞT F2W1ðtÞ

� T ~W2ðtÞT F1 Df2ðtÞT W1ðtÞ� ~W2ðtÞT F2 ~W 2ðtÞÞ dt

þ ~W1ðtÞTF2ðtÞ
ðt

t�T
eHJBðxðtÞÞ dtþ

ðt

t�T

1
2
W1ðtÞT D1ðxÞ ~W 2ðtÞ

� �
dt

�W1ðtÞTF2ðtÞ
ðt

t�T

1
4
W1ðtÞT D1ðxÞ ~W2ðtÞ

� �
dt

þ ~W 1ðtÞTF2ðtÞ
ðt

t�T

1
4

W1ðtÞT D1ðxÞ ~W2ðtÞ
� �

dt

þW1ðtÞTF2ðtÞ
ðt

t�T

1
4
~W 2ðtÞT D1ðxÞ ~W2ðtÞ

� �
dt

þ ~W 1ðtÞTF2ðtÞT 1
4

ðt

t�T
Ŵ 2ðtÞT D1ðxðtÞÞ ~W 2ðtÞ dt

� 1
4

ðt

t�T
Ŵ1ðtÞTF2ðtÞT Ŵ 2ðtÞT D1ðxðtÞÞ ~W2ðtÞ dt

þ
ðt

t�T
ð ~W 2ðtÞT TF1ðDf2ðtÞT ~W1ðtÞ�Df2ðtÞT ~W 1ðtÞÞÞ dt

þ
ðt

t�T
T ~W2ðtÞT F1 Df2ðtÞT ~W1ðtÞ dt

ðA:42Þ
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Select e > 0 and N0ðeÞ such that supx2W jjeHJBjj < e. Then, assuming N > N0 we
define

~Zðt; tÞ ¼
xðtÞ

Df2ðxðt � TÞ;T ; û2ÞT ~W1ðtÞ
~W 2ðtÞ

2
4

3
5; zðt; tÞ

¼
Df2ðxðt � TÞ;T ; û2ÞT ~W1ðtÞ
Df2ðxðt� TÞ;T ; û2ÞT ~W1ðtÞ

~W2ðtÞ
~W2ðtÞT D1ðxðtÞÞ ~W2ðtÞ

2
6664

3
7775

Then (A.42) becomes

_L � �
ðt

t�T

~Z
T

M~Z dtþ
ðt

t�T
d~Z dtþ

ðt

t�T
ðc þ eÞ dtþ T

ðt

t�T
zT Wz dt

where

c ¼ 1
4
jjW1maxjj2jjD1ðxÞjj þ eþ 1

2
jjW1minjjTbex bjx

bg
2sminðRÞ;W

¼
0 0 W13 W14

0 0 W23 W24

W31 W32 0 0
W41 W42 0 0

2
664

3
775

with

W31 ¼ W T
13 ¼ �W32 ¼ �W T

23

1
8ms

W1maxD1ðxðtÞÞ þ F1

2

� �
;

W41 ¼ W T
14 ¼ �W42 ¼ �W T

24 � 1
8ms

D1ðxðtÞÞ
� �

; and

D1ðxÞ ¼ rfðxÞgðxÞR�1gTðxÞ rfT ðxÞ

Also M ¼
M11 0 0

0 M22 M23

0 M22 M33

2
4

3
5 with M11 ¼ qI ;M22 ¼ I ;

M32 ¼ MT
23 ¼ �1

2
TF1 � 1

8msðtÞD1ðtÞW1ðtÞ
� �

;

M33 ¼ F2 � 1
4
ðW1ðtÞTF2ðtÞT � W1ðtÞT ÞF2ðtÞT D1ðxðtÞÞ

� 1
8

D1ðtÞW1ðtÞðmÞT ðtÞ þ mðtÞW1ðtÞT D1ðtÞ
� �

and d ¼
d1

d2

d3

2
4

3
5
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with d1 ¼ bex bf ; d2 ¼ eHJBðxðtÞÞ
msðtÞ ;

d3 ¼ 1
4
ðW1ðtÞTF2ðtÞ � W1ðtÞTF2ðtÞÞW1ðtÞT D1ðxðtÞÞ

þ
�

1
2

D1ðxðtÞÞ þ F2 � TF1 Df2ðtÞT � 1
4
D1ðxðtÞÞW1ðtÞmðtÞT ÞW1ðtÞ

þ 1
2
bex bg2 bfx

sminðRÞ

and mðtÞ � Df2ðtÞ
ðDf2ðtÞT Df2ðtÞ þ 1Þ2

After taking norms and using the relations

jjzjj2 ¼ kDf2ðxðt � TÞ;T ; û2ÞT ~W1ðtÞk2 þ kDf2ðxðt� TÞ;T ; û2ÞT ~W1ðtÞk2

þ k ~W2ðtÞk þ k ~W2ðtÞT D1ðxðtÞÞ ~W2ðtÞk2

and for appropriate selection of r1; r2 one has

jjzðt; tÞjj � r1jj~Zðt; tÞjj þ r2T jj~Zðt; tÞjj2

So (A.42) becomes

_L � �
ðt

t�T
k~Zk2sminðMÞ dtþ

ðt

t�T
jjdjjk~Zk dtþ

ðt

t�T
ðc þ eÞ dt

þ
ðt

t�T
r1k~Zðt; tÞk þ r2Tk~Zðt; tÞk2
� �2

TsmaxðWÞ dt

_L � �
ðt

t�T
k~Zk2sminðMÞ dtþ

ðt

t�T
jjdjjk~Zk dtþ

ðt

t�T
ðc þ eÞ dt

þ
ðt

t�T
r1

2Tk~Zðt; tÞk2 þ r1
2T2k~Zðt; tÞk4 þ 2r1r2Tk~Zðt; tÞk3

� �
smaxðwÞ dt

_L � �
ðt

t�T
sminðMÞ � r2

1TsmaxðWÞ� �k~Zk2 dtþ
ðt

t�T
jjdjjk~Zk dt

þ
ðt

t�T
ðc þ eÞ dtþ

ðt

t�T
r2

2T2k~Zðt; tÞk4 þ 2r1r2Tk~Zðt; tÞk3
� �

smaxðWÞ dt

_L �
ðt

t�T
r2

2T2k~Zðt; tÞk4smaxðWÞ þ 2r1r2Tk~Zðt; tÞk3smaxðWÞ
� �

dt

þ
ðt

t�T
�sminðMÞ þ r1

2TsmaxðWÞ� �k~Zk2 þ jjdjjk~Zk þ ðc þ eÞ
� �

dt

� T

ðt

t�T
f ðt; tÞ þ

ðt

t�T
gðt; tÞ

� �
dt
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where

f ðt;tÞ¼ r2
2Tk~Zðt;tÞk4smaxðWÞþ2r1r2k~Zðt;tÞk3smaxðWÞþr2

1smaxðWÞk~Zk2

gðt;tÞ¼�sminðMÞk~Zk2 þjjdjjk~Zkþðcþ eÞ

It is now desired to show that for small enough T ; k~Zk is UUB. Select pB > 0
large as detailed subsequently. Select T such that Tf ðt; tÞ < ef for some fixed
ef > 08k~Zk < pB. Complete the squares to see that

_L �
ðt

t�T
�sminðMÞk~Zk2 þ jjdjjk~Zk þ c þ eþ ef

� �� �
dt

_L � �
ðt

t�T
k~Zk � jjdjj

2sminðMÞ
� �2

dtþ
ðt

t�T

kdk
2sminðMÞ
� �2

dt

þ
ðt

t�T

c þ eþ ef

sminðMÞ
� �

dt � �
ðt

t�T
W3ðk~ZkÞ dt

Then

k~Zk >
jjdjj

2sminðMÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d2

4s2
minðMÞ þ

c þ eþ ef

sminðMÞ � p1

s
ðA:43Þ

Implies W3ðk~ZkÞ > 0 and _L < 0:
It is now desired to find upper and lower bounds on the Lyapunov function L.

Define wðtÞ ¼
xðtÞ
~W 1ðtÞ
~W 2ðtÞ

2
4

3
5according to

LðtÞ ¼
ðt

t�T
V ðxðtÞÞ dtþ 1

2
~W

T
1 ðtÞa�1

1
~W1ðtÞ þ 1

2

ðt

t�T

~W
T
2 ðtÞa�1

2
~W2ðtÞ dt

We can find class K (see Definition 8.1) functions kj and write

k3 jjxðtÞjjð Þ ¼
ðt

t�T
k1 jjxðtÞjjð Þ dt �

ðt

t�T
VðxðtÞÞ dt �

ðt

t�T
k2 jjxðtÞjjð Þ dt

¼ k4 jjxðtÞjjð Þk5 jj ~W 2jj
� � � 1

2

ðt

t�T

~W
T
2 ðtÞa�1

2
~W 2ðtÞ dt � k6 jj ~W 2jj

� � :

We now need to find a relationship between kwðtÞk and k~Zðt; tÞk to apply the
results of Theorem 4.18 in Khalil (1996). One has

k~Zðt; tÞk � kwðtÞkkDf2ðtÞk � kwðtÞk:
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According to Technical Lemma 8.1,

k ~W1ðtÞk �
ffiffiffiffiffiffiffiffiffiffiffiffi
b2TPE

b1

s
ð1 þ db2a1ÞkDf2ðtÞT ~W 1k þ db2a1eB

h in o

�
ffiffiffiffiffiffiffiffiffiffiffiffi
b2TPE

p
b1

ð1 þ db2a1ÞkDf2ðtÞT ~W 1k þ e3

Now assume that we have enough hidden layer units N > N0 then eB ? 0 according

to Remark 8.1. So we can write kgkwðtÞk �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2TPE

b1
ð1 þ db2a1Þ

q� ��1

kwðtÞk � k~Zðt; tÞk � kwðtÞk:
Finally, we can bound the Lyapunov function as

wT Sw � L � wT Sw

Therefore,

k~Zk2sðSÞ � kwk2sðSÞ � L � kwk2sðSÞ � k~Zk2sðSÞ

and S
k3 0 0
0 1 0
0 0 k5

2
4

3
5 and S ¼

k4 0 0
4 k8 0
0 0 k6

2
4

3
5

Take p1 > 0 as defined in (A.43). Select pB >

ffiffiffiffiffiffiffi
sðS Þ
sðS Þ

r
p1. Then according to

Theorem 4.18 in Khalil (1996), 8~Zð0Þ; k~Zk � pB; 80 � t; and k~Zk �
ffiffiffiffiffiffiffi
sðS Þ
sðS Þ

r
p1; 8t � TB.

Now the Technical Lemma 8.1 and the persistence of excitation condition of
Df2 show UUB of k ~W 1k: &

Proofs for Chapter 9

Proof for Theorem 9.2.

The convergence proof is based on Lyapunov analysis. We consider the Lyapunov
function

LðtÞ ¼ V ðxÞþ 1
2

trð ~W T
1 a�1

1
~W1Þþ 1

2
trð ~W T

2 a�1
2

~W2Þþ 1
2

trð ~W T
3 a�1

3
~W3Þ ðA:44Þ

The derivative of the Lyapunov function is given by

_LðxÞ ¼ _V ðxÞ þ ~W
T
1 a

�1
1

_~W1 þ ~W
T
2 a

�1
2

_~W2 þ ~W
T
3a

�1
3

_~W3 ðA:45Þ
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First term is

_LV ðxÞ ¼ _V ðxÞ ¼ W T
1 rf1 f ðxÞ � 1

2
D1ðxÞŴ2 þ 1

2g2
EðxÞŴ3

� �

þreT ðxÞ f ðxÞ � 1
2

gðxÞR�1gT ðxÞ rfT
1 Ŵ2 þ 1

2g2
kkT rfT

1 Ŵ3

� �

Then

_LV ðxÞ _V ðxÞ ¼ W T
1 rf1f ðxÞ � 1

2
D1ðxÞŴ2 þ 1

2g2
EðxÞŴ3

� �
þ e1ðxÞ

¼ W T
1 rf1f ðxÞ þ 1

2
W T

1 D1ðxÞ W1 � Ŵ 2

� �� 1
2

W T
1 D1ðxÞW1

� 1
2g2

W T
1 E1ðxÞ W1 � Ŵ3

� �þ 1
2g2

W T
1 E1ðxÞW1 þ e1ðxÞ

¼ W T
1 rf1f ðxÞ þ 1

2
W T

1 D1ðxÞ ~W2 � 1
2

W T
1 D1ðxÞW1

� 1
2g2

W T
1 E1ðxÞ ~W3 þ 1

2g2
W T

1 E1ðxÞW1 þ e1ðxÞ

¼ W T
1 s1 þ 1

2
W T

1 D1ðxÞ ~W2 � 1
2g2

W T
1 E1ðxÞ ~W3 þ e1ðxÞ

where

e1ðxÞ � _eðxÞ ¼ reTðxÞðf ðxÞ � 1
2

gðxÞR�1gT ðxÞ rfT
1 Ŵ2 þ 1

2g2
kkT rfT

1 Ŵ3Þ

From the HJI equation (9.10) one has

W T
1 s1 ¼ �QðxÞ � 1

4
W T

1 D1ðxÞW1 þ 1
4g2

W T
1 E1ðxÞW1 þ eHJI ðA:46Þ

Then

_LV ðxÞ ¼ �QðxÞ � 1
4

W T
1 D1ðxÞW1 þ 1

4g2
W T

1 D1ðxÞW1 þ 1
2

W T
1 E1ðxÞ ~W2

� 1
2g2

W T
1 E1ðxÞ ~W3 þ eHJIðxÞ þ e1ðxÞ

� _LV ðxÞ þ 1
2

W T
1 D1ðxÞ ~W2 � 1

2g2
W T

1 E1ðxÞ ~W3 þ e1ðxÞ
ðA:47Þ

where

_LV ðxÞ ¼ �QðxÞ � 1
4

W T
1 D1ðxÞW1 þ 1

4g2
W T

1 D1ðxÞW1 þ eHJIðxÞ þ e1ðxÞ
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Using the tuning law (9.58), the definitions (9.55), (9.57) and (9.65) for the
parameter errors, and adding zero from the (A.46) the second term after grouping
terms together becomes

_L1 ¼ ~W
T
1

s2

ðsT
2s2 þ 1Þ2 ð�sT

2
~W1 þ 1

4
~W

T
2 D1ðxÞ ~W2 � 1

4g2
~W

T
3 E1 ~W3 þ eHJIðxÞÞ

¼ _L1 þ 1
4
~W

T
1

s2

ðsT
2s2 þ 1Þ2

~W
T
2 D1ðxÞ ~W2 � 1

g2
~W

T
3 E1 ~W3

� �
ðA:48Þ

where

_L1 ¼ ~W
T
1

s2

ðsT
2s2 þ 1Þ2 �sT

2
~W1 þ eHJIðxÞ

� � ¼ ~W
T
1s2 �sT

2
~W 1 þ eHJI ðxÞ

ms

� �

By adding the terms of (A.47) and (A.48) and grouping terms together we have

_LðxÞ ¼ _�L1 þ _�LV ðxÞ þ e1ðxÞ þ 1
4
~W T

1

s2

ðsT
2s2 þ 1Þ2

~W T
2
�D1ðxÞ ~W2 � 1

g2
~W T

3 E1 ~W3

� �

þ 1
2

W T
1
�D1ðxÞ ~W2 � 1

2g2
W T

1
�E1ðxÞ ~W3 þ ~W T

2 a
�1
2

_~W 2 þ ~W T
3 a

�1
3

_~W 3

After developing the parenthesis and using the definitions for the parameter errors
one has

_LðxÞ ¼ _L1 þ _LV ðxÞ þ e1ðxÞ � 1
4
~W

T
2 D1ðxÞW1

sT
2

ms
W1 þ 1

4
~W

T
2 D1ðxÞW1

sT
2

ms

~W1

þ 1
4
~W

T
2 D1ðxÞ ~W 2

sT
2

ms
W1 þ 1

4
~W

T
2 D1ðxÞŴ 2

sT
2

ms
Ŵ1 � 1

4g2
~W

T
3 E1ðxÞW1

sT
2

ms

~W1

þ 1
4g2

~W
T
3 E1ðxÞW1

sT
2

ms
W1 � 1

4g2
~W

T
3 E1ðxÞ ~W 3

sT
2

ms
W1

þ 1
4g2

~W
T
3 E1ðxÞ ~W3

sT
2

ms
Ŵ1 þ 1

2
~W

T
2 D1ðxÞW1 � 1

2g2
~W

T
3 E1ðxÞW1

� ~W
T
2a

�1
2

_̂W2 � ~W
T
3 a

�1
3

_̂W3

ðA:49Þ
where

s2 ¼ s2

sT
2s2 þ 1

and ms ¼ sT
2s2 þ 1
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To select the update law for the action neural networks, write (A.49) as

_LðxÞ ¼ _LV þ _L1 þ e1ðxÞ � ~W
T
2 a�1

2
_̂W2 � 1

4
D1ðxÞŴ 2

sT
2

ms
Ŵ1

� �

� ~W
T
3 a�1

3
_̂W3 þ 1

4y2
E1ðxÞŴ3

sT
2

ms
Ŵ1

� �
þ 1

2
~W

T
2 D1ðxÞW1

þ 1
4
~W

T
2 D1ðxÞW1

sT
2

ms

~W1 � 1
4
~W

T
2 D1ðxÞW1

sT
2

ms
W1 þ 1

4
~W

T
2 D1ðxÞW1

sT
2

ms

~W2

� 1
2g2

~W
T
3 E1ðxÞW1 � 1

4g2
~W

T
3 E1ðxÞW1

sT
2

ms

~W1 þ 1
4g2

~W
T
3 E1ðxÞW1

sT
2

ms
W1

� 1
4g2

~W
T
3 E1ðxÞW1

sT
2

ms

~W3

Now define the actor tuning law as

_̂W2 ¼ �a2 F2Ŵ2 � F1sT
2 Ŵ1

� �� 1
4

D1ðxÞŴ2mT Ŵ1

� �
ðA:50Þ

and the disturbance tuning law as

_̂W3 ¼ �a3 F4Ŵ3 � F3sT
2 Ŵ1

� �� 1
4g2

E1ðxÞŴ3mT Ŵ1

� �
ðA:51Þ

This adds to _L the terms

~W
T
2 F2Ŵ2 � ~W

T
2 F1sT

2 Ŵ1 þ ~W
T
3 F4Ŵ3 � ~W

T
3 F3sT

2 Ŵ1

¼ ~W
T
2 F2ðW1 � ~W2Þ � ~W

T
2 F1sT

2 ðW1 � ~W1Þ þ ~W
T
3 F4ðW1 � ~W2Þ

� ~W
T
3 F3sT

2 ðW1 � ~W1Þ
¼ ~W

T
2 F2 ~W1 � ~W

T
2 F2 ~W 2 � ~W

T
2 F1sT

2
~W1 þ ~W

T
2 F1sT

2
~W1

þ ~W
T
3 F4W1 � ~W

T
3 F4 ~W3 � ~W

T
3 F3sT

2 W1 þ ~W
T
3 F3sT

2
~W1

258 Optimal adaptive control and differential games by RL principles

Appendixa 17 September 2012; 16:27:22



Overall

_LðxÞ ¼ �QðxÞ � 1
4

W T
1 D1ðxÞW1 þ 1

4g2
W T

1 E1ðxÞW1

þeHJIðxÞ þ ~W
T
1s2 �sT

2
~W1 þ eHJI ðxÞ

ms

� �
þ e1ðxÞ

þ1
2
~W

T
2 D1ðxÞW1 þ 1

4
~W

T
2 D1ðxÞW1

sT
2

ms

~W1 � 1
4
~W

T
2 D1ðxÞW1

sT
2

ms
W1

þ1
4
~W

T
2 D1ðxÞW1

s2

ms

~W 2 � 1
2g2

~W
T
3 E1ðxÞW1

� 1
4g2

~W
T
2 E1ðxÞW1

sT
2

ms

~W1þ 1
4g2

~W
T
3 E1ðxÞW1

sT
2

ms
W1� 1

4g2
~W

T
3 E1ðxÞW1

sT
2

ms

~W3

þ ~W
T
2 F2W1 � ~W

T
2 F2 ~W2 � ~W

T
2 F1sT

2 W1 þ ~W
T
2 F1sT

2
~W1

þ ~W
T
3 F4W1 � ~W

T
3 F4 ~W3 � ~W

T
3 F3sT

2 W1 þ ~W
T
3 F3sT

2
~W1

Now it is desired to introduce norm bounds. It can be shown that under
Assumption 9.1

ke1ðxÞk < bex bf kxk þ 1
2

bex b
2
gbfx

sminðRÞ Wmax þ k ~W2k
� �

þ 1
2g2

bex b
2
kbfx

Wmax þ k ~W3k
� �

Also since QðxÞ > 0 there exists q such that xT qx < QðxÞ locally. It is shown in
Abu-Khalaf et al. (2006), Abu-Khalaf and Lewis (2005) and Finlayson (1990)
that eHJI converges to zero uniformly as N increases.

Select e > 0 and N0ðeÞ such that sup keHJIk < e: Then assuming N > N0 and

kW1k < Wmax; and writing in terms of ~Z ¼
x

sT
2
~W 1

~W 2
~W 3

2
664

3
775, (A.52) becomes

_L <
1
4

W 2
maxkD1ðxÞk þ 1

4g2
W 2

maxkE1ðxÞk þ eþ 1
2 Wmaxbex bfx

bg
2sminðRÞ

þ 1
2g2Wmaxbex b

2
kbfx
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�~Z
T

qI 0 0

0 I
1
2

F1 � 1
8ms

D1W1

� �T

0
1
2

F1 � 1
8ms

D1W1

� �
F2 � 1

8
D1W1mT þ mW T

1 D1

� �
0

1
2

F3 þ 1
8g2ms

E1W1

� �
0

2
666666664

0

1
2

F3 þ 1
8g2ms

E1W1

� �

F4 þ 1
8g2

E1W1mT þ mW T
1 E1

� �

3
7777775
~Z ðA:53Þ

þ~Z
T

bex bf

e
ms

1
2

D1 þ F2 � F1sT
2 � 1

4
D1W1mT

� �
W1 þ 1

2
bex b

2
gbfx

sminðRÞ

� 1
2g2

E1 þ F4 � F3sT
2 þ 1

4g2
E1W1mT

� �
W1 þ 1

2g2
bex b

2
kbfx

2
66666666664

3
77777777775

Define

M ¼

qI 0 0

0 I
1
2

F1 � 1
8ms

D1W1

� �T

0
1
2
F1 � 1

8ms
D1W1

� �
F2 � 1

8
D1W1mT þ mW T

1 D1

� �
0

1
2
F3 þ 1

8g2ms
E1W1

� �
0

2
666666664

0

1
2
F3 þ 1

8g2ms
E1W1

� �

F4 þ 1
8g2

E1W1mT þ mW T
1 E1

� �

3
777775 ðA:54Þ

T ¼

bexbf
e

ms

ð1
2

D1 þ F2 � F1sT
2 � 1

4
D1W1mT ÞW1 þ 1

2
bex b

2
gbfx

sminðRÞ
ð� 1

2g2
E1 þ F4 � F3sT

2 þ 1
4g2

E1W1mTÞW1 þ 1
2g2

bex b
2
kbfx

2
66666664

3
77777775
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c ¼ 1
4

Wmax
2
���D1ðxÞ

���þ 1
4g2

Wmax
2
���E1ðxÞ

���
þ1

2
Wmaxbex bfx

bg
2sminðRÞ þ 1

2g2
Wmaxbex b

2
kbfx

According to Assumption 9.1, c is bounded by max cmax, and T is bounded by
max Tmax that can be expressed in terms of the bounds given there.

Let the parameters F1, F2, F3 and F4 be chosen such that M > 0: To justify
this, the matrix M is written in compact form as

M ¼
q 0 0
0 I M23

0 M32 M33

2
4

3
5 ðA:55Þ

where in order to be positive definite the following properties must hold

a. q > 0
b. I > 0
c. Schur complement for I is

D22 ¼ I � M23M�1
33 M32 > 0 ðA:56Þ

Matrix D22 can be made positive definite by selecting F2 � F1, F4 � F3, since W1

is bounded above by Wmax.
Now (A.53) becomes

_L < �k~Zk2sminðMÞ þ kTkk~Zk þ cmax þ e

Completing the squares, the Lyapunov derivative is negative if

k~Zk >
Tmax

2sminðMÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2
max

4s2
minðMÞ þ

cmax þ e
sminðMÞ

s
� Bz ðA:57Þ

It is now straightforward to demonstrate that if L exceeds a certain bound, then, L
.

is negative. Therefore, according to the standard Lyapunov extension theorem
(Lewis et al., 1999) the analysis above demonstrates that the state and the weights
are UUB.

Note that condition (A.57) holds if the norm of any component of ~Z exceeds
the bound, that is specifically x > BZ or s2

T ~W1 > BZ or ~W2 > BZ or ~W3 > BZ :
Therefore these quantities are less than BZ þ z for any z > 0 (Khalil, 1996).

Now consider the error dynamics and the output as in Technical Lemmas 9.1, 9.2

_~W1 ¼ �a1�s2�sT
2
~W1 þ a1�s2

eHJI

ms
þ a1

4m2
s

~W T
2
�D1ðxÞ ~W2 � a1

4g2m2
s

~W T
2
�E1 ~W3

y ¼ �sT
2
~W1

ðA:58Þ
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and assume s2 is persistently exciting. Then Theorem 9.1 is true with����� s2
T

ms

~W1

����� > emax >
1
4
k ~W2k2

�����D1

ms

������ 1
4g2

k ~W3k2

�����E1

ms

�����þ e

����� 1
ms

�����
This provides an effectssive practical bound for ks2

T ~W 1k:
This completes the proof. &

Proofs for Chapter 10

Proof for Theorem 10.2.

The convergence proof is based on Lyapunov analysis. We consider the Lyapunov
function

LðtÞ¼V1ðxÞþV2ðxÞþ1
2
~W

T
1 a�1

1
~W1þ1

2
~W

T
2 a�1

2
~W 2þ1

2
~W

T
3 a�1

3
~W3

þ1
2
~W

T
4 a�1

4
~W4 ðA:59Þ

where V1(x) and V2(x) are the approximate solutions to (10.10) and are given by
(10.25) and (10.26) respectively.

The time derivative of the Lyapunov function is given by

_LðxÞ ¼ _V 1ðxÞ þ _V 2ðxÞ þ ~W
T
1 a�1

1
_~W1 þ ~W

T
2 a�1

2
_~W 2 þ ~W

T
3 a�1

3
_~W3

þ ~W
T
4 a�1

4
_~W 4 ðA:60Þ

Next we will evaluate each one of the terms of _L xð Þ:
First term is, differentiating (10.25), and adding and subtracting 1

2 W T
1 E2ðxÞW2

and 1
2 W T

1 D1ðxÞW1

_V 1ðxÞ ¼ W T
1 rf1 f ðxÞ � 1

2
D1ðxÞŴ 3 � 1

2
E2ðxÞŴ 4

� �
þreT

1 ðxÞ f ðxÞ � 1
2

gðxÞR11
�1gTðxÞrfT

1 Ŵ 3 � 1
2

kR22
�1kTrfT

2 Ŵ 4

� �
W T

1 rf1 f ðxÞ þ 1
2

W T
1 D1ðxÞðW1 � Ŵ 3Þ þ 1

2
W T

1 E2ðxÞðW2 � Ŵ 4Þ
�1

2
W T

1 D1ðxÞW1 � 1
2

W T
1 E2ðxÞW2 þ _e1ðxÞ

W T
1 s1 þ 1

2
W T

1 D1ðxÞ ~W 3 þ 1
2
W T

1 E2ðxÞ ~W 4 þ _e1ðxÞ

where E2ðxÞ � rf1ðxÞkR�1
22 kT rfT

2 ðxÞ, s1 ¼ rf1ðxÞð f þ gu1 þ kd2Þ
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D1ðxÞ � rf1ðxÞgðxÞR�1
11 gT ðxÞ rfT

11ðxÞ and

_e1ðxÞ¼reT
1 ðxÞ f ðxÞ�1

2
gðxÞR�1

11 gT ðxÞrfT Ŵ 3�1
2

kR�1
22 kTrfT

2 Ŵ 4

� �
ðA:61Þ

From (10.23) we have

W T
1 s1 ¼ �Q1ðxÞ � 1

4
W T

1 rj1gðxÞR�1
11 gT ðxÞrjT

1 W1

� 1
4

W T
2 rj2kðxÞR�T

22 R12R�1
22 kT ðxÞrjT

2 W2 þ eHJ1 :

Similarly for the second term

_V 2ðxÞ ¼ W T
2 s2 þ 1

2
W2

T E1ðxÞ ~W 3 þ 1
2

W2
T D2ðxÞ ~W 4 þ _e2ðxÞ

where E1ðxÞ � rf2ðxÞgðxÞR�1
11 gðxÞT rfT

1 ðxÞ, D2ðxÞ � rf2ðxÞkR�1
22 kT rfT

2 ðxÞ,
s2 ¼ rf2ðxÞð f þ gu1 þ kd2Þ, and

_e2ðxÞ¼reT
2 ðxÞ f ðxÞ�1

2
gðxÞR�1

11 gT ðxÞrfT
1 Ŵ 3�1

2
kR�1

22 kTrfT
2 Ŵ 4

� �
ðA:62Þ

From (10.24)

W T
2 s2 ¼ �Q2ðxÞ � 1

4
W T

1 rf1gðxÞR�T
11 R21R�1

11 gTðxÞ rfT
1 W1

� 1
4

W T
2 rf2kðxÞR�1

22 kT ðxÞ rfT
2 W2 þ eHJ2

Then we add _V 1ðxÞ and _V 2ðxÞ

_Lv � _V 1ðxÞ þ _V 2ðxÞ ¼ �Q1ðxÞ � 1
4
W T

1 rf1gðxÞR�1
11 gT ðxÞ rfT

1 W1

�1
4

W T
2 rf2kðxÞR�T

22 R12R�1
22 kT ðxÞrfT

2 W2 þ eHJ1

þ1
2

W T
1 D1ðxÞ ~W 3 þ 1

2
W T

1 E2ðxÞ ~W 4 þ _e1ðxÞ

�Q2ðxÞ � 1
4
W T

1 rf1gðxÞR�T
11 R21R�1

11 gTðxÞrfT
1 W1

�1
4

W T
2 rf2kðxÞR�T

22 ðxÞrfT
2 W2 þ eHJ2

þ1
2

W T
2 E1ðxÞ ~W 3 þ 1

2
W T

2 D2ðxÞ ~W 4 þ _e2ðxÞ
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or

_Lv � _LvðxÞ þ 1
2

W T
1 D1ðxÞ ~W 3 þ 1

2
W T

1 E2ðxÞ ~W 4 þ 1
2

W T
1 E1ðxÞ ~W 3

þ 1
2

W T
1 D2ðxÞ ~W 4 þ _e1ðxÞ þ _e2ðxÞ ðA:63Þ

where

_Lv ¼ �Q1ðxÞ � 1
4

W T
1 rf1gðxÞR�T

11 gT ðxÞ rfT
1 W1

� 1
4

W T
2 rf2kðxÞR�T

22 R12R�1
22 kT ðxÞ rfT

2 W2 þ eHJ1 � Q2ðxÞ

� 1
4

W T
1 rf1gðxÞR�T

11 R21R�1
11 gT ðxÞ rfT

1 W1

� 1
4

W T
2 rf2kðxÞR�1

22 kT ðxÞ rfT
2 W2 þ eHJ2

Using the tuning law (10.42) for the first critic and the definitions for the
parameter errors (10.41), the third term in (A.60) becomes

_L1 ¼ ~W
T
1

s3

ðsT
3s3 þ 1Þ2 ð�sT

3
~W 1 þ 1

2
W T

1 E2ðxÞ ~W 4 þ 1
4
~W

T
3 D1ðxÞ ~W 3

þ 1
4
~W

T
4 rf2kðxÞR�T

22 R12R�1
22 kT ðxÞrfT

2
~W 4

� 1
2

W T
2 rf2kðxÞR�T

22 R12R�1
22 kT ðxÞrfT

2
~W 4 þ eHJ1ðxÞÞ

Finally, by rearranging and grouping the terms

_L1 ¼ _L1 þ 1
4
~W

T
1

s3

ðsT
3s3 þ 1Þ2

�
~W

T
3 D1ðxÞ ~W 3

þ ~W
T
4 rf2kðxÞR�T

22 R12R�1
22 kTðxÞrfT

2
~W 4 þ 2ðW T

1 E2ðxÞ ~W 4

�W T
2 rf2kðxÞR�T

22 R12R�1
22 kT ðxÞ rfT

2
~W 4

� ðA:64Þ

where

_L1 ¼ ~W
T
1s3

 
� s�T

3
~W 1 þ eHJ1ðxÞ

ms1

!
, s3 ¼ s3

sT
3s3 þ 1

and

ms1 ¼ sT
3s3 þ 1
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Similarly, by using the tuning law (10.43) for the second critic and the defi-
nitions for the parameter errors (10.41), the fourth term in (A.60) becomes

_L2 ¼ _L2 þ 1
4
~W

T
2

s4

ðsT
4s4 þ 1Þ2

�
~W

T
4 D2ðxÞ ~W 4

þ ~W
T
3 rf1gðxÞR�T

11 R21R�1
11 gT ðxÞ rfT

1
~W 3

þ 2ðW T
3 E1W2 � W T

3 rf1gðxÞR�T
11 R21R�1

11 gTðxÞ rfT
1
~W 1

�
ðA:65Þ

where _L2 ¼ ~W
T
2s4ð�s�T

4
~W 2 þ eHJ2 ðxÞ

ms2
Þ,s4 ¼ s4

sT
4 s4þ1 and ms2 ¼ sT

4s4 þ 1

Finally, we need to add the terms of (A.63), (A.64) and (A.65), but in order to
select the update laws for the action NNs, we group together the terms of ~W3 and
~W 4 that are multiplied with the estimated values (two last terms)

_LðxÞ ¼ _�LvðxÞ þ _�L1 þ _�L2 þ _e1ðxÞ þ _e2ðxÞ þ 1
2
W T

2
�D2ðxÞ ~W4

þ 1
2
W T

1
�D1ðxÞ ~W3 þ 1

2
W T

1
�E2ðxÞ ~W4 þ 1

2
W T

2
�E1ðxÞ ~W3

þ 1
2
W T

1
�E2ðxÞ ~W4

�sT
3

ms1

~W1 þ 1
2
W T

2
�E2 ~W3

�sT
4

ms2

~W2

� 1
2
W T

2 rf2kðxÞR�T
22 R12R�1

22 kT ðxÞrfT
2
~W4

�sT
3

ms1

~W1

� 1
2
W T

1 rf1gðxÞR�T
11 R21R�1

11 gT ðxÞrfT
1
~W3

�sT
4

ms2

~W2

þ 1
4
~W T

3
�D1ðxÞW �sT

3

ms1

~W1 � 1
4
~W T

3
�D1ðxÞW1

�sT
3

ms1

~W1 þ 1
4
~W T

3
�D1ðxÞ ~W3

�sT
3

ms1

W1

� 1
4
~W T

4 rf2kðxÞR�T
22 R12R�1

22 kT ðxÞrfT
2 W2

�sT
3

ms1

~W1

þ 1
4
~W T

4 rf2kðxÞR�T
22 R12R�1

22 kT ðxÞrfT
2 W2

�sT
3

ms1

~W1

þ 1
4
~W T

4 rf2kðxÞR�T
22 R12R�1

22 kT ðxÞrfT
2
~W4

�sT
3

ms1

W1
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þ 1
4
~W T

4
�D2ðxÞW2

�sT
4

ms2

~W2 � 1
4
~W T

4
�D2ðxÞW2

�sT
4

ms2

W2 þ 1
4
~W T

4
�D2ðxÞ ~W3

�sT
4

ms2

W2

þ 1
4
~W T

3 rf1gðxÞR�T
11 R21R�1

11 gT ðxÞrfT
1 W1

�sT
4

ms2

~W2

� 1
4
~W T

3 rf1gðxÞR�T
11 R21R�1

11 gT ðxÞrfT
1 W1

�sT
4

ms2

W2

þ 1
4
~W T

3 rf1gðxÞR�T
11 R21R�1

11 gT ðxÞrfT
1
~W3

�sT
4

ms2

W2

� ~W T
3

�
a�1

3
_̂W 4 � 1

4
rf1gðxÞR�T

11 R21R�1
11 gT ðxÞrfT

1 Ŵ3
�sT

4

ms2

Ŵ2

� 1
4
�D1ðxÞŴ3

�sT
3

ms1

Ŵ1

�

� ~W T
4

�
a�1

4
_̂W 4 � 1

4
rf2kðxÞR�T

22 R12R�1
22 kT ðxÞrfT

2 Ŵ4
�sT

3

ms1

Ŵ1

� 1
4
�D2ðxÞŴ4

�sT
4

ms2

Ŵ2

�

In order for the last two terms to be zero, we define the actor tuning law for the
first player as

_̂W 3 ¼ �a3

�
ðF2Ŵ3 � F1sT

3 Ŵ1Þ � 1
4

D1ðxÞŴ 3
sT

3

ms1

Ŵ1

� 1
4
rf1gðxÞR�T

11 R21R�1
11 gTðxÞrfT

1 Ŵ 3
sT

4

ms2

Ŵ2

�

and the second player’s actor tuning law is defined as

_̂W 4 ¼ �a4

�
ðF4Ŵ4 � F3sT

4 Ŵ2Þ � 1
4

D2ðxÞŴ 4
sT

4

ms2

Ŵ2

� 1
4
rf2kðxÞR�T

22 R12R�1
22 kTðxÞrfT

2 Ŵ 4
sT

3

ms1

Ŵ1

�

But this adds to _L the following terms

~W
T
3 F2W1 � ~W

T
3 F2 ~W3 � ~W

T
3 F1sT

3 W1 þ ~W
T
3 F1sT

3 W1 þ ~W
T
4 F4W2 � ~W

T
4 F4 ~W4

� ~W
T
4 F3sT

4 W2 þ ~W
T
4 F3sT

4
~W2
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Overall

_LðxÞ¼ �Q1ðxÞ�1
4

W T
1 rf1gðxÞR�T

11 gT ðxÞrjT
1 W1

�1
4

W T
2 rf2kðxÞR�T

22 R12R�1
22 kT ðxÞrfT

2 W2þeHJB1

�Q2ðxÞ�1
4

W T
1 rf1gðxÞR�T

11 R21R�1
11 gT ðxÞrfT

1 W1

�1
4

W T
2 rf2kðxÞR�T

22 kT ðxÞrfT
2 W2þeHJB2

þ ~W T
1 �s3ð�sT

3
~W1þeHJ1ðxÞ

ms1

Þþ _e1ðxÞþ ~W T
2 �s4ð�sT

4
~W2þeHJ2ðxÞ

ms2

Þþ _e2ðxÞ

þ1
2

W T
1
�D1ðxÞ ~W3þ1

2
W T

1
�E2ðxÞ ~W4þ1

2
W T

2
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Now it is desired to introduce norm bounds. It can be shown that under
Assumption 10.1 (A.61) and (A.62) imply

k_e1ðxÞk < be1x bf jjxjj þ 1
2

be1x b
2
gbf1x

sminðR11Þ kW1k þ k ~W3k
� �

þ 1
2

be1x b
2
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sminðR22Þ kW2k þ k ~W 4k
� �

k_e2ðxÞk < be2x bf jjxjj þ 1
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2
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þ 1
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� �

Also since Q1(x) > 0 and Q2(x) > 0 there exists q1 and q2 such that xTq1x<Q1

(x) and xTq2x < Q2(x) for x 2 W
Select e1 > 0, e2 > 0 and K0ðe1Þ, K0ðe2Þ such that supx2W keHJ1k < e1 and

supx2W keHJ2k < e2: Then assuming K > K0 and writing in terms of ~Z ¼

x

sT
3
~W 1

sT
4
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~W 3

~W 4

2
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3
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and known bounds, (A.66) becomes
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where the components of the matrix M are given by

m11 ¼ q1 þ q2

m22 ¼ m33 ¼ I

m44 ¼ F2 � 1
8
ðD1W1mT

1 þ m1W T
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11 R21R�1
11 gT ðxÞrfT
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8
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2 Þ
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2
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8ms1
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24
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25
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53
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¼ m23 ¼ m41 ¼ m14 ¼ m51 ¼ m15 ¼ m54 ¼ m45 ¼ 0

and the components of vector D are given by
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ms1
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Define

c ¼ 1
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4
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According to Assumption 10.1, c is bounded by cmax and D is bounded by Dmax that
can be expressed in terms of the bounds given there.

Let the parameters be chosen such that M > 0. To justify this, the matrix M is
written in compact form as

M
q1 þ q2 0 0

0 I2 M23

0 M32 M33

2
4

3
5 ðA:68Þ

where in order to be positive definite the following properties (Lewis et al., 2012)
must hold

a. q1 + q2>0
b. I2 > 0
c. Schur complement for I2 is D22 ¼ I2 � M23M�1

33 M32 > 0 that hold after proper
selection of F1, F2, F3 and F4.

d. Schur complement for M33 is D33 ¼ M33 � M32I�1
2 M23 > 0 that hold after

proper selection of F1, F2, F3 and F4.

Now (A.67) becomes

_L < �k~Zk2sminðMÞ þ Dmaxk~Zk þ cmax þ e1 þ e2

Completing the squares, the Lyapunov derivative is negative if

k~Zk >
Dmax

2sminðMÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D2
max

4s2
minðMÞ þ

cmax þ e1 þ e2

sminðMÞ

s
� BZ ðA:69Þ
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It is now straightforward to demonstrate that if L exceeds a certain bound, then,
_L is negative. Therefore, according to the standard Lyapunov extension theorem the
analysis above demonstrates that the state and the weights are UUB (Lewis et al.,
1995; Khalil, 1996).

Note that condition (A.69) holds if the norm of any component of ~Z exceeds
the bound, that is specifically x > BZ or sT

3
~W 1 > BZ or sT

4
~W 2 > BZ or ~W 3 > BZ

or ~W 4 > BZ .
Now consider the error dynamics and the output as in Chapter 7 and assume s3

and s4 are persistently exciting. Substituting (10.23), (10.24) in (10.31) and (10.32)
respectively we obtain the error dynamics
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Then Theorem 10.1 is true with
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and ���� sT
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This provides effective bounds for
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This completes the proof. &
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